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This is a first textbook in applied probability theory, assuming a
background of one year of calculus. The material represents a one-
semester subject taught at M.I.T. to about 250 students per year,
most of whom are in the Schools of Engineering or Management.
About two-thirds of these students are undergraduates. The subject,
Probabilistic Systems Analysis, serves both as a terminal course and
as a prerequisite for more advanced work in areas such as communica-
tion theory, control systems, decision theory, operations research,
quantitative management, statistics, and stochastic processes.
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PREFACE

My intention is to present a physically based introduction to
applied probability theory, with emphasis on the continuity of funda-
mentals. A prime objective is to develop in the new student an under-
standing of the nature, formulation, and analysis of probabilistic
situations. This text stresses the sample space of representation of
probabilistic processes and (especially in the problems) the need for
explicit modeling of nondeterministic processes.

In the attempt to achieve these goals, several traditional details
have either been omitted or relegated to an appendix. Appreciable
effort has been made to avoid the segmentation and listing of detailed
applications which must appear in a truly comprehensive work in this
area. Intended primarily as a student text, this book is not suitable
for use as a general reference.

Scope and Organization

The fundamentals of probability theory, beginning with a dis-
cussion of the algebra of events and concluding with Bayes’ theorem,
are presented in Chapter 1. An axiomatic development of probability
theory is used and, wherever possible, concepts are interpreted in the
sample space representation of the model of an experiment (any non-
deterministic process). The assignment of probability measure in the
modeling of physical situations is not necessarily tied to a relative
frequency interpretation. In the last section of this chapter, the use of
sample and event spaces in problems of enumeration is demonstrated.

Chapter 2 is concerned with the extension of earlier results to
deal with random variables. This introductory text emphasizes the
local assignment of probability in sample space. For this reason, we
work primarily with probability density functions rather than cumula-
tive distribution functions. My experience is that this approach is
much more intuitive for the beginning student. Random-variable con-
cepts are first introduced for the ‘discrete case, where things are
particularly simple, and then extended to the continuous case. Chap-
ter 2 concludes with the topic of derived probability distributions as
obtained directly in sample space.

Discrete and continuous transform techniques are introduced in
Chapter 3. Several applications to sums of independent random varia-
bles are included. Contour integration methods for obtaining inverse
transforms are not discussed.

Chapters 4 and 5 investigate basic random processes involving,
respectively, independent and dependent trials.

Chapter 4 studies in some detail the Bernoulli and Poisson
processes and the resulting families of probability mass and density
functions. Because of its significance in experimentation with physi-
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cal systems, the phenomenon of random incidence is introduced in the
last section of Chapter 4.

Discrete-state Markov models, including both discrete-transi-
tion and continuous-transition processes, are presented in Chapter 5.
The describing equations and limiting state probabilities are treated, but
closed form solutions for transient behavior in the general case are not
discussed. Common applications are indicated in the text and in
the problems, with most examples based on relatively simple birth-
and-death processes.

Chapter 6 is concerned with some of the basic limit theorems,
both for the manner in which they relate probabilities to physically
observable phenomena and for their use as practical approximations.
Only weak statistical convergence is considered in detail. A transform
development of the central limit theorem is presented.

The final chapter introduces some common issues and techniques
of statistics, both classical and Bayesian. My objectives in this obvi-
ously incomplete chapter are to indicate the nature of the transition
from probability theory to statistical reasoning and to assist the student
in developing a critical attitude towards matters of statistical inference.

Although many other arrangements are possible, the text is
most effectively employed when the chapters are studied in the given
order.

Examples and Home Problems

Many of the sections which present new material to the student
contain very simple illustrative examples. More structured examples,
usually integrating larger amounts of material, are solved and discussed
in separate sections.

For the student, the home problems constitute a vital part of
the subject matter. It is important that he develop the skill to formu-
late and solve problems with confidence. Passive agreement with
other people’s solutions offers little future return. Most of the home
problems following the chapters are original, written by the author and
other members of the teaching staff.

These problems were written with definite objectives. In par-
ticular, wherever possible, we have left for the student a considerable
share in the formulation of physical situations. Occasionally, the
probability assignments directly relevant to the problems must be
derived from other given information.

It did not seem feasible to sample the very many possible fields
of application with other than superficial problems. The interesting
aspects of each such field often involve appreciable specialized struc-
ture and nomenclature. Most of our advanced problems are based on
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relatively simple operational situations. From these common, easily
communicated situations, it seemed possible to develop compact repre-
sentative problems which are challenging and instructive.

The order of the problems at the end of each chapter, by and
large, follows the order of the presentation in the chapter. Although
entries below are often not the most elementary problems, relatively
comprehensive coverage of the material in this text is offered by the
following skeleton set of home problems:

1.03 2.04 3.05 4.05 5.05 6.02 7.04
1.08 2.07 3.08 4.09 5.06 6.03 - 7.06
1.09 2.11 3.09 4.12 5.10 6.04 7.08
1.12 2.17 3.10 4.13 5.12 6.07 7.15
1.13 2.26 3.12 4.17 5.13 6.08 7.16
1.21 2.27 3.13 4.18 5.14 6.13 7.19
1.24 2.28 3.21 4.22 5.16 6.17 7.20
1.30 2.30

Some Clerical Notes

I have taken some liberties with the usual details of presentation.
Figures are not numbered but they do appear directly in context.
Since there are few involved mathematical developments, equations
are not numbered. Whenever it appeared advantageous, equations
were repeated rather than cross-referenced.

Recommended further reading, including a few detailed refer-
ences and referrals for topics such as the historical development of
probability theory are given in Appendix 1. Appendix 2 consists of
a listing of common probability mass and density functions and their
expected values, variances, and transforms. Several of these proba-
bility functions do not appear in the body of the text. A brief table
of the cumulative distribution for the unit normal probability density
function appears in context in Chapter 6.

The general form of the notation used in this text seems to be
gaining favor at the present time. To my taste, it is one of the sim-
plest notations which allows for relatively explicit communication.
My detailed notation is most similar to one introduced by Ronald A.
Howard.
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CHAPTER ONE
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events,
sample
space,

and

~ probability =

Our study of probability theory begins with three closely related topics:

1 The algebra of events (or sets or areas or spaces) will provide us with a
common language which .is never ambiguous. This algebra will be
defined by a set of seven axioms. _

2 Sample space is the vital picture of a model of an “experiment” (any
nondeterministic process) and all of its possible outcomes.

3 Probability measure is the relevant measure in sample space. This
measure is established by three more axioms and it provides for the
measurement of events in sample space.
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EVENTS, SAMPLE SPACE, AND PROBABILITY

1-1 A Brief Introduction to the Algebra of Events

We first introduce an explicit language for our discussion of probability
theory. Such a language is provided by the algebra of events. We
wish to develop an understanding of those introductory aspects of this
algebra which are essential to our study of probability theory and its
applications.
Let’s begin with a brief tour of some of the definitions, concepts,
and operations of the algebra of events.
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Events (or sets) are collections of points or areas
in a space. The physical interpretation of this
space will be provided in the following section.

The collection of all points in the entire space is
called U, the universal set or the universal event.

Event A’, the complement of event A, is the
collection of all points in the universal set which
are not included in event A. The null set ¢
contains no points and is the complement of
the universal set.

The intersection of two events 4 and B is the
collection of all points which are contained both
in A and in B. For the intersection of events
A and B we shall use the simple notation 4 B.

The union of two events A and B is the collec-
tion of all points which are either in 4 or in B
or in both. For the union of events 4 and B
we shall use the notation A + B.
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If all points of U which are in B are also in A,
then event B is said to be included in event A.

Two events A and B are said to be equal if every point of U which is
in A is also in B and every point of [’ which is in A’ is also in B’.
Another way to state the condition for the equality of two events would
be to say that two events.are equal if and only if each event is included
in the other event.

We have sampled several of the notions of the algebra of events.
Pictures of events in the universal set, such as those used above, are
known as Venn diagrams. Formally, the following is a set of laws
(axioms) which fully defines the algebra of events:

1A4+B=B+ A Commutative law
2A+B+C)=A+B)+C Associative law

3 A(B+C)=AB + AC Distributive law .

44 =4 ' 6 AA = o
5 (AB) = A" + B’ 7 AU =4

The Seven Axioms of the Algebra of Events

Technically, these seven axioms define everything there is to
know about the algebra of events. The reader may consider visualiz-
ing each of these axioms in a Venn diagram. Our selection of a list of
axioms is not a unique one. Alternative sets of axioms could be stated
which would lead to the same results.

Any relation which is valid in the algebra of events is subject to
proof by use of the seven axioms and with no additional information.
Some representative relations, each of which may be interpreted easily
on a Venn diagram, are

A+ A=A A+U=U

A+ AB =4 A+ BC=(4+B)A+C)
A+ AB=A+B A¢ = ¢ |
A+ 4 =U A(BC) = (AB)C

If it were our intention to prove (or test) relations in the algebra
of events, we would find it surprisingly taxing to do so using only the
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seven axioms in their given form. One could not take an “obvious”
step such as using CD = DC( without proving the validity of this rela-
tion from the axioms. For instance, to show that CD = DC, we may

proceed '

C'"+D =D+ Axiom (1) with A = ¢’ and B = D’
(C"+ DY =D+ ¢ Take complement of both sides

- CD = DC : By use of axioms (5) and (4)

The task of proving or testing relations becomes easier if we have
relations such as the above available for direct use. Once such rela-
tions are proved via the seven axioms, we call them theorems and use
them with the same validity as the original axioms.

We are already prepared to note those definitions and properties
of the algebra of events which will be of value to us in our study of

probability.
A list of events Ay, Ay, . . . , Ay is said to be composed of mutually
exclusive events if and only if
ag, = (A di=a N; j=1,2 N
5i"¢ lf’&#] t=1,4 ..., y J =140 00,

_——
_—
_—
_——
mm———
—_—
—_——
=

A list of events is composed of mutually exclusive events if there is
no point in the universal set which is included in more than one event
in the list. A Venn diagram for three mutually exclusive events 4,
B, C could be

but in no case may there be any overlap of the events.

A list of events Ay, A,, .. ., Ax is said to be collectively exhaustive if
and only if

Ai+ Aot - Ay =U —

I
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A list of events is collectively exhaustive if each point in the universal

set is included in at least one event in the list. A Venn diagram for
three collectively exhaustive events A, B, C could be

or

but in no case may there be any point in the universal set which is
included in none of the events. A list of events may be mutually
exclusive, collectively exhaustive, both, or neither. After the discus-
sion of sample space in the next section, we shall have many oppor-
tunities to consider lists of events and familiarize ourselves with the
use of these definitions. '

We note two additional matters with regard to the algebra of
events. One is that we do not make errors in the algebra of events if
we happen to include the same term several times in a union. If we are
trying to collect all the points in a rather structured event, we need only
be sure to include every appropriate point at least once—multiple
inclusion will do no harm.

Another consideration is of particular importancein dealing with
actual problems. The algebra of events offers a language advantage in
describing complex events, if we are careful in defining all relevant
simple events. Since we shall be making conscious and subconscious
use of the algebra of events in all our work, one necessary warning
should be sounded. ‘“He who would live with the algebra of events
had better know exactly with which events he is living.”” The original
defined events should be simple and clear. If this is the case, it isthen
an easy matter to assemble expressions for complex events from the
original definitions. For instance:

NEVER Event A: Neither Tom nor Mary goes without Harry unless
they see Fred accompanied by Phil or it is raining
and . . ..

BETTER Event A: Tom goes. Event B: Mary goes.

Event C: Harry goes. Ete.

1-2 Sample Spaces for Models of Experiments

In this book, we use the word ‘“‘experiment” to refer to any process
which is, to some particular observer, nondeterministic. It makes no
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difference whether the observer’s uncertainty is due to the nature of
the process, the state of knowledge of the observer, or both.

The first six chapters of this book are concerned with the analysis
of abstractions, or models of actual physical experiments. Our last
chapter is concerned with the relation of the model to the actual
experiment.

It is probably safe to state that there are more variables asso-
ciated with the outcome of any physical experiment than anybody
could ever care about. For instance, to describe the outcome of an
actual coin toss, we could be concerned with the height of the toss, the
number of bounces, and the heating due to impact, as well as the more
usual consideration of which face is up after the coin settles. For most
purposes, however, a reasonable model for this experiment would involve
a simple nondeterministic choice between a head and a tail.

Many of the “trick” probability problems which plague students
are based on some ambiguity in the problem statement or on an inexact
formulation of the model of a physical situation. The precise state-
ment of an appropriate sample space, resulting from a detailed descrip-
tion of the model of an experiment, will do much to resolve common
difficulties. In this text, we shall literally live in sample space.

m——
=
_——
===
=
=
===
=

tive listing of all possible outcomes of a model of an
experiment

=

===
e
P
===
Py
==
o
P
p————

The “finest-grain” property requires that all possible distinguishable
outcomes allowed by the model be listed separately. If our model for
the flip of a coin is simply a nondeterministic selection between possible
outcomes of a head and a tail, the sample space for this model of the
experiment would include only two items, one corresponding to each
possible outcome. ’

To avoid unnecessarily cumbersome statements, we shall often
use the word experiment in place of the phrase “model of an experi-
ment.””  Until the final chapter, the reader is reminded that all our
work is concerned with abstractions of actual physical situations.
When we wish to refer to the real world, we shall speak of the “physical
experiment.”

Soon we shall consider several experiments and their sample
spaces. But first we take note of two matters which account for our
interest in these spaces. First, the universal set with which we deal in
the study of probability theory will always be the sample space for an
experiment. The second matter is that any event described in terms
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of the outcome of a performance of some experiment can be identified
as a collection of events in sample space. In sample space one may
collect the members of any event by taking a union of mutually exclu-
sive points or areas from a collectively exhaustive space. The advan-
tage of being able to collect any event as a union of mutually exclusive
members will become clear as we learn the properties of probability
measure in the next section.

A sample space may look like almost anything, from a simple
listing to a multidimensional display of all possible distinguishable out-
comes of an experiment. However, two types of sample spaces seem
to be the most useful.

One common type of sample space is obtained from a sequential
picture of an experiment in terms of its most convenient parameters.
Normally, this type of sample space is not influenced by our particular
interests in the experimental outcome. Consider the sequential sample
space for a reasonable model of two flips of a coin. We use the notation

Event H., : Heafds on the nth toss of the coin
T, Tails

This leads to the sequential sample space

H, e HH, ,
/ The union of these two sample points

\ N / corresponds to the event "net outcome

‘{ is exactly one head" or "both flips did
! not produce the same result” or

; (H,T,+T,H,) or (HH,+ T, T,y
; :

Above we picture the experiment proceeding rightward from the left
origin. Eachsample point, located at the end of a terminal tree branch,
represents the event corresponding to the intersection of all events
encountered in tracing a path from the left origin to that sample point.
On the diagram, we have noted one example of how an event may be
collected as a union of points in this sample space. |

Formally, the four sample points and their labels constitute the
sample space for the experiment. However, when one speaks of a
sequential sample space, he normally pictures the entire generating tree
as well as the resulting sample space. ‘

For an experiment whose outcomes may be expressed numeri-
cally, another useful type of sample space is a coordinate system on
which is displayed a finest-grain mutually exclusive collectively exhaus-
tive set of points corresponding to every possible outcome.  For
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instance, if we throw a six-sided die (with faces labeled 1, 2, 3, 4, 5, 6)
twice and call the value of the up face on the nth toss z., we have a
sample space with 36 points, one for each possible experimental outcome,

. The union of these sample
e o @ points corresponds to the
event (x,—x,)>20

- This sample point corresponds to
° . (D/ . . the experimental outcome "a four
on the first toss and a three on
e o e o o the second toss"”

Often we shall have reason to abbreviate a sample space by
working with a mutually exclusive collectively exhaustive listing of all
possible outcomes which is not finest-grain. Such spaces, possessing
all attributes of sample spaces other than that they may not list
separately all possible distinguishable outcomes, are known as event
spaces. If alist of events 4, A,,. . . , Ax forms an event space, each
possible finest-grain experimental outcome is included in exactly one
event in this list. However, more than one distinguishable outcome
may be included in any event in the list.

We now present some sample and event spaces for several
experiments.

Experiment: Flip a coin twice.

heads

Notation: Let H, be the event ;
tails

T. ] on the nth toss.

We already have seen the sequential sample space for this experiment,
but let’s consider some event spaces and some other displays of the
sample space. The sample space in a different form is

R
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The sample space displayed as a simple listing is
.Hle oH.\T, .Tle T\ T,

An example of an event space but not a sample space for this experi-
ment is

oH, oT,

Another example of an event space but not a sample space is
°H,T, *(H.\T5)'

The following is neither an event space nor a sample space:
*H, T oH, oT,

Experiment: Flip a coin until we get our first head.

heads

Notation: Let H"} be the event .
tails

T } on the nth toss.

A sample space generated by a sequential picture of the experiment is

A sample space which is a simple listing for this experiment, with N
representing the number of the toss on which the first head occurred, is

oN =1 oN = 2 ON.=3 oN =4

Note that this is still a finest-grain description and that one can specify
the exact sequence of flips which corresponds to each of these sample
points.

An event space but not a sample space for this experiment is

N >4 oN<14
Neither a sample space nor an event space for this experiment is
N >1 oN > 2 oN >3 N > 4

Experiment: Spin a wheel of forture twice. The wheel is continuously
calibrated, not necessarily uniformly, from zero to unity.
Notation: Let z. be the exact reading of the wheel on the nth spin.
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A sample space for this experiment is

/
| _—Every possible distinguishable
< outcome (x,, x,) is represented
¢ as a different point in this space
N
Q 1 7% )
Let’s collect several typical events in this sample space.
*a

A

Event x,> L

3 x2>x1

o
wire -
wir g~

—

-

wirny
win

Wi
(AT

1 1 0

Any point in a sample space corresponds to one possible outcome
of a performance of the experiment. For brevity, we shall often refer
to the sample point as though it were the event to which it corresponds.

1-3 Probability Measure and the Relative Likelihood of Events

To complete our specification of the model for a physical experiment,
we wish to assign probabilities to the events in the sample space of the
experiment. The probability of an event is to be a number, represent-
ing the chance, or “relative likelihood,” that a performance of the
experiment will result in the occurrence of that event.

This measure of events in sample space is known as probability
measure. By combining three new axioms with the seven axioms of the

e ———

T ——
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algebra of events, one obtains a consistent system for associating real
nonnegative numbers (probabilities) with events in sample space and
for computing the probabilities of more complex events. If we use the
notation P(A) for the probability measure associated with event 4, then
the three additional axioms required to establish probability measure
are:

==
]
==

e
==
===
—_—
==

1 For any event 4, P(A) > 0
2 P(U)=1
3 If AB = ¢, then P(A + B) = P(A) 4+ P(B)

The Three Axioms of Probability Measure

=mmmmee
===
==
===
===

j

The first axiom states that all probabilities are to be nonnega-
tive. By attributing a probability of unity to the universal event, the
second axiom provides a normalization for probability measure. The
third axiom states a property that most people would hold to be appro-
priate to a reasonable measure of the relative likelihood of events.
If we accept these three axioms, all of conventional probability theory
follows from them. .

The original assignment of probability measure to a sample space
for an experiment is a matter of how one chooses to model the physical
experiment. Our axioms do not tell us how to compute the probability
of any experimental outcome ‘“from scratch.”” Before one can begin
operating under the rules of probability theory, he must first provide
an assignment of probability measure to the events in the sample space.

Given a physical experiment to be modeled and analyzed, there
is no reason why we would expect two different people to agree as to
what constitutes a reasonable probability assignment in the sample
space. One would expect a person’s modeling of a physical experiment
to be influenced by his previous experiences in similar situations and
by any other information which might be available to him. Proba-
bility theory will operate “correctly” on any assignment of probability
to the sample space of an experiment which is consistent with the three
axioms. Whether any such assignment and the results obtained from
it are of any physical significance is another matter.

If we consider the definition of sample space and the third axiom
of probability measure, we are led to the important conclusion,

Given an assignment of probability measure to the finest-grain events
in a sample space, the probability of any event A may be computed by
summing the probabilities of all finest-grain events included in event A.
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One virtue of working in sample space is that, for any point in the
sample space there must be a “yes” or “no”’ answer as to whether
the point is included in event A. Were there some event in our space
for which this was not the case, then either the space would not be a
sample space (because it did not list separately certain distinguishable
outcomes) or our model is inadequate for resolution between events
A and A’. We shall return to this matter when we discuss the sample-
space interpretation of conditional probability.

One can use the seven axioms of the algebra of events and the
three axioms of probability measure to prove various relations such as

P4y =1~ P(A) P(A + B) = P(A) + P(B) — P(AB)
P(¢) =0 P(A+B+C)=1- P(A'B'C")

Because we shall live in sample space, few, if any, such relations will
be required formally for our work. We shall always be able to employ
directly the third axiom of probability measure to compute the proba-
bility of complex events, since we shall be expressing such events as
unions of mutually exclusive membersin a samplespace. Incomputing
the probability of any event in sample space, that axiom states that
we must include the probability of every sample point in that event
exactly once. Mlultiple counting caused no error in taking a union in
the algebra of events to describe another event, but one must carefully
confine himself to the axioms of probability measure when determining
the probability of a complex event.

There are many ways to write out a “formula” for the proba-
bility of an event which is a union such as P(4 + B + C). Using
the third axiom of probability measure and looking at a Venn diagram,

(%)

we may, for instance, write any of the following:
P(A + B + C) = P(A) + P(A'B) + P(A’B'C)

P(A + B+ C) = P(A) + P(B) + P(C) — P(AB) — P(AC)
— P(BC) + P(ABC)
P(A + B + C) = P(AB'C") + P(A'BC’) + P(A'B'C) + P(AB)
: + P(AB'C) + P(A’BC)
P(A+B+C)=1-— PA’'B'C
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Obviously, one could continue listing such relations for a very long
time.

Now that we have considered both the algebra of events and
probability measure, it is important to recall that:

Events are combined and operated upon only in accordance with the
seven axioms of the algebra of events.

The probabilities of events are numbers and can be computed only in
accordance with the three axioms of probability measure.

Arithmetic is something else. ‘

The algebra of events applies
inside the brackets. It oper-
ates upon events and has noth-
ing to do with their measure.

P[A + CD + B(A + C'D)]
L ——ET N T mm——

The axioms of probability the-
ory are used in obtaining the
numerical value of this quan-
tity.

In practice, we shall usually evaluate such probabilities by collecting
the event as a union of mutually exclusive points in sample space and
summing the probabilities of all points included in the union.

1-4 Conditional Probability and Its interpretation in Sample Space

Assumé that we have a fully defined experiment, its sample space,

and an initial assignment of probability to each finest-grain event in
the sample space.” Let two events A and B be defined on the sample
space of this experiment, with P(B) = 0.

We wish to consider the situation which results if the experiment
is performed once and we are told only that the experimental outcome
has attribute B. Thus, if B contains more than one sample point, we
are considering the effect of “partial information” about the experi-
mental outcome. _

Let’s look at a sample-space picture of this situation. Consider
a sample space made up of sample points Sy, Sz, . . . , S~.
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Given that event B has occurred, we know that the sample point repre-
senting the experimental outcome must be in B and cannot be in B’.
We have no information which would lead us to alter the relative proba-
bilities of the sample points in B. Since we know one of the sample
points in B must represent the experimental outcome, we scale up their
original probabilities by a constant, 1/P(B), such that they now add to
unity, to obtain conditional probabilities which reflect the influence of
our partial information.

We formalize these ideas by defining P(S; | B), the “conditional
probability of S; given B,” to be

PGS) o |
PG| B) - \PB) HREL_ TG
0 if S;in B’

The conditional probability of any other event, such as A4, is to be-

the sum of the conditional probabilities of the sample points included
in A, leading to the common definition of the conditional probability
of event A given B.

P(AB)

P(A|B) = P@B)

defined only for P(B) = 0
which may be obtained from our previous statements via

P(S;B) _ P(AB)
P(B) ~ P(B)

I

P@4|B) = Y P(S|B)=

alljin 4 all jin 4

We may conclude that one way to interpret conditional proba-
bility is to realize that a conditioning event (some partial information
about the experimental outcome) allows one to move his analysis from
the original sample space into a new conditional space. Only those
finest-grain events from the original sample space which are included in
the conditioning event appear in the new conditional space with a non-
zero assignment of conditional probability measure. The original (“‘a
priori”’) probability assigned to each of these finest-grain events is
multiplied by the same constant such that the sum of the conditional
(“a posteriori’’) probabilities in the conditional space is unity. In the
resulting conditional sample space, one uses and interprets these a posterior:
probabilities exactly the same way he uses the a priort probabilities in the
original sample space. The conditional probabilities obtained by the
use of some partial information will, in fact, serve as initial probabilities
in the new sample space for any further work.

We present one simple example. A fair coin is flipped twice, and
Joe, who saw the experimental outcome, reports that ‘‘at least one toss

cp e s e

e —————
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resulted in a head.” Given this partial information, we wish to deter-
mine the conditional probability that both tosses resulted in heads.

Using the notation ‘2’,"} and the problem statement, we may draw a
n

sample space for the experiment and indicate, in the P(®) column, our
a priori probability for each sample point.

P(e) A B | AB

sH,H, 0.25 V4 v v
oH,T, 0.25 v

oT.H, 0.25 v

T, 0.25

P(A) =0.75 P(B) = 0.25 P(AB) = 0.25

For the above display, we defined the events 4 and B to be ““at least one
head” and “two heads,” respectively. Inthe A, B, and 4 B columns we
check those sample points included in each of these events. The proba-
bility of each of these events is simply the sum of the probabilities
of the sample points included in the event. (The only use of the B
column in this example was to make it easier to identify the sample
points associated with the complex event AB.)

The desired answer P(B | A) may be found either directly from
the definition of conditional probability

P(AB) _0.25 _1
PA) ~ 075 3

P(B|A) =

or by noting that, in the conditional sample space given our event 4,
there happen to be three equally likely sample points, only one of
which has attribute B.

The solution to this problem could have been obtained in far less
space. We have taken this opportunity to introduce and discuss a type
of sample-space display which will be valuable in the investigation of
more complex problems.

It is essential that the reader realize that certain operations
(such as collecting events and conditioning the space) which are always
simple in a sample space may not be directly applicable in an arbitrary
event space. Because of the finest-grain property of a sample space,
any sample point must be either wholly excluded from or wholly included
in any arbitrary event defined within our model. However, in an event
space, an event point A might be partially included in B, some other
event of interest. Were this the case, the lack of detail in the event
space would make it impossible to collect event B in this event space or
to condition the event space by event B. ‘
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For instance, suppose that for the coin example above we were
given only the event space :

oH, T H, T,

its probability assignment, and no other details of the experiment.
Because this event space lacks adequate detail, it would be impossible
to calculate the probability of event H, or to condition this space by
event H,.

When we are given a sample space for an experiment and the
probability assigned to each sample point, we can answer all ques-
tions with regard to any event defined on the possible experimental
outcomes.

1-5 Probability Trees for Sequential Experiments

Sequential sample and event spaces were introduced in Sec. 1-2.  Such
spaces, with all branches labeled to indicate the probability structure
of an experiment, are often referred to as probability irees. Consider
the following example:

This would be a sample space for an experiment in which, for instance,
the “C'; or Cy” trial occurs only if 4B, has resulted from the earlier
stages of the sequential experiment. As before, one sample point
appears for each terminal branch of the tree, representing the intersec-
tion of all events encountered in tracing a path from the left origin to a
terminal node. : : ‘

Each branch is labeled such that the product of all branch proba-
bilities from the left origin to any node equals the probability that

the event represented by that node will be the outcome on a particular

performance of the experiment. Only the first set of branches leaving
the origin is labeled with a priori probabilities; all other branches
must be labeled with the appropriate conditional probabilities. The

b s
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sum of the probabilities on the branches leaving any nonterminal node
must sum to unity; otherwise the terminal nodes could not represent a
collectively exhaustive listing of all possible outcomes of the experiment.

Of course, any tree sample space which contains the complete set
of finest-grain events for an experiment is a ‘“correct’ sample space.
In any physical situation, however, the model of the experiment will
usually specify the sequential order of the tree if we wish to label all
branches with the appropriate conditional probabilities without any
calculations.

Sometimes, a complete picture of the sample space would be too
large to be useful. But it might still be of value to use an “outline’ of
the actual sample space. These outlines may be “trimmed’ proba-
bility trees for which we terminate uninteresting branches as soon as
possible. But once we have substituted such an event space for the
sample space, we must again realize that we may be unable to perform
certain calculations in this event space.

1-6 The lndependeﬁce of Events

Two events A and B are defined to be independent if and only if

P(A|B) = P(4)

Thus far, our structure for probability theory includes seven axioms
for the algebra of events, three more for probability measure, and the
definition and physical interpretation of the concept of conditional
probability. We shall now formalize an intuitive notion of the inde-
pendence of events. This definition and its later extensions will be of
considerable utility in our work.

In an intuitive sense, if events A and B are defined on the sample
space of a particular experiment, we might think them to be “inde-
pendent” if knowledge as to whether or not the experimental outcome
had attribute B would not affect our measure of the likelihood that the
experimental outcome also had attribute A. We take a formal state-
ment of this intuitive concept to be our definition of the independence
of two events. ‘

P —
o
=
=
=_=
_—
=
_
—_—

=

From the definition of conditional probability, as long as
P(A) £ 0 and P(B) s 0, we may write ’

P(AB) = P(A)P(B| A) = P(B)P(A | B)

When we substitute the condition for the independence of 4 and B into
this equation, we learn both that P(4 | B) = P(A) requires that
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N events Ay, A, . . . , An are defined to be mutually independent if and

only if

P(A;| AjAx - - - A4,) = P(A)  foralli =4k, .. .p;

EVENTS, SAMPLE SPACE, AND PROBABILITY

P(B| A) = P(B) and that an alternative statement of the condition
for the (mutual) independence of two events is P(AB) = P(4)P(B).
If A and B are other than trivial events, it will rarely be obvious

whether or not they are independent. To test two events for inde-

pendence, we collect the appropriate probabilities from a sample space
to see whether or not the definition of independence is satisfied.
Clearly, the result depends on the original assignment of probability

measure to the sample space in the modeling of the physical experiment.

We have defined conditional probability such that (as long as
none of the conditioning events is of probability zero) the following
relations always hold:

P(AB) = P(A| B)P(B) = P(B| A)P(A)
P(ABC) = P(A)P(BC | A) = P(B)P(C | B)P(A | BC)
= P(AC)P(B| AC) = + - -
but only when two events are independent may we write
P(AB) = P(A)P(B).

We extend our notion of independence by defining the mutual
independence of N events A,, A;, . . . , An.

1<4,4k...p<N

e

IR

This is equivalent to requiring that the probabilities of all possible
intersections of these (different) events taken any number at a time
[such as P(A 434 44,)] be given by the products of the individual event
probabilities [such as P(A;)P(4:)P(A4)P(Ay)]. Pairwise independ-
ence of the events on a list, as defined at the beginning of this section,
does not necessarily result in the mutual independence defined above.

One should note that there is no reason why the independence or
dependence of events need be preserved in going from an a priori sample
space to a conditional sample space. Similarly, events which are
mutually independent in a particular conditional space may or may not
be mutually independent in the original universal set or in another
conditional sample space. Two events A and B are said to be condi-
tionally independent, given C, if it is true that

P(AB|C) = P(A | C)P(B|C)

PP .

D PP

T

- . W T P e — W =

. T asm—

T A Ay e



EXAMPLES 19

This relation does not require, and is not required by, the separate
condition for the unconditional independence of events 4 and B,

P(AB) = P(4)P(B)

We close this section with a consideration of the definition of
the independence of two events from a sample-space point of view.
One statement of the condition for the independence of events 4 and B,
with P(B) = 0, is

P(AB)

P(A| B) = P(4) or, equivalently, P(4) = B

y

Thus, the independence requirement is that event AB is assigned a
fraction of the probability measure of event B which is numerically
equal to P(A). As one would expect, we see (from the above diagram
and the last equation) that, as long as P(4) 4 0 and P(B) = 0, events
A and B cannot be independent if they are mutually exclusive.

1-7 Examples

example 1 Our first example is simply an exercise to review the properties of
probability measure, conditional probability, and some definitions from
the algebra of events. The reader is encouraged to work out these
examples for himself before reading through our discussion of the
solutions. '

Suppose that we are given three lists of events, called lists 1, 2,
and 3. All the events in the three lists are defined on the same experi-
ment, and none of the events is of probability zero.

List 1 contains events A;, A, . . . , A; and is mutually exclusive
and collectively exhaustive.

List 2 contains events By, By, . . . , B, and is mutually exclusive
and collectively exhaustive.

List 3 contains events Cy,Cy, . . . ,C,and is mutually exclusive
but not collectively exhaustive.
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Evaluate each of the following quantities numerically. If you
cannot evaluate them numerically, specify the tightest upper and lower
numerical bounds you ean find for each quantity.

m k
(a) E P(Cy) (b) 2 P(4, | A;)
i=1 i=1
k : k
© Y Y P(4:4) d) Y, P(C:| AiCs)
i=lj=1 i=1
k k l
© Y P(4) @ Y Y P(A)P(B;i| A)
Fel f=mljm=1

P(B.| 4;)

| N L

(2)

J

i
ot

Part (a) requires that we sum the probability measure associated
with each member of a mutually exclusive but not collectively exhaus-
tive list of events defined on a particular experiment. Since the events
are mutually exclusive, we are calculating the probability of their union.
According to the conditions of the problem, this union represents an
event of nonzero probability which is not the universal set; so we obtain

m
00 < z P(C;) <10

i=1

For part (b), the A/s are mutually exclusive so we note that
P(A;]|A;)iszerounless j = 2. When j = 2, we have P(4.| A,), which
is equal to unity. Therefore, we may conclude that

}k: P(4:]4,) = 1.0

i=1

Again in part (c), the mutually exclusive property of the A.'s
will require P(4;4,;) = 0 unless j = 7. If j = 4, we have P(4;4;),
which is equal to P(4;); so upon recalling that the 4; list is also col-
lectively exhaustive, there follows

k k k k k
Y Y P(4d)) = Y Y PAid)+ Y P(4)=0+1=10
f=ljm] i=1j5=1 =1 ,

i4j :

In part (d), we know that C; and C; are mutually exclusive.
Therefore, C; and C; can never describe the outcome of the same per-
formance of the experiment on which they are defined. So, with no
attention to the properties of the A,’s (assuming that we can neglect
any pathological cases where the conditioning event 4,C; would be of
probability zero and the conditional probability would be undefined),
we have
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\ ‘
E P(C:| A4;C;s) = 0.0
=t

Part (e) is most easily done by direct substitution,

k
Y, P(4)) = 2 [ - Py =k — 2 P(4))

i=1 i=1

and since we are told that the 4;’s are mutually exclusive and collec-
tively exhaustive, we have

% ,
2 P(A}) =k — 1.0
i=1

For part (f), we can use the-definition of conditional probability
and the given properties of lists 1 and 2 to write

k

Z E P(A;)P(B;| A)) = E E P(A:B;) = E P(4) =10
i=17=1 t=1j=1 t=1

‘The quantity to be evaluated in part (g) involves the summation
of conditional probabilities each of which applies to a different condi-
tioning event. The value of this sum need not be a probability. By
decomposing the universal set into 4,, 4,, . . . , Ax and considering a
few special cases (such as B, = U) counsistent with the problem state-
ment, we see

k
0< Y P(Bi|4) <k

i=1

example 2 To the best of our knowledge, with probability 0.8 Al is guilty of
the crime for which he is about to be tried. Bo and Ci, each of whom
knows whether or not Al is guilty, have been called to testlfy
Bo is a friend of Al's and will tell the truth if Al is innocent
but will lie with probability 0.2 if Al is guilty. Ci hates everybody
but the judge and will tell the truth if Al is guilty but will lie with
probability 0.3 if Al is innocent.

Given this model of the physical situation:

(a) Determine the probability that the witnesses give conflicting
testimony.

(b) Which witness is more likely to commit perjury?

(¢) What is the conditional probability that Al is innocent, given that
Bo and Ci gave conflicting testimony?

{d) Are the events “Bo tells a lie” and “Ci tells a lie” independent?
Are these events conditionally independent to an observer who
knows whether or not Al is guilty?
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We begin by establishing our notation for the events of interest:

Event A: Al is innocent.

Event B: Bo testifies that Al is innocent.

Event C: Ci testifies that Al is innocent.

Event X: The witnesses give conflicting testimony.
Event Y: Bo commits perjury.

Event Z: Ci commits perjury.

Now we'll draw a sample space in the form of a probability tree
and collect the sample points corresponding to the events of interest.

Sample
points P(e) X Y Z AX

C ® ABC 0.14
0 B/
\ )
C

1.
A

e ABC’ 0.06 v % v

B .® A‘BC’ 016 v v
CA"

1.0 \

C
B’ * A'B'C’ 0.64

ol

03
2

0g

P(X) P(Y) P(Z) PAX)
=022 =016 =006 =0.06

To find the probability of any event in sample space, we simply sum the
probabilities of all sample points included in that event. (It is because
of the mutually exclusive property of the sample space that we may
follow this procedure.) Now, to answer our questions,

a P(X) = P(BC' + B'C) = P(BC") + P(B'C) = 0.22

b P(Y) = P(AB' + A’B) = P(AB’) + P(A’B) = 0.00 + 0.16 = 0.16
P(Z) = P(AC' + A'C) = P(AC") + P(A4’C) = 0.06 + 0.00 = 0.06

Therefore Bo is the more likely of the witnesses to commit
perjury.

PAX) 0.6 3

¢ PUIX) = 5%y = 56 1018 ~ 11

Conflicting testimony is more likely to occur if Al is innocent
than if he is guilty; so given X occurred, it should increase our proba-
bility that Al is innocent. This is the case, since 3/11 > 1/5.

¢ (One other method of solution.) Given X occurred, we go to a condi-
tional space containing only those sample points with attribute X.
The conditional probabilities for these points arefound by scaling up the

e e  a
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original a pridri probabilities by the same constant [1/P(X)] so that
~they add to unity.

® ABC 0.14 ' Conditional sample

Original sample | ¢ 4Bcr 0.6 Given o ABC’ 5 | spacegiven X

space including a - - 16 | occurred,including
priori probabilities | ® A’BC’  0.16 | "X occurred””| o A’BC” 35 | conditional proba-

e A'B'C’ 0.64 bilities

Now, in the conditional space we simply sum the conditional prob-
abilities of all sample points included in any event to determine the
conditional probability of that event.

P(4 | X) = P(ABC'| X) = 3/11

d To determine whether “Bo tells a lie” and “Ci tells a lie"’ are independ-
ent in the original sample space, we need only test P(YZ) & P(Y)P(Z).
Since P(YZ) = 0 but P(Y) > 0 and P(Z) > 0, we see that events Y
and Z are not independent, in fact they are mutually exclusive.

To determine whether Y and Z are conditionally independent
given A or A’, we must test P(YZ|A) L P(Y|A)P(Z|A) and
P(YZ|A'Y L P(Y|A)P(Z| A"). From the sample space, we find
that the left-hand side and one term on the right-hand side of each of
these tests is equal to zero, so events Y and Z are conditionally inde-
pendent to one who knows whether or not Al is innocent.

Since the testimony of the two witnesses depends only on whether
or not Al is innocent, this is a reasonable result. If we don’t know
whether or not Al is innocent, thén Y and Z are dependent because the
occurrence of one of these events would give us partial information
about Al’s innocence or guilt, which would, in turn, change our prob-
ability of the occurrence of the other event.

example 3 When we find it necessary to resort to games of chance for simple
examples, we shall often use four-sided (tetrahedral) dice to keep our
problems short. With a tetrahedral die, one reads the “down” face
either by noticing which face zsn’t up or by looking up at the bottom
of the die through a glass cocktail table. Suppose that a fair four-sided
die (with faces labeled 1, 2, 3, 4) is tossed twice and we are told only
that the product of the resulting two down-face values is less than 7.

(a) What is the probability that at least one of the face values is a two?
(b) What is the probability that the sum of the face values is less than 7?

(¢) If we are told that both the product and the sum of the face values
is less than 7 and that at least one of the face values is a two,
determine the probability of each possible value of the other face.
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We use the notation

Event F;: Value of down face on first throw is equal to ¢
Event S;: Value of down face on second throw is equal to j

to construct the sample space

Fl FZ FEJ >F4
* L [ ] [ ]
L] [ ] [ g
e ° ® )
® L] L ] L]

in which, from the statement of the problem (“fair die’’), all 16 sample
points are equally likely. Given that the product of the down faces
is less than 7, we produce the appropriate conditional space by elimi-
nating those sample points not included in the conditioning event and

scaling up the probabilities of the remaining sample points. We
obtain : :

FE__ K F F
[ *® [ ] ®
[ ] [ ] L ]

L ®

[ ]

in which each of the remaining 10 sample points is still an equally
likely outcome in the conditional space.

There are five sample points in the conditional space which are included
in the event “At least one down face is a two’’; so the conditional
probability of this event is 5 X 0.1 = 0.5,

All the outcomes in the conditional space represent experimental out-
comes for which the sum of the down-face values is less than 7; 50 the
conditional probability of this event is unity.

¢ Given all the conditioning events in the problem statement, the result-

ing conditional sample space is simply
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and the conditional probability that the other face value is unity is 2/5;
the same applies for the event that the other face value is 3, and there
is a conditional probability of 1/5 that the other face value is also a two.

For Example 3 we have considered one approach to a simple
problem which may be solved by several equivalent methods. As we
become familiar with random variables in the next chapter, we shall
employ extensions of the above methods to develop effective techniques
for the analysis of experiments whose possible outcomes may be
expressed numerically.

1-8 Bayes’ Theorem

The relation known as Bayes’ theorem results from a particular applica-
tion of the definition of conditional probability. As long as the con-
ditioning events are not of probability zero, we have

P(AB) = P(A)P(B| A) = P(B)P(A | B)

We wish to apply this relation to the case where the events
Ay 4, . .., Ay form a mutually exclusive and collectively exhaustive
list of events. For this case where the events A, A, . . . , Ay form
an event space, let’s consider the universal set and include some other
event B.

For the case of interest, assume that we know P(A,) and P{B | A:) for
all1 <7 < N and we wish to determine the P(4;| B)’s.

An example of this situation follows: Let A; represent the event
that a particular apple was grown on farm 4. Let B be the event that
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an apple turns blue during the first month of storage. Then the
quantity P(B | A4;) is the probability that an apple will turn blue during
the first month of storage given that it was grown on farm 7. The
question of interest: Given an apple which did turn blue during its
first month of storage, what is the probability it came from farm 2?

We return to the problem of determining the P(4;| B)'s. As
long as P(B) ¢ 0 and P(4;) #0fori= 1,2, ..., N, we may sub-
stitute A; for A in the above definition of conditional probability to
write :

P(A)P(B| A)
P(B)

P(B) = P(UB) = Pl(41 + 41+ - - - + Ax)B]
‘ = 2 P(A:B) = 2 P(A)P(B| A)

1=1 =1

P(A;| B) =

and we substitute the above expression for P(B) into the equation for
P(A;| B) to get

—————
e
et
_——
—_————
o
_—
=

P(A)P(B| A)
2 P(A,)P(B| A))

i=1

with P(B) #0 and A4, A, ..., Ay an event space

P(A;| B) =

o

Bayes' theorem could also have been obtained directly from our sam-
ple space interpretation of conditional probability. Note that, using
a sequential sample space (shown at the top of the following page)
this interpretation would allow us to derive Bayes’ theorem [the expres-
sion for P(4:| B)] by inspection.

A knowledge of Bayes’ theorem by name w1ll not affect our
approach to any problems. However, the theorem is the basis of much
of the study of statistical inference, and we shall discuss its application
for that purpose in the last chapter of this book.

In the literature, one finds appreciable controversy about the
“validity” of certain uses of Bayes’ theorem. We have learned that
the theorem is a simple consequence of the definition of conditional
probability. Its application, of course, must always be made with
conscious knowledge of just what model of reality the calculations
represent. The trouble is generated, not by Bayes’ theorem, but by
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the attempt to assign a priori probabilities in the sample space for a
model when one has very little information to assist in this assignment.
We'll return to this matter in Chap. 7.

One last note regarding conditional probability is in order.

No

matter how close to unity the quantity P(A | B) may be, it would be
foolish to conclude from this evidence alone that event B is a “cause”
of event A. Association and physical causality may be different

phenomena.

If the probability that any man who consults a surgeon

about lung cancer will pass away soon is nearly unity, few of us would

conclude “Aha!

Lung surgeons are the cause of these deaths!”

Sometimes, equally foolish conclusions are made in the name of “sta-

tistical reasoning.”

We wish to keep an open mind and develop a

critical attitude toward physical conclusions based on the mathematical

analyses of probabilistic

models of reality.

1-9 Enumeration in Event Space: Permutations and Combinations

Sample spaces and event spaces play a key role in our presenté,tion of

introductory probability theory. The value of such spaces is that they
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enable one to display events in a mutually exclusive, collectively
exhaustive form. Most problems of a combinatorial nature, whether
probabilistic or not, also require a careful listing of events. It is the
purpose of this section to demonstrate how combinatorial problems may
be formulated effectively in event spaces.

Given a set of N distinguishable items, one might wonder how
many distinguishable orderings (or arrangements) may be obtained by
using these N items K at a time. For instance, if the items are the
four events 4, B, C, D, the different arrangements possible, subject to
the requirement that each arrangement must include exactly two of the
items, are

AB BA A DA
AC BC B DB
AD  BD CD DC

Q Q

Such arrangements of N distinguishable items, taken K at a time, are
known as K-permutations of the items. In the above example, we
have found by enumeration that there are exactly 12 different 2-per-
mutations of 4 distinguishable items.

To determine the number of K-permutations which may be
formed from N distinguishable items, one may consider forming the
permutations sequentially. One begins by choosing a first item, then
a second item, etc: For instance, for the above example, this process
may be shown on a sequential sample space,

o

* AB
® AC
®AD

e BA

o

WA

> T o » T a

® BC
® BD

®CA
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*CB
s CD
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There were N choices for the first member, any such choice results in
N — 1 possible choices for the second member, and this continues until
there are N — (K + 1) possible choices for the Kth (and last) member
of the permutation. Thus we have

Number of K-permutations of N distinguishable items

| A
=NN -1 —2) ~~~(N—K+1) =

w-xn NzK

A selection of K out of N distinguishable items, without regard
to ordering, is known as a K-combination. Two K-combinations are
identical if they both select exactly the same set of K items out of the
original list and no attention is paid to the order of the items. For the
example considered earlier, AB and BA are different permutations, but
both are included in the same combination.

By setting N = K in the above formula, we note that any com-
bination containing K distinguishable items includes K! permutations
of the members of the combination. To determine the number of
K-combinations which may be formed from N distinguishable items,
we need only divide the number of K-permutations by K! to obtain

=m——=
e
———
et
_——
e
—_—
T

Number of K-combinations of N distinguishable items
N! (N

SRR K) NzK
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=em————
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Many enumeration and probability problems require the orderly
collection of complex combinatorial events. When one attacks such
problems in an appropriate sequential event space, the problem is
reduced to several simple counting problems, each of which requires
nothing more than minor (but careful) bookkeeping. The event-space
approach provides the opportunity to deal only with the collection of
mutually exclusive events in a collectively exhaustive space. This is
a powerful technique and, to conclude this section, we note one simple
example of its application.

Suppose that an unranked committee of four members is to be
formed from a group of four males R, 8, T, U and five females V, W, X,
Y, Z. It is also specified that B and S cannot be on the same com-
mittee unless the committee contains at least one female. We first -
wish to determine the number of different such committees which may
be formed.
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We draw an event space for the enumeration of these commit-
tees. Our only methodology is to decompose the counting problem
into smaller pieces, always branching out into a mutually exclusive
decomposition which includes all members of interest. (We may omit
items which are not relevant to our interests.)

NOTATION Event X: X is on the committee.
Event f,: Exactly n females are on the committee.

rs o(3)
, 7 Number of ways to select
R’S '( 3 ) the one female member
R’S’ . ( Z ) ~ Number of ways to select the
/ other male member (T or U)

5 2
+(3)x(3)
5
’(2)
The quantity following each terminal node is the number of

acceptable committees associated with the indicated event. For
instance, for the RS’ committees, note that there are as many acceptable

fi
RS/
\f2

committees containing R but not § as there are ways of selecting three

additional members from T, U, V, W, X, Y, Z without regard to the
order of selection. We have obtained, for the number of acceptable
committees,

2 (;) + (Z) + (f) (?) -+ (2) = 125 possible acceptable committees

Finally we determine, were the committees selected by lot, the
probability that the first four names drawn would form an acceptable
committee. Sinceany committee is as likely to be drawn as any other,

we note that there are 125 acceptable committees out of (Z) = 126

possible results of the draw. Thus there is a probability of 125/126
that a randomly drawn committee will meet the given constraint. Had
we decided to solve by counting unacceptable committees and sub-

tracting from 126, we would have noticed immediately that only one

draw, RSTU, would be unacceptable.-

The extension of our event-space approach to problems involving
permutations, such as ranked committees, merely requires that we work
in a more fine-grained event space.
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ROBLEMS

1.01 TUse the axioms of the algebra of events to prove the relations

alU'=¢ bA+B=A+A'B+ABC cA+U=1U

1.02 Use Venn diagrams, the axioms of the algebra of events, or anything

else to determine which of the following are valid relations in the algebra
of events for arbitrary events 4, B, and C:
a(Ad+B+0C)=A"+B+CC
bA+B+C=A+A'B+ (A + A'B)C

¢ (A+ B)(A'+ B’) = AB' + A’'B + A’B(’

d AB+ AB’ + A’'B = (A'B’Y

1.03 Fully explain your answers to the following questions:

a If events A and B are mutually exclusive and collectively exhaustive,
are A’ and B’ mutually exclusive?

b If events A and B are mutually exclusive but not collectively
exhaustive, are 4’ and B’ collectively exhaustive?

¢ If events A and B are collectively exhaustive but not mutually
exclusive, are A’ and B’ collectively exhaustive?

1.04 We desire to investigate the validity of each of four proposed rela-

tions (called relations 1, 2, 3, and 4) in the algebra of events. Discuss

what evidence about the validity of the appropriate relation may be

obtained from each of the following observations. We observe that

we can:

a Obtain a valid relation by taking the intersection of each side of
relation 1 with some event E,

b Obtain an invalid relation by taking the intersection of each side
of relation 2 with some event E,

¢ Obtain a valid relation by taking the union of each side of relation
3 with some event E,

d Obtain an invalid relation by taking the complement of each side of
relation 4

1.05 In a group of exactly 2,000 people, it has been reported that there

are exactly:

612 people who smoke

670 people over 25 years of age

960 people who imbibe

86 smokers who imbibe

290 imbibers who are over 25 years of age

i il it S T et & S R T W i Sy
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158 smokers who are over 25 years of age

44 people over 25 years of age each of whom both smokes and imbibes

250 people under 25 years of age who neither smoke nor imbibe
Determine whether or not this report is consistent.

1.06 Consider the experiment in which a four-sided die (with faces labeled

1, 2, 3, 4) is thrown twice. We use the notation
"

(F t
Event { Sﬁ}: Down face value on { firs

Second} throw equals n.

For each of the following lists of events, determine whether or
not the list is (i) mutually exclusive, (ii) collectively exhaustive, (iii) a
sample space, (iv) an event space:
a Fy Fy (F1 + Fy)’
b F1Sy, ISy, Fay Fs, F4

€ F18y, Fi8,, (FY), (81 + 8S2)’

d (Fy+ 8Sy), (Fa+ 8S2), (Fs+ Ss), (Fy + Sy)
e (Fi+ Fo)(Si+ S2+ Ss), (F1+ Fy, + F))S,,
(Fs 4+ Fg)(S1 + S2 + Ss), SaF's

1.07 For three tosses of a fair coin, determine the probability of:

a The sequence HHH
b The sequence HTH
¢ A total result of two heads and one tail
d The outcome ‘“More heads than tails”
Determine also the conditional probabilities for:
e ‘“More heads than tails” given “At least one tail”’
f “NMore heads than tails” given “Less than two tails”

1.08 Joe is a fool with probability of 0.6, a thief with probability 0.7, and

neither with probability 0.25.

a Determine the probability that he is a fool or a thief but not both.

b Determine the conditional probability that he is a thief, given that
he is not a fool.

1.09 Given P(A) # 0, P(B) # 0, P(A + B) = P(A) + P(B) — 0.1, and
P(A|B) = 0.2. Either determine the exact values of each of the

following quantities (if possible), or determine the tightest numerical
bounds on the value of each:

a P(ABC) 4+ P(ABC") b P(A’| B) ¢ P(B) d P(A")

e P(A+ B+ A’'B")

1.10 If P(A) = 04, P(B) = 0.7, and P(A + B) = 0.7, determinc: .

a P(B) b P(AB) c P(4"| B
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A game begins by choosing between dice A and B in some manner
such that the probability that A is selected is p. The die thus selected
is then tossed until a white face appears, at which time the game is
concluded.

Die A has 4 red and 2 white faces. Die B has 2 red and 4 white
faces. After playing this game a great many times, it is observed that
the probability that a game is concluded in exactly 3 tosses of the
selected die is g%. Determine the value of p.

Oscar has lost his dog in either forest A (with a priori probability
0.4) or in forest B (with a priori probability 0.6). If the dog is alive
and not found by the Nth day of the search, it will die that evening
with probability N/ (N + 2).

If the dog is in A (either dead or alive) and Oscar spends a day
searching for it in 4, the conditional probability that he will find the dog
that day is 0.25. Similarly, if the dog is in B and Oscar spends a day
looking for it there, he will find the dog that day with probability 0.15.

The dog cannot go from one forest to the other. Oscar can
search only in the daytime, and he can travel from one forest to the
other only at night.

All parts of this problem are to be worked separately.

a In which forest should Oscar look to maximize the probability he
finds his dog on the first day of the search?

b Given that Oscar looked in A on the first day but didn’t find his dog,
what is the probability that the dog is in 4? "

¢ If Oscar flips a fair coin to determine where to look on the first day
and finds the dog on the first day, what is the probability that he
looked in A?

d Oscar has decided to look in A for the first two days. What is the
a priori probability that he will find a live dog for the first timeon the
second day? . '

e Oscar has decided to look in A for the first two days. Given the
fact that he was unsuceessful on the first day, determine the prob-
ability that he does not find a dead dog on the second day.

f Oscar finally found his dog on the fourth day of the search. He
looked in A for the first 3 days and in B on the fourth day. What
is the probability he found his dog alive?

g Oscar finally found his dog late on the fourth day of the search.
The ornly other thing we know is that he looked in A for 2 days and
and in B for 2 days. What is the probability he found his dog alive?

Considering the statement of Prob. 1.12, suppose that Oscar has
decided to search each day wherever he is most likely to find the dog on
that day. He quits as soon as he finds the dog.
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a What is the probability that he will find the dog in forest 4?

b What is the probability that he never gets to look in forest B?

¢ Given that he does get to look in forest B, what is the probability that
he finds the dog during his first day of searching there?

d Given that he gets to look in forest B at least once, what is the
probability that he eventually finds the dog in forest 4?

1.14 Joe is an astronaut for project Pluto. Mlission success or failure

depends only on the behavior of three major systems. Joe decides

" the following assumptions are valid and apply to the performance of an

entire mission: (1) The mission is a failure only if two or more of the
major systems fail. (2) System I, the Gronk system, will fail with
probability 0.1. (3) If at least one other system fails, no matter how
this comes about, System II, the Frab system, will fail with conditional
probability 0.5. If no other system fails, the Frab system will fail
with probability 0.1. (4) System III, the Beer Cooler, fails with
probability 0.5 if the Gronk system fails. Otherwise, the Beer

Cooler cannot fail. _

a What is the probability that the mission succeeds but that the Beer
Cooler fails?

b What is the probability that all three systems fail?

¢ Given that more than one system failed, determine the conditional
probabilities that:

i The Gronk did not fail.
ii The Bceer Cooler failed.
iii. Both the Gronk and the Frab failed.

d About the time when Joe was due back on Earth, you overhear a radio
broadcast about Joe in a very noisy room. You are not positive
what the announcer did say, but, based on all available information,
you decide that it is twice as likely that he reported ‘“Mission a
success” as that he reported “Mission a failure.” What now is the
conditional probability (to you) that the Gronk failed?

1.15 A box contains two fair coins and one biased coin. For the biased

coin, the probability that any flip will result in a head is 3. Al draws
two coins from the box, flips each of them once, observes an outcome
of one head and one tail, and returns the coins to the box. Bo then
draws one coin from the box and flips it. The result is a tail. Deter-
mine the probability that neither Al nor Bo removed the biased coin
from the box.

1.16 Joe, the bookie, is attempting to establish the odds on an exhibition

baseball game. From many years of experience, he has learned that
his prime consideration should be the selection of the starting pitcher.
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The Cardinals have only two pitchers, one of whom must start:

- Cy, their best pitcher; C», a worse pitcher. The other team, the

Yankees, has only three pitchers, one of whom must start: Y, their

best pitcher; Y,, a worse one; Y5, an even worse one.

: By carefully weighting information from various sources, Joe

has decided, to make the following assumptions:

The Yankees will not start Y, if C; does not start. If C; does start,

the Yankees will start Y, with probability 4.

The Cardinals are equally likely to start 'y or C,, no matter what the

Yankees do. .

Y, will pitch for the Yankees with probability $ if ¥, does not pitch,

no matter what else occurs. :

The probability the Cardinals will win given C pitches is m/ (m + 1),

where m is the number (subseript) of the Yankee pitcher.

The probability the Yankees will win given C; pitches is 1/m, where

m is the number of the Yankee pitcher.

a What'is the probability that C, starts?

b What is the probability that the Cardinals will win?

¢ Given that ¥, does not start, what is the probability that the Cardi-
nals will win? .

d If C; and Y, start, what is the probability that the Yankees win?

L17 Die A has five olive faces and one lavender face; die B has three

faces of each of these colors. A fair coin is flipped once. If it falls

heads, the game continues by throwing die 4 alone; if it falls tails,

die B alone is used to continue the game. However awful their face

colors may be, it is known that both dice are fair.

a Determine the probability that the nth throw of the die results in
olive.

b Determmo the probability that both the nth and (n + 1)st throw
of the die results in olive.

¢ If olive readings result from all the first n throws, determine the
conditional probability of an olive outcome on the (n + 1)st toss.
Interpret your result for large values of n.

1.18 Consider events A, B, and C with P(A) > P(B) > P(C) > 0.

Events A and B are mutually exclusive and collectively exhaustive.
Events A and C are independent. Can C and B be mutually exclusive?

1.19 We are given that the following six relations hold:

P(4) %0 P(B) %0 P(C) % 0
P(4B) = P(4)P(B)  P(AC) = P(A)P(C)  P(BC) = P(B)P(C)
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Subject to these six conditions, determine, for each of the following
entries, whether it must be true, it might be true, or it cannot be true:
a P(ABC) = P(A)P(B)P(C) b P(B|A) = P(B|C)

¢c P(AB|C) = P(A|C)P(B| ) :

d P(A+ B+ () < P(4) + P(B) + P(()

eIf W=ABand V = AC, WV = ¢

Events E, F, and G form a list of mutually exclusive and collectively
exhaustive events with P(F) # 0, P(F) # 0, and P(G) # 0. Deter-
mine, for each of the following statements, whether it must be true,
it might be true, or it cannot be true: '

a £, F', and G’ are mutually exclusive.

b E’, F', and G’ are collectively exhaustive.
¢ £’ and F’ are independent.

d P(E') + P(F') > 1.0.

e P(/ + EF' + EFG’) = 1.0.

Bo and Ci are the only two people who will enter the Rover Dog
Food jingle contest. Only one entry is allowed per contestant, and the
judge (Rover) will declare the one winner as soon as he receives a
suitably inane entry, which may be never.

Bo writes inane jingles rapidly but poorly. He has probability
0.7 of submitting his entry first. If Ci has not already won the con-
test, Bo’s entry will be declared the winner with probability 0.3. Ci
writes slowly, but he has a gift for this sort of thing. If Bo has not
already won the contest by the time of Ci’s entry, Ci will be declared
the winner with probability 0.6.
a What is the probability that the prize never will be awarded?
b What is the probability that Bo will win?
¢ Given that Bo wins, what is the probability that Ci's entry arrived
first?
d What is the probability that the first entry wins the contest?
e Suppose that the probability that Bo’s entry arrived first were P
instead of 0.7. Can you find a value of P for which “First entry
wins” and “Second entry does not win’’ are independent events?

1t
=

]
i

i

I ’

—— I B
H

S

-
H

Each —  represents one communication link. Link failures are

e

R L T R L IR e TR, N, o S R T

g

T T T R R e s | T

N

=

I A S N

"R T

TS A T

e i



mnnnn—ww

1.23
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independent, and each link has a probability of 0.5 of being out of
service. Towns A4 and B can communicate as long as they are connected
in the communication network by at least one path which contains only
in-service links. Determine, in an efficient manner, the probability
that A and B can communicate.
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In the above communication network, link failures are inde-
pendent, and each link has a probability of failure of p. Consider the
physical situation before you write anything. A can communicate
with B as long as they are connected by at least one path which contains
only in-service links.

a Given that exactly five links have failed, determme the probablhty
that A can still communicate with B.

b Given that exactly five links have failed, determine the probability
that either g or h (but not both) is still operating properly.

¢ Given that a, d, and A have failed (but no information about the
condition of the other links), determine the probability that A can
communicate with B.

1.24 The events X, Y, and Z are defined on the same experiment. For

each of the conditions below, state whether or not each statement follow-
ing it must necessarily be true if the condition is true, and give a reason
for your answer. (Remember that a simple way to demonstrate that
a statement is not_necessarily true may be to find a counterexample.)
alf P(X+Y) = P(X)+ P(Y), then:

i P(XY) = P(X)P(Y) - iii P(Y) =0

i X+Y=X+XY iv P(XY) =0
b If P(XY) = P(X)P(Y) and P(X) # 0, P(Y) # 0, then:

i PX|Y)=PY|X) iii P(XY) =0

i PX+Y)=PX)+ PY)—PXY) iv X YunlessX =U
¢ If P(XY | Z) = 1, then:

i P(XY)=1 iii P(XYZ) = P(Z)
WiZ=U ivPX'|2)=0
dIfP[(X+Y)|Z]=1and X = ¢, ¥ = ¢, Z 5 ¢, then:

i PXY|Z)=0 iii PX'Y'|2Z2) =0

irPX+Y)<1 v PX]|2) <1
e Definetheevents R = X, 8 = X'Z, T = X'Y'Z’. 1If the events R,

o el T e )
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S, and T are collectively exhaustive, then:
i B, S, and T are mutually iii P(X'YZ'") =0
exclusive

il P(RST) = P(S)P(RT|S) i P(B+8+T) | XYZ) = 1

~ ARSI TR T T e

1.25 Only at midnight may a mouse go from either of two rooms to the
other. Each midnight he stays in the same room with probability 0.9,
or he goes to the other room with probability 0.1. We can’t observe
the mouse directly, so we use the reports of an unreliable observer, who
each day reports correctly with probability 0.7 and incorrectly with
probability 0.3.  Onday 0, we installed the mousc in room 1. We use
the notation:

Event R;(n): Observer reports mouse in room & on day n.

Event Si(n): Mouse is in room % on day n.

a What is the a priori probability that on day 2 we shall reccive the
report R,(2)? _

b If we receive the reports R;(1) and R»(2), what is the conditional
probability that the observer has told the truth on both days?

¢ If we receive the reports Ri(1) and R,(2), what is the conditional
probability of the event S2(2)? Would we then believe the observer
on the second day? Explain. _

d Determine the conditional probability P|R,(2) | R1(1)], and compare
it with the conditional probability P[S,(2) | S:1(1)].

RATRI TS A on & ©.% PRI A St I T el T A L T T T

1.26 a The Pogo Thorhead rocket will function properly only if all five
of its major systems operate simultaneously. The systems are labeled

A, B,C, D, and E. System failures are independent, and each system

has a probability of failure of 1/3. Given that the Thorhead fails,

determine the probability that system A is solely at fault.

b The Pogo Thorhead I is an improved configuration using the same
five systems, each still with a probability of failure of 1/3. The
Thorhead II will fail if system 4 fails or if (at least) any two systems
fail. Alas, the Thorhead II also fails. Determine the probability
that system A is solely at fault. ' '

1.27 The individual shoes from eight pairs, each pair a different style,
have been put into a barrel. For $1, a customer may randomly draw
and keep two shoes from the barrel. Two successive customers do
this. What is the probability that at least one customer obtains two
shoes from the same pair? How much would an individual customer
improve his chances of getting at least one complete pair by investing
$2 to be allowed to draw and keep four shoes? (Some combinatorial
problems are quite trying. Consider, if you dare, the solution to this
problem for cight customers instead of two.)
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1.28 Companies 4, B, C, D, and E each send three delegates to a con-
. ference. A committee of four delegates, selected by lot, is formed.
Determine the probability that:
~a Company A is not represented on the committee.
b Company A has exactly one representative on the committee.
¢ Neither company A nor company FE is represented on the committee.

1.29 A box contains N items, K of which are defective. A sample of
M items is drawn from the box at random. What is the probability
that the sample includes at least one defective item if the sample is

- taken:
a With replacement
b Without replacement

1.30 The Jones family household includes Mr. and Mrs. Jones, four chil-
dren, two cats, and three dogs. Ivery six hours there is a Jones
family stroll. The rules for a Jones family stroll are:

Exactly five things (people + dogs + cats) go on each stroll.
Each stroll must include at least one parent and at least one pet.
There can never be a dog and a cat on the same stroll unless both
parents go.
All acceptable stroll groupings are equally likely.
Given that exactly one parent went on the 6 p.M. stroll, what is
the probability that Rover, the oldest dog, also went?

)
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random
variables

I

Often we have reasons to associate one or more numbers (in addition
to probabilities) with cach possible outcome of an experiment. Such
numbers might correspond, for instance, to the cost to us of each experi-
mental outcome, the amount of rainfall during a particular month, or
the height and weight of the next football player we meet.

This chapter extends and specializes our earlier work to develop
cffective methods for the study of experiments whose outcomes may be
described numerically.
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2-1 Random Variables and Their Event Spaces

For the study of experiments whose outcomes may be specified numeri-
cally, we find it useful to introduce the following definition:

Ill
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A random variable is defined by a function which assigns a value of the
random variable to each sample point in the sample space of an
experiment.

Each performance of the experiment is said to generate an experimental

value of the random variable. This experimental value of the random

variable is equal to the value of the random variable assigned to the

sample point which corresponds to the resulting experimental outcome.

Consider the following example, which will be referred to in

several sections of this chapter. Our experiment consists of three

independent flips of a fair coin. We again use the notation

Event {17{’:‘ : {I;e;(liss, on the nth flip

We may define any number of random variables on the sample space

of this experiment. We choose the following definitions for two ran-

dom variables, & and r:

h = total number of heads resulting from the three flips

r = length of longest run resulting from the three flips (a run is a set of
successive flips all of which have the same outcome)

We now prepare a fully labeled sequential sample space for this
experiment. We include the branch traversal conditional probabilities,
the probability of each experimental outcome, and the values of random
variables h and r assigned to each sample point. The resulting sample
space is shown at the top of the following page.

If this experiment were performed once and the experimental
outcome were the event H,T.T; we would say that, for this per-
formance of the experiment, the resulting experimental values of ran-
dom variables A and r were 1 and 2, respectively.

Although we may require the full sample space to describe the
detailed probabilistic structure of an experiment, it may be that our
only practical interest in each performance of the experiment will relate
to the resulting experimental values of one or more random variables.

-y

T
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Sample
points P(e)

5 Hy, eHHH 0125 3 3

|
el

T, eHHT, 0125 2 2
/ eHTH, 0125 2 1
‘\51‘3 * H\T,T, 0125 1 2
eT HH, 0125 2 2

T, ®T H,T, 0.125 1 1

oT,T,H, 0125 1 2

05 o T T,T, 0.125 0 3

When this is the case, we may prefer to work in an event space which
distinguishes among outcomes only in terms of the possible experi-
mental values of the random variables of interest. Let’s consider this
for the above example.

Suppose that our only interest in a performance of the experi-
ment has to do with the resulting experimental value of random varia-
ble o,  We might find it desirable to work with this variable in an
event space of the form

K )
¢
N
P8
S

hy=0 hy=1 h

N
&>

The four event points marked along the A, axis form a mutually exclu-
sive collectively exhaustive listing of all possible experimental outcomes.
The event point at any & 4 corresponds to the event “The experimental
value of random variable & generated on a performance of the experi-
ment is equal to Ao,” or, in other words, “On a performance of the
experiment, random variable & takes on experimental value A,.”

Similarly, if our concern with each performance of the experi-
ment depended only upon the resulting experimental values of random
variables A and r, a simple event space would be
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This event point represents the event

L] "exactly two heads resulted from the
three flips and no pair of consecutive
flips had the same outcome”

An event point in this space with coordinates ko and 7y corresponds to
the event “On a performance of the experiment, random variables 2 and
r take on, respectively, experimental values ky and »,.”” The proba-
bility assignment for each of these six event points may, of course, be
obtained by collecting these events and their probabilities in the origi-
nal sequential sample space.

The random variables discussed in our example could take on
only experimental values selected from a set of discrete numbers. Such
random variables are known as discrete random variables. Random
variables of another type, known as continuous random variables, may
take on experimental values anywhere within continuous ranges.
Examples of continuous random variables are the exact instantaneous
voltage of a noise signal and the precise reading after a spin of an
infinitely finely calibrated wheel of fortune (as in the last example of
Sec. 1-2).

Formally, the distinction between discrete and continuous ran-
dom variables can be avoided. But the development of our topics is
easier to visualize if we first become familiar with matters with regard to
discrete random variables and later extend our coverage to the con-
tinuous case. Our discussions through Sec. 2-8 deal only with the
discrete case, and Sec. 2-9 begins the extension to the continuous case.

2-2 The Probability Mass Function

We have learned that a random variable is defined by a function which
assigns a value of that random variable to each sample point. These
assigned values of the random variable are said to represent its possible
experimental values. Each performance of the experiment generates
an experimental value of the random variable. Tor many purposes,
we shall find the resulting experimental value of a random variable
to be an adequate characterization of the experimental outcome.

In the previous section, we indicated the form of a simple event
space for dealing with a single discrete random variable. To work with
a random variable z, we mark, on an z, axis, the points corresponding
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to all possible experimental values of the random variable. One such
event space could be

1 <+ T +—o—0—a— t t 0
-2 1 0 1 2 7

Each point in this event space corresponds to the event “On a per-
formance of the experiment, the resulting experimental value of random
variable z is equal to the indicated value of z,.”

We next define a function on this event space which assigns a
probability to each event point. The function p,(x¢) is known as the

probability mass function (PMF) for discrete random variable z,
defined by

p:(zo) = probability that the experimental value of random variable
x obtained on a performance of the experiment is equal to z,

_——

We often present the probability mass function as a bar graph drawn
over an event space for the random variable. One possible PMT is
sketched below:

Py (xy)

2 3 4 770

-2 -1 0 1

Since there must be some value of random variable z associated with
every sample point, we must have

zpz(xo) =1

s
}

and, of course, from the axioms of probability theory we also have

0 < p.zg) <1 for all values of z,

Note that the argument of a PMF is a dummy variable, and the
PMT for random variable x could also be written as p.(y), p.(3), or,
as some people prefer, p.(-). We shall generally use the notation p,(xo)
for a PMF. However, when another notation offers advantages of
clarity or brevity for the detailed study of a particular process, we shall
adopt it for that purpose.
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For an example of the PMTI" for a random variable, let’s return
to the experiment of three flips of a fair coin, introduced in the previous
section. We may go back to the original sample space of that experi-
ment to collect p(ho), the PMF for the total number of heads resulting
from the three flips. We obtain

p, (hy ) = probability mass
function for random
variable h
I N
1 2 3 ?ho

2-3 Compound Probability Mass Functions

Dzy(Z0,y0) = probability that the experimental values of random varia-

We wish to consider situations in which values of more than one random
variable are assigned to each point in the sample space of an experiment.
Our discussion will be for two discrete random variables, but the exten-
sion to more than two is apparent.

For a performance of an experiment, the probability that random.

variable z will take on experimental value zy and random variable y
will take on experimental value yo may be determined in sample space
by summing the probabilities of each sample point which has this com-
pound attribute. To designate the probability assignment in an zq,yo
event space, we extend our previous work to define the compound (or
Joint) PMF for two random variables z and y,

bles  and y obtained on a performance of the experi-
ment are equal to z, and y,, respectively

(NN

A picture of this function would have the possible event points marked
on an zo,y, coordinate system with each value of p,,(xo,y0) indicated
as a bar perpendicular to the zo,yo plane above eacheventpoint. [We
use the word event point here since each possible (x0,y0) point might
represent the union of several sample points in the finest-grain descrip-
tion of the experiment.]

By considering an x,,y, event space and recalling that an event
space is a mutually exclusive, collectively exhaustive listing of all pos-
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sible experimental outcomes, we see that the following relations hold:

¥ pra(zoye) =1

Zzo Yo

E Pz (T0,Y0) ='py(?/0) Z Pry(ToYo) = p=(20)
o Yo
In situations where we are concerned with more than one random varia-
ble, the PM’s for single random variables, such as p.(xo), are referred
to as marginal PMI’s. No matter how many random variables may
be defined on the sample space of the experiment, this function p.(z,)
always has the same physical interpretation. Ior instance, p.(2) is
the probability that the experimental value of discrete random variable
x resulting from a performance of the experiment will be equal to 2.
Let’s return to the example of three flips of a fair coin in Sec.
2-1 to obtain the compound PMF for random variables 2 (number of
heads) and » (length of longest run). By collecting the events of
interest and their probabilities from the sequential sample space in
Sec. 2-1, we obtain p,.(ho,ro). We indicate the value of pu,.(ho,ro)
associated with each event by writing it beside the appropriate event
point.

4
o% o%
ol o2
Tz 3 ke

The probability of any event described in terms of the experi-
mental values of random variables & and » may be found easily in this
event space once p; (ko) has been determined.

IFor instance, we may obtain the marginal PM1’s, py(ho) and
v:(70), simply by collecting the probabilities of the appropriate events
in the ho,ro sample space.

% 0>’~ Event: experimental value of r is equal to 3
W2 2, - experi | .
g 8% Event: experimental value of ris equal to 2
11 . ,
°s §° Event: experimental value of r is equal to 1

] 1 AN
2 3 ko
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re

The reader can check that the above procedure and a similar operation
for random variable & lead to the marginal PMF’s

P, (ko) pr(ry)
/1

d

|
1

.14
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o »=
ool

ro

0 1 2 3 1 2 3

It is important to note that, in general, there is no way to go back
from the marginal PMF’s to determine the compound PMF.

2-4 Conditional Probability Mass Functions

Our interpretation of conditional probability in Chap. 1 noted that
conditioning a sample space does one of two things to the probability
of each finest-grain event. If an event does not have the attribute of
the conditioning event, the conditional probability of that event is set
to zero. For all finest-grain events having the attribute of the condi-
tioning event, the conditional probability associated with each such [
event isequal to its original probability scaled up by a constant (1/P(4),
where A is the conditioning event] such that the sum of the conditional I
probabilities in the conditional sample space is unity. We can use the
same concepts in an event space, as long as we can answer either ‘“‘yes”
or “no” for each event point to the question ‘‘Does this event have the
attribute of the conditioning event?”’” Difficulty would arise only when
the conditioning event was of finer grain than the event space. This
matter was discussed near the end of Sec. 1-4.

When we consider a discrete random variable taking on a partic-
ular experimental value as a result of a performance of an experiment,
this is simply an event like those we denoted earlier as 4, B, or anything
else and all our notions of conditional probability are carried over to the
discussion of discrete random variables. We define the conditional
PMF by

T ———— R e RN TR Ty TR e Ty

N TN

Pzpy(xo | o) = conditional probability that the experimental value of
random variable z is xo, given that, on the same perfor-

I
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mance of the experiment, the experimental value of ran-
dom variable y is ye

From the definition of conditional probability, there follows

pz.y(xo;yo) ol p:c.u(xo yo)
Pziy\T =7 and, similarl , Pyl= To) = 1)
h/( 0 l ?/o) py(‘yo) 11n1 y vl (yo ! 0) Pz(xo)

As was the case in the previous chapter, the conditional probabilities
are not defined for the case where the conditioning event is of proba-
bility zero.

Writing these definitions another way, we have

Pry(To,y0) = D(To)Dyl=Wo | To) = Dy (Yo) Pty (o | Yo)

Notice that, in general, the marginal PMT’s p.(zo) and p,(yo) do not
specify p..,(zo,yo) just as, in general, p(4) and p(B) do not specify
p(AB).

Finally, we need a notation for a conditional joint probability
mass function where the conditioning event is other than an observed
experimental value of one of the random variables. We shall use
Peata(zoyo | 4) to denote the conditional compound PMI" for random
variables z and y given event A. This is, by the definition of condi-
tional probability,

Pz.4(Zo,Y0)
Pryla(Toyo | A) = P(4)
0 if (zo,y0) in A’

We return to the ho,ro event space of the previous sections and
its compound PMT in order to obtain some experience with conditional
probability mass functions

if (xo,yO) in A

1 1
8 ®3
hq ry event space including
o2 o2 value of joint PMF for each
event point
1 1
® g ® g
) 1 LN
1 2 3 7 ho

We begin by finding the conditional PMF for random variable r, the
length of the longest run obtained in three flips, given that the experi-
mental value of #, the number of heads, is equal to 2. Thus, we wish to
find pa(ro| 2). Only two of the event points in the original he,ro
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event space have the attribute of the conditioning event (hy = 2), and
the relative likelihood of these points must remain the same in the
conditional event space. Either by direct use of the definition or from
our reasoning in sample space, there results

P, (ry12)
N

win

ro=1

pr,h(r0]2)==- ro=2
| for all other
J values of o
| Nr
1 2 3

O Win Wik

Wise

0

Had the conditioning event been that the experimental value of & were
equal to 3, this would specify the experimental value of » for this
experiment, because there is only one possible ho,ro event point with
ho = 3. The resulting conditional PMI would, of course, be

P\,,,,(r°|3)

10~
rg=3
P, (rp!3) =
0 rg#3

1 | r
0 1 2 3 0

Suppose that we wish to condition the compound PMT in the
ho,ro event space by the event that the experimental values of ~ and r
resulting from a performance of the experiment are not equal. In
going to the appropriate conditional event space and allocation of con-
ditional probability, we remove event points incompatible with the
conditioning event and renormalize to obtain

To

/ ¢

3¢l ‘
Conditional k1, If we let A represent this con-
event space given "ex- | 2 ditioning event, the numbers
perimental values of 4 beside each event point are
hand r are not equal” . equal to p,  4(hg. 70| A)

1+ .Z'

1 Nl )
0 1 2 3 ko

Finally, we can note one reasonable example of a phenomenon
which was mentioned earlier. We have stated that we cannot always
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directly condifion an event space by an arbitrary event defined on the
experiment. Ior our example, if we were told that the second flip
resulted in heads, our simple conditioning argument cannot be applied
in an hg,re event space because we can’t answer uniquely ‘“yes” or “no”’
as to whether or not each event point has this attribute. The condi-
tioning requires information which appeared in the sequential sample
space of Sec. 2-1 but which is no longer available in an ko, event space.

2-5 Independence and Conditional Independence of Random Variables

In Sec. 1-6 we obtained our definition of the independence of two
events by stating formally an intuitive notion of independence. For
two random variables to be independent, we shall require that no possi-
ble experimental value of one random variable be able to give us any
new information about the probability of any experimental value of the
other random variable. A formal statement of this notion of the inde-
pendence of two random variables is

P
_—
_—

Random variables 2 and y are defined to be independent if and only
if pyz(yo | o) = py(yo) for all possible values of zo and yo.

=
=

I'rom the definition of the conditional PMI’s, as long as the
conditioning event is of nonzero probability, we may always write

Pra(Toyo) = p(x)Py:(Wo| x0) = Py(Y)Payy(o | Yo)

and, substituting the above definition of independence into this equa-
tion, we find that p,.(yo| 7o) = p,(yo) for all zo,y0 requires that
Pau(Zo | yo) = pz(xo) for all zg,y0; thus, one equivalent definition of
the independence condition would be to state that random variables x
and y are independent if and only if p,,(xoy0) = p.(ro)p,(¥e) for all
Zo,Yo.

We define any number of random variables to be mutually inde-
pendent if the compound PMI for all the random variables factors
into the product of all the marginal PAMI"s for all arguments of the
compound PN,

It is also convenient to define the notion of conditional indepen-
dence. One of several equivalent definitions is

Random variables z and y are defined to be conditionally independent
given event A [with P(A) # 0] if and only if

Peata(@o,Yo | A) = payal@o | A)pyalyo | 4) for all (z0,y0)
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Of course, the previous unconditional definition may be obtained by
setting A = U in the conditional definition. The function p.ja(zo| 4)
is referred to as the conditional marginal PMF for random variable z
given that the experimental outcome on the performance of the experi-
ment had attribute A.

We shall learn later that the definition of independence has
implications beyond the obvious one here. In studying situations
involving several random variables, it will normally be the case that, if
the random variables are mutually independent, the analysis will be
greatly simplified and several powerful theorems will apply.

The type of independence we have defined in this section is often
referred to as frue, or statistical, independence of random variables.
These words are used to differentiate between this complete form of
independence and a condition known as linear independence. The
latter will be defined in See. 2-7.

The reader may wish to use our three-flip experiment and its
ho,ro event space to verify that, although ~ and r are clearly not inde-
pendent in their original event space, they are conditionally independent
given that the longest run was shorter than three flips.

2-6 Functions of Random Variables

A function of some random variables is just what the name indicates—
it is a function whose experimental value is determined by the experi-
mental values of the random variables. For instance, let A and » again
be the number of heads and the length of the longest run for three flips
of a fair coin. Some functions of these random variables are

v(h,r) = h? wh,r) = |h — 7| x(h,r) = e log (r cos h)

h r h+r r < 2h
y(h,r) = max <”" Q_h) z2(hyr) = : 3h — 7 r > 2h

r

and, of course, h and 7.

Functions of random variables are thus new random variables
themselves. The experimental values of these new random variables
may be displayed in the event space of the original random variables,
for instance, by adding some additional markers beside the event points.
Once this is done, it 1s a simple matter to assemble the PMF for a
function of the original random variables.

For example, let random variable w be defined by w = | — 7|.
We'll write the value of w assigned to each event point in a box beside
the point in the ho,ro event space,

T P I T~ e, R I T AR S WETEV SR S 0 ¢ g (O s T -
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\hO

and then working in the above event space, we can rapidly collect
DPw (W), to obtain

pu(wy)

ojw |

@I

L=

] l AN
> w,

0 1 2 3 o

2-7 Expectation and Conditional Expectation

Let z be a random variable, and let g(z) be any single-valued funection
of its argument. Then g(z) is a function of a random variable and is
itself a random variable. We define E[g(z)], the expectalion, or expected
value, of this function of random variable z, to be

Blg(@)] = 3, geop.a0) = (@)

and we also define E[g(x) | A], the conditional expectation of g(x) given
that the experimental outcome has attribute 4, to be

N

Elg(z) | A] = 2 g(@0)Prya(ro | A) = g(z | A)
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As usual, this definition for the conditional case includes the uncondi-
tional case (obtained by setting 4 equal to the universal event).

Consider the event-space interpretation of the definition of
Elg(x)] in an x, event space. TFor each event point z,, we multiply
g9(zo) by the probability of the event point representing that experi-
mental outcome, and then we sum all such products. Thus, the
expected value of g(z) is simply the weighted sum of all possible experi-
mental values of g(z), each weighted by its probability of occurrence
on a performance of the experiment. We might anticipate a close
relationship between E[g(z)] and the average of the experimental values
of g(x) generated by many performances of the experiment. This type
of relation will be studied in the last two chapters of this book.

Certain cases of g(z) give rise to expectations of frequent interest
and these expectations have their own names.

If g(z) = z»:
Elg@)] = 3 ap.(ze) = 7

If g(2) = [z — E(2))™:
Elg@)) = Y [x0 — E@)"p-wo) = (& — @)

The quantity z" is known as the nth moment, and the quantity (z — )"
is known as the nth central moment of random variable z.

Often we desire a few simple parameters to characterize the
PMF for a particular random variable. Two choices which have both
intuitive appeal and physical significance are the expected value and
the second central moment of the random variable. We shall discuss
the intuitive interpretation of these quantities here. Their physical
significance will become apparent in our later work on limit theorems
and statistics.

The first moment (or expected value or mean value) of random
variable 2 is given by

E(z) = Z Top» (o)

AN

and if we picture a PMF bar graph for random variable z to be com-
posed of broomsticks on a weightless axis, we may say that E(x)
specifies the location of the center of mass of the P)F.

The second central moment E{[z — E (x)]?} is a measure of the
second power of the spread of the PAT for random variable z about its
expected value. The second central moment of random variable z is
known as its vardance and is denoted by s,2 The square root of the
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variance, o, is known as the standard deviation of random variable z
and may be considered to be one characterization of the spread of a

PMF about I

(2).

with the samec mean but different standard deviations.

px(xy)

E@x)=0
62=0
gy =0

S

~ -
w
o

E (x) =00
g2 =40
o, =20

px(xo)
N
E(x)=0
62 =1
R S 1
_l 2 L N
) ! N
—3:2-1012[37"0
px(xo)
0
E(x) =00
02 = 2.50
o, =158
1
N I l ¢ l___l L 3«
23 2 -1 o 1 2 3 7°°

Here are a few PMIVs for random variable z, each

A conditional central moment is a measure of the nth power of
the spread of a conditional PMT for a random variable about its con-

ditional mean

For instance, given that the experimental outcome had

attribute A4, the conditional variance of random variable z, 024, is

given by

2

Ozla =

Y Lo — E(x| A)*paalzo ] A)

Zo

1
e
e
_
e
—_—
e

=

For functions of several random variables, we again define expec-
tation to be the weighted sum of all possible experimental values of the
function, with each such value weighted by the probability of its

occurrence on a performance of the experiment.

single-valued function of random variables z and y.
familiar enough with the ideas involved to realize that a definition of
Elg(z,y) | A], the conditional expectation of g(z,y), will include the
definition for the unconditional case.

Elg(zy) | Al = 3 Y g(@oy0peata(@ayo | A)

o Yo

Let g(z,y) be a

By now we are

We should remember that in order to determine the expectation
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If E(zy) = E(z)E(y), random variables z and y are said to be linearly
independent. (Truly independent random variables will always satisfy
this condition.)
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of g(z) [or of g(x,y) or of any function of g(z,y)] it is not necessary that
we first determine the PMT p,(go). The calculation of E[g(z,y)] can
always be carried out directly in the zo,y0 event space (see Prob. 2.10).

We wish to establish some definitions and results regarding the
expected values of sums and products of random variables. I'rom the
definition of the expectation of a function of several random variables,
we may write

E(x+y) = 3.3 @ + y0)peu(o,yo)

zo Yo
= 3 Y zPeu(Toyo) + Y D Yopes(To,0)
zo yo zo Yo
N e
We'll sum this We'll sum this
over yo first over zo first

= Exopx(xo) + E Yopy(yo) = E@) + E(y) = E(x + y)

The expected value of the sum of two random variables is always
equal to the sum of their expected values. This holds with no restrictions
on the random variables, which may, of course, be functions of other
random variables. The reader should, for instance, be able to use this
result directly in the definition of the variance of random variable
to show

o) = E{flz — E@)]*} = E@@) — [E(@)]?
Now, consider the expected value of the product zy,
E(zy) = ) ) Tjops.s(ZTo,y0)

o Yo

In general, we can carry this operation no further without some knowl-
edge about p, ,(zo,yo). Clearly, if z and y are independent, the above
expression will factor to yield the result E(zy) = E(z)E(y). Even if
z and y are not independent, it is still possible that the numerical result
would satisfy this condition.

AN

An important expectation, the covariance of two random vari-
ables, is introduced in Prob. 2.33. Chapter 3 will deal almost exclu-
sively with the properties of some other useful expected values, the
transforms of PMF’s. We shall also have much more to say about
expected values when we consider limit theorems and statistics in
Chaps. 6 and 7.
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2-8 Examples Involving Discrete Random Variables

We have dealt with only one example related to our study of discrete
random variables. We now work out some more detailed examples.

example 1 A biased four-sided die is rolled once. Random variable N is defined
to be the down-face value and is described by the PMF,

N, _
pN(NO) — {'1—6 fO!'No = 1, 2, 3,4
0 for all other values of N,

Based on the outcome of this roll, a coin is supplied for which, on any
flip, the probability of an outcome of heads is (N + 1)/2N. The coin
is flipped once, and the outcome of this flip completes the experiment.

Determine:
(a) The expected value and variance of discrete random variable N.
(b) The conditional PMF, conditional expected value, and conditional
variance for random variable N given that the coin came up heads.
(¢) If we define the events
Event A: Value of down face on die roll is either 1 or 4
Event H: Outcome of coin flip is heads
are the events A and H independent?

We'll begin by drawing a sequential sample space for the experi-
ment, labeling all branches with the appropriate branch-traversal
probabilities, and collecting some relevant information.

P(:) H A AH
_LHe % v v v
O\T ° o v
20
3 3
4/H * 20 d
l\T ° 1
4 20
%/H ® -2% v
l\'j‘ Y 2
3 20
5 5
/E/H L] 20 4 4 4
%\T - 23_() y

ZP(.)-l P(H) =2 P(4)=18 pam)- L
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a Applying the definitions of mean and variance to random variable N,
described by the PMT py(N,o) given above, we have

E(N) = Y Nopu(No) = 145 + 25+ 3 o + 4 5 = 3.0
No

on? = 3 [Ny — E(N)Ppx(No)

No
= (‘2)2'1%'*‘ (-1)2'1'20'+02'T9i)'+ 12'1"417 = 1.0

b Given that event H did occur on this performance of the experiment,
we may condition the above space by event H by removing all points
with attribute 7' and scaling up the probabilities of all remaining events
by multiplying by 1/P(H) = 10/7. This results in the four-point
conditional event space shown below. To the right of this conditional
event space we present the resulting conditional P I for random vari-
able N, given that event H did occur.

N
P(+1H) 6
) 71 S
'H,Noal i3
3
eH N, =2 x
4
eH, N, =3 "
oH N, =4 2
* 20 14

Applying the definitions of the mean and variance in this conditional
event space, we have

EN[H) =Y Nopwia(No | H) = 15 +2 % +3 fr+ 4 7= %
No

onlat = E [No — E(N | H)]*pnin(No | H)
No

S (R (P A @ @ =

¢ We wish to test P(AH) £ P(A)P(H), and we have already collected
each of these three quantities in the sample space for the experiment.

P(A) =13y PH) =4 P(AH) =5

So the events A and H are independent.

TR RS AT SRR IR R ) A
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example 2 Patrolman G. R. Aft of the local constabulary starts each day by
deciding how many parking tickets he will award that day. Ior any
day, the probability that he decides to give exactly K tickets is given
by the P)I°
5 — K, _
pr(Ko) = [ T for Ko = 1,2, 3, or4

0 for all other values of K,

But the more tickets he gives, the less time he has to assist old ladies
at street crossings. Given that he has decided to have a K-ticket day,
the conditional probability that he will also help exactly L old ladies
cross the street that day is given by

1 .
PL!K(L0|K0)={5“_—_‘I'C) if1 <L <5— Ko
0 if Lo < 1orif Lo > 5 — Ko

His daily salary S is computed according to the formula
S=2K+ L (dollars)

Before we answer some questions about Officer Aft, we should

be sure that we understand the above statements. For instance, on a

day when Officer Aft has decided to give two tickets, the conditional

PMI® states that he is equally likely to help one, two, or three old

ladies. Similarly, on a day when he has decided to give exactly four

tickets, it is certain that he will help exactly one old lady cross the
street.

(a) Determine the marginal PMF p;(Lo). This marginal PMF tells
us the probability that Officer Aft will assist exactly L, old ladies
on any day. Determine also the expected value of random vari-
able L.

(b) Random variable S, Officer Aft’s salary on any given day, is a func-
tion of random variables K and L. Determine the expected value
of the quantity S(L,K).

(c) Given that, on the day of interest, Officer Aft earned at least $6,
determine the conditional marginal PMF for random variable K,
the number of traffic tickets he awarded on that particular day.

(d) We define
Event A: Yesterday he gave a total of one or two parking tickets.
Event B: Yesterday he assisted a total of one or two old ladies.
Determine whether or not random variables K and L are condi-
tionally independent given event AB.

From the statement of the example we can obtain a sample space
and the assignment of a priori probability measure for the experiment.
We could begin with a sequential picture of the experiment such as
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(

Ky=1

o

or we might work directly in a Ko,L¢ coordinate event space with the
probability assignment pg,.(K,,L,) determined by

PK.L(Ko,Lo) = pK(KO)leK(Lo | Ko)

5—Ko 1 —— o

=l o 5=k #Ke=1234and1<L<5- K,
0 otherwise

_{O.l ifKo=1,23,4and1 < Ly <5 — K,

100 otherwise

a- e We have established that each
of the ten possible event points
has an a priori probability of 0.1
of representing the outcome of

. any particular day in the life
- e ° ° of Officer G. R. Aft

=
%
&

-
[ ]
[ ]
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®
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04
03

0.2

0.1
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The calculation pr(Ly) = Z pr.x(Lo,Ky) is easily performed in our
Ko

event space to obtain

To find the expectation of L, we could multiply the experimental value
of I corresponding to each sample point by the probability measure
assighed to that point and sum these products. But since we already
have pL(Ly), it is quicker to work in the event space for random variable

L to obtain
B(L) = ¥ Lopu(lo) = 1 o5 +2 5 + 3 £ + 4 75 = 2.0
Lo

Although it has happened in this example, we should note that there is
no reason whatever why the expected value of a random variable need
be equal to a possible experimental value of that random variable.

E(S) = 22 2Ky + Lo)px, (Ko, Lo). We can simply multiply the

Ko Lo
experimental value of S corresponding to each event point by the

probability assignment of that event point. Let’s write the corre-
sponding experimental value of S beside each event point and then
compute E(S).

b
4 ®6
3 e5 o7
2+ o4 o6 8
1+ 3 e5 o7 9
! ] f K
0 1 2 3 4 770



ES) =v6B+4+54+6+5+6+7+7+8+09) = $6

¢ Given that Officer Aft earned at least $6, we can easily condition the
above event space to get the conditional event space (still with the
experimental values of S written beside the event points representing
the remaining possible experimental outcomes)

4
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Ly
N
4 6
Since the relative likelihood
Conditional KoL, 3+ o7 of all event points included
sample space given in the conditioning event
experimental outcome can't change, these remain -
had attribute S>6.0 2|~ 6 o8 ing six event points are still
equally probable
1 °7 e9
| | { L N
0 1 2 3 7 Ko

Thus, by using the notation Event C: S > 6, we have

(K, 1C)

Pxic
A

N

i

Ko

0 1 2 3 4
Recall that we can use this simple interpretation of conditional prob-
ability only if the event space to which we wish to apply it is of fine
enough grain to allow us to classify each event point as being wholly in
C or being wholly in C’.

d There are only four (equally likely) event points in the conditional

KoL, event space given that the experimental outcome has attribute

AB.
L, )
/]
Conditional K, L, event 2 F ¢ o
space given experimental
outcome has attribute AB - e °
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We wish to check
pK.L[AB(KOyLOI AB) Z pK[AB(KO | AB)leAB(LO | AB) for all K,,Lo

Each of these three PM1”s is found from the conditional Ky,L, event
space presented above.
lfKo= 1,2andLo= 1,2
otherwise
if Ky =1, 2
otherwise

Pran(Lo| AB) = ‘0 otherwise

1
pr.1ian(KoLo | AB) = { 0

pKlAB(KO | AB) = { 3

The definition of conditional independence is found to be satisfied, and
we conclude that random variables K and L, which were not inde-
pendent in the original sample space, are conditionally independent
given that the experimental outcome has attribute AB. Thus, for
instance, given that AB has occurred, the conditional marginal PDF
of variable L will be unaffccted by the experimental value of random
variable K.

In this text, the single word independence applied to random
variables is always used to denote statistical independence.

2-9 A Brief Introduction to the Unit-impulse Function

To prepare for a general discussion of continuous random variables,
it is desirable that we become familiar with some properties of the
unit-impulse function. Our introduction to this function, though
adequate for our purposes, will lack certain details required to deal
with more advanced matters.

The unit-impulse function po(ze — @) is a function of xo which
is equal to infinity at xq = a and which is equal to zero for all other
values of zo. The integral of uo(zo — a) over any interval which
includes the point where the unit impulse is nonzero is equal to unity.

One way to obtain the unit impulse uo(xo — a) is to consider the
limit, as A goes to zero, of

uy(x,—a) f"A"}
1
A
0 e l 2%
-8 T ard
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which, after the limit is taken, is normally represented as

1y(x,—a)

N
0 a 7%

where the scale height of the impulse is irrelevant and the total area
under the impulse function is written beside the arrowhead. The
integral of the unit-impulse function,

/:'o }lo(xo - (I,) dxo

0= = o0

isa function known as the unit-step function and written asu_i(zo — a).

Ky (xo_a)

Thus an impulse may be used to represent the derivative of a function
at a point where the function has a vertical discontinuity.

As long as a function g(x,) does not have a discontinuity at
x9 = @, the integral

Jg(zo)po(xe — a) dxo

over any interval which includes z, = a is simply g(a). This results
from the fact that, over the very small range where the impulse is non-
zero, g(x,) may be considered to be constant, equal to g(a), and factored
out of the integral.

2-10 The Probability Density Function for a Continuous Random Variable

We wish to extend our previous work to include the analysis of situa-
tions involving random variables whose experimental values may fall
anywhere within continuous ranges. Some examples of such con-
tinuous random variables have already occurred in Secs. 1-2 and 2-1.

The assignment of probability measure to continuous sample and
event spaces will be given by a probability density function (PDF). Let
us begin by considering a single continuous random variable x whose

o L S i

™=

TR
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event space is the real line from 2o = — © toxo = ». We define the
PDT for random variable z, f.(z0), by

b
Prob(a < z <b) = /ﬂ f=(0) dzo

Thus, f.(zo) is a density of probability measure on the event space
(the x, axis) for random variable ..

Any event can be collected by selecting those parts of the o axis
which have the attribute of the event. For instance,

/—The event: lxl<1

1 ) et 4 L. >Ny
-3 -2 -1 ) 1 2 3 /770

[The event: x < %

) ! LNy
-3 -2 -1 0 1 2 3 70

The probability of any event is found by evaluating the integral of
f.(zo) over those parts of the event space included in the event.

fr (x)
AN
This area is equal to the probability
/ of the experimental outcome ixi<1
| £ .
M A 14 | . |
-3 -2 -1 0 1 2 3 2 %o
fr(xo)
%

This area is equal to the probability
/ of the experimental outcome x<}
T

—2 ~1 0 1 2 3 7o

Should the PDF f.(zo) contain impulses at either a or b, the
b
integral [ f+(z0) dzo is defined to include the area of any impulse at the

upper limit but not the area of any impulse at the lower limit. Note
that this convention is determined by our choice of the inequality
signs in the definition of f.(xo).

Based on our understanding of event space and probability
measure, we note that any PDI" must have the following properties:

e St b ¢ 8 P

B e | e 1 —
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[_: Je(xo) dxo = 1 0 Sf:(il?o) < x

If we wish to reason in terms of the probability of events (of nonzero
probability), it is important to realize that it is not the PDF itself,
but rather its integral over regions of the event space, which has this
interpretation. As a matter of notation, we shall always use f.(z)
for PDF’s and reserve the letter p for denoting the probability of events.
This is consistent with our use of p.(x,) for a PMF.

Note that, unless the PDF happens to have an impulse at an
experimental value of a random variable, the probability assignment to
any single exact experimental value of a continuous random variable
is zero. [The integral of a finite f.(x,) over an interval of zero width is
equal to zero.] This doesn’t mean that every particular precise experi-
mental value is an impossible outcome, but rather that such an event of
probability zero is one of an infinite number of possible outcomes.

We next define the cumulative distribution function (CDF) for
random variable z, p,<(%o), by

P
—_——
e
—_—
_

Pag(e0) = Prob(e < o) = [ fu(z) dao

—_—

_—
=

The function p,<(z,) denotes the probability that, on any particular
performance of the experiment, the resulting experimental value of
random variable x will be less than or equal to z,. Note the following
properties of the CDF":

Pa<c(@) =1 Pzc(— ) =0
ng(b) 2 P:g(a) for b Z a
Prob(a < z < b) = p.<(b) — p.<(a) forb > a

- Pas(n) = fo(a0)

The CDF will be especially useful for some of our work with continuous
random variables. For a discrete random variable, the CDF is dis-
continuous and therefore, to some tastes, not differentiable. For our
purposes, we have defined the derivative of the CDF at such a dis-
continuity to be an impulse of infinite height, zero width, and area
equal to the discontinuity.

Let’s consider an experiment involving a random variable z
defined in the following manner: A fair coin is flipped once. If the
outcome is heads, the experimental value of z is to be 0.2. If the out-
come is tails, the experimental value of z is obtained by one spin of a
fair, infinitely finely calibrated wheel of fortune whose range is from
zero to unity. This gives rise to the PDF

|
|
?
v
|

- e
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f(xy)
/N

o0

0.5
The scale height of the impulse

05 . in the diagram is irrelevant. The
area contained under the impulse
is written alongside it.

e — S x

0 02 1.0 770

and to the CDI

06} ----
04

02}
0.1}~

> x

7 "0

of """ TeT T e

0 0.2 06

—

Because of the integration convention discussed earlier in this section,
we can note that p. () has (in principle) its discontinuity immediately
to the left of zp = 0.2.

We consider one simple example which deals with a continuous
random variable. Assume that the lifetime of a particular component
is known to be a random variable described by the PDI

f(x;)

0.50

0.25
. 1 1 L b A > x,(months
0 1 2 3 4 5 2 %ol )

Let’s begin by determining the a priori probability that the component
fails during its second month of use. In an z, event space we can col-
lect this event,

The event: component fails during its
: second month of use
I { t N x

0 1 2 3 3 5 770
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. . 2
Thus, we require the quantity Prob(1 < x < 2) = j: fe{xe) dxo = 1,
which is equal to the shaded area in the following sketeh:

f(x))
AN , . "
/—Thss area is equal to the probability
= that the component witl fail during
0.50 / its second month of use

0.25

- 1
x
0 1 2 3 4 5 _> a

Sinee random variable x does not have a nonzero probability of taking
on an experimental value of precisely 1.0 or 2.0, it makes no difference
for this example whether we write Prob(1 < x < 2)or Prob(l < z < 2)
or Prob(l < z < 2) or Prob(1 < z < 2).

Next, we ask for the conditional probability that the component
will fail during its second month of use, given that it did not fail during
the first month. We'll do this two ways. One approach is to define
the events,

~Event A: Component fails Event B: Component latls

/ during hrst month / during second month
o I ! L L ! ! AN
1 ) 3 7% o ) 2 I R

and then use the definition of conditional probability to determine the
desired quantity, P(B| A’). Since it happens here that event B is
included in event A’, there follows

P(A’'B) _ P(B)

PRI =gy = Plan
P(B) = % (previous result) P(A") = fl‘ fo(zs) dxa = %
P(B}A") = §

As we would expect from the nature of the physical situation in this
problem, our result has the property P(B|A*) > P(B).

One other approach to this question would be to condition the
event space for random variable £ by noting that experimental values
of r between 0.0 and 1.0 are now impossible. The relative probabilities
of all events wholly contained within the conditioning event A are to
remain the same in our conditional space as they were in the original
event space. To do this, the a priori PDT for the remaining event
points must be multiplied by a constant so that the resulting conditional
PDF for z will integrate to unity. This leads to the following condi-
tional PDF fa(xo [ A'):

-

e TR
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Lal5IA7)
e . . i .
This area is equal to the conditional probability of
2 failure in the second ronth, given that failure did
ir not goeur during the first month, Area = g
0 1 2 3 a 5 2 %o

In this fatter solution, we simply worked directly with the
notion which was formalized in See. 1-4 to obtain the definition of
conditional probability.

Before closing this section, let us observe that, once we are
familiar with the unit-impulse function, a PMTI may be considered to
represent a special tvpe of PDF.  For instance, the following prob-
ability mass function and probability density function give identieal
deseriptions of some random variable x:

Pxlxy) fx(x,)
N AT

050

025-

X

0 1 2 3 0
Only when there are particular advantages in doing so shall we repre-
sent the probability assignment to a purely diserete random variable

by & PDT instead of a PME,

2-11 Compound Probability Density Functions

We may now consider the case where several continttous random
variables arc defined on the sample space of an experiment. The
assignment of probability measure is then specified by a compound
probability density function in an event space whose coordinates are
the experimental values of the random variables,

In the two-dimensional event space for the possible experimental
values of random variables z and y, the compound PDF f, ,(x¢,50) may
be pictured as a surface plotted above the x4y, plane. The volume
enclosed between any area in the zy,y plane and this f, ,(zo,4:) surface
is equal to the probability of the experimental outcome falling within
that area. For any event A defined in the x,y, plane we have
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>Xg P(A) = f frp(Zo,¥0)dxedyo
A

The probability that the experimental value of z will fall between
2o and z, + dzo, which we know must be equal to fz(xo} dx,, is obtai ned
by integrating the compound PDF over the strip in the event space
which represents this event,

0
. -
4 PrOh(xo <xS x°+d1°) - ] Ix'y(zos yO )dzudyo
Vo= —
> x, -
s IO +d10 = dxo [ !,’,(-‘onyo )dyo -’x(xoldxo
Yg= T

For the continuous case, we obtain the marginal PDI''s by integrating
over other random variables, just as we performed the same operation
by summing over the other random variables in the discrete case.

few) = [T feulzoye) dyo fuwe) = [ feal@ayo) dzo
And, in accordance with the properties of probability measure,

0 < fealzoye) < = L L fesl@oyd) dzadye = 1

ye—=

For convenience, we often use relations such as

Prob(zy < z < 2o + dzo) = fi(xe) dxo
Prob(zs < x < zo + dzo, o < ¥ < Yo + dyo) = fr.u(Ze,¥0) d2o dyo

It should be remembered that such relations are not valid at points
where a PDF contains impulses. We shell not add this qualification
each time we employ such incremental statements, In any physical prob-
lem, as long as we are aware of the presence of impulses in the PDF
(nonzero probability mass at a point), this situation will cause us no
particular difficulty.

We close this section with a simple example. Suppose that the

N

—
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compound PDF for random variables x and y is specified to be

Cfdz 0<yp <<l
Fral@amo) = 1 otherwise

and we wish to determine 4, f,(z.), and the probability that the product
of the experimental values of x and y obtained on a performance of the
experiment is less than or equal to 0.25. Three relevant sketches in
the zo, 7o event space are

Region in which %
N Event: x, <x Sxy+ds,

1.0
Xy +dx, Event: xy <025

The value of A will be obtained from

[z- dzo [,:_ . difo fr4(Te, o) = 1

where our notation will be that the rightmost integration will always
be performed first. Thus we have

[ol dze f:_odyo Az, = /01 Azt dzy =

To determine the marginal PDF f,(z,), we use

A
T;'-:—*l A=3

lfO_(_IoSl

otherwise

f;(xo) = f':- . f,_,(l‘o,yo) dyo = [éﬂ-o 330 dyo

Note that we must be careful to substitute the correct expression for
Jew(To,50) everywhere in the zq,y0 event space. The result simplifies to

_ 3101 IfOSIoSl
Slzo) = [0 otherwise

To determine the probability of the event zy < 0.25, there are
several ways to proceed. We may integrate f,,(x0s,l0) over the ares
representing this event in the zo,y, event space. We may integrate the
joint PDF over the complement of this event and subtract our result
from unity. In each of these approaches we may integrate over o
first or over y, first. Note that each of these four possibilities is equiva-
lent but that one of them involves far less work than the other three,
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We now display this result and complete the problem by considering a
more detailed sketch of the zo,y, event space.

=%

4
1.00
Only if we integrate the joint PDF here,
0.75 / over the complement of the event of
' interest, and if we integrate over y,
] first, may we perform the double
0.50 integration by using only one set
of limits for the entire integration
0.26F ~=-=gffm oD
10 %
| \ -
o S ———, Prob (xy < 0.25) = 1 — [ d, / dy, 3%, =05
05 1

ix

This last discussion was a matter of elementary calculus, not probabil-
ity theory. However, it is important to realize how a little fore-
thought in planning these multiple integrations can reduce the amount
of calculation and improve the probability of getting a correct result.

2-12 Conditional Probability Density Functions

Consider continuous random variables = and y, defined on the sample
space of an experiment. If we are given, for a particular performance
of the experiment, that the experimental value of y is between yo and
Yo + dyo, we know that the event point representing the experimental
outcome must lic within the shaded strip,

Yo

Yo +dyo'\j

7

Yo~

_...._-_.‘...: -

7 %0

.
‘/(
"
ot
&

X9

We wish to evaluate the quantity f.,(zo | yo) dzo, defined to be
the conditional probability that the experimental value of x is between
xo and 2o + dzxo, given that the experimental value of y is between y,
and ¥ + dy,. Our procedure will be to define the incremental events
of interest and substitute their probabilities into the definition of con-
ditional probability introduced in Sec. 1-4.

Event A: zy < x < 29 + dx Event B: yo < y < yo + dyo

_ P(AB) Fz.4(Zo,Y0) dto dyo _ Sz.u(Zo,Y0)
PALB =By = fhadn ~ fa) o

o

0 i e f =
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Since the quantity f;,(zo | ¥o) dzo has been defined to equal P(4 | B),
we have

_ fzu(%o,Y0) . _ Fz4(Zo,0)
Japu(To lyo) = mgy and, similarly, Ju=(yo | o) = -—ﬁm— \

The conditional PDI”s are not defined when their denominators are
equal to zero.

Note that the conditional PDF f,,(zo | ¥o), as a function of xo
for a given yy, is a curve of the shape obtained at the intersection of the
surface f.,(zo,50) and a plane in three-dimensional space representing
a constant value of coordinate yq.

Using the event-space interpretation of conditional probability,
we readily recognize how to condition a compound PDI' given any
event A of nonzero probability,

fema(zoyo | 4) =y  P(4)
0 if 20,50 in A’

if zo,y01n A

IRV

As an example of some of these concepts, let’s continue with the
example of the previous section, where the PDI for continuous random
variables z and y is specified by

3z f0 <y <2 <1
Jew(To,y0) = 0 0 SYo S %o >

otherwise -
%
y
Lol

Joint PDF for x and y is

equal to 3x, inside this

triangle and is equal to

zero everywhere else

N

0 10 7%

We’ll caleulate f,).(yo | %0), taking advantage of the fact that we have
already determined f,(x,).

3560 _ 1 .
fy]::(yo l xo) — fz.y(xo,?lo) - 3*"—‘2:02 = 15_0 if 0 S Yo S Zo S 1
T=(20) : .
0 otherwise
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fy,,(yolxo)

Since the a priori PDF f, ,(x0,y0) is not a function of ys, it is reasonable
that the conditional PDF f,).(yo | zo) should be uniform over the possi-
ble experimental values of random variable y. TFor this example, the
reader might wish to establish that

21‘0
Jap(@o | yo) = { 1 — yo?
0 otherwise

2-13 Independence and Expectation for Continuous Random Variables

Two continuous random variables x and y are defined to be indepen-
dent (or statistically independent) if and only if

Jew(@o | yo) = fe(za)  for all possible zq,y,

and since Jr, (To,¥0) = f2(%0)fy)= (Yo | 20) = J,o)fe1u (o | yo) is always true
by the definition of the conditional PDI’s, an equivalent condition
for the independence of z and y is

Jew(To,yo) = fa(xofy(ya)  for all zo,yo

We say that any number of random variables are mutually indepen-
dent if their compound PDF factors into the product of their marginal
PDI’s for all possible experimental values of the random variables.

The conditional expectation of g(z,y), a single-valued function
of continuous random variables z and y, given that event A has occurred,
is defined to be

Elg(xy) | A] = f”

Yo=—w

/,,:; —w g(xo,yo)fr.ym(xo,yo , 4A) dz, dyo

All the definitions and results obtained in Sec. 2-7 carry over directly
to the continuous case, with summations replaced by integrations.

2-14 Derived Probability Density Functions

We have learned that g(z,y), a function of random variables z and y,
is itself a new random variable. From the definition of expectation,
we also know that the expected value of g(z,y), or any function of g(z,y),
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seEcoND sTEP: Differentiate this quantity with respect to g, to obtain
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may be found directly in the xo,y, event space without ever determin-
ing the PDF f,(go).

However, if we have an interest only in the behavior of random
variable g and we wish to answer several questions about it, we may
desire to work in a go event space with the PDT f,(go). A PDF obtained
for a function of some random variables whose PDF is known is referred
to as a derived PDF,

We shall introduce one simple method for obtaining a derived
distribution by working in the event space of the random variables
whose PDT is known. There may be more efficient techniques for
particular classes of problems. Our method, however, will get us there
and because we'll live in event space, we’ll always know exactly what
we are doing.

To derive the PDT for g, a function of some random variables,
we need to perform only two simple steps in the event space of the
original random variables:

values of go.

fo(go).

_—

The first step requires that we calculate the cumulative probability
distribution function p,<(ge). To do so, we simply integrate the given
PDI for the original random variables over the appropriate region of
their cvent space.

Consider the following example: A fair wheel of fortune, con-
tinuously calibrated from 0.00 to 1.00, is to be spun twice. The experi-
mental values of random variables z and y are defined to be the readings
on the first and second spins, respectively. [By “fair” we mean, of
course, that the wheel has no memory (different spins are independent
events) and that any intervals of equal arc are equally likely to include
the experimental outcome.] We wish to determine the PDF f,(go) for
the case where random variable ¢ is defined by g(x,y) = 5

The example states that the spins are independent. Therefore
we may obtain the joint PDF

o 10 f0<z<1,0<y <1
Jea(@oye) = [e(@a)fy(yo) = 0.0 otherwise

Next, in the 2,70 event space, we collect the event g < g,
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for the case O0Lg, <1 For the case 1 gy < oo
Yo Xy
~ o™ 5y
1a
-———Event:
854,
X
0 10 > Yo

Two sketches are given to show that the boundaries of the event of
intcrest are different for the cases go < 1 and go > 1. For our par-
ticular example, because of the very special fact that few(Z0,y0) 18
everywhere equal to cither zero or unity, we can replace the integration

Pos@) = [[ Loateoue) dza dy

by a simple ealeulation of arcas to obtain, for the first step of our
Lwo-step procedure,

0 g <0
ga
Po<(oo) = { 2 0<g <1
I
1 — — 1 < go < oo
29, =90 =

At this point, of course, we may check that this CDF is a
monotonically increasing function of x, and that it increases from zero
atgo = — @ tounity at g = + . Now, for step 2, we differentiate
Pe<(g0) to find

0 go < @
Tolge) = § 0.5 0<g <1
0.590—2 1< o < @
fe(#,)
AN
0.50
025
0 T 30 - a0 5o o

T e s P e T RE. .  LT ER T S T T s e
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If we wish to derive a joint VDT, say, for g(x,y) and kiz,y), then
in step 1 we collect the probability

Pe<ac(go o) for all values of g, and kg

which represents the joint CDF for random variables ¢ and k. For
step 2 we would perform the differentiation

Doz a<lgoho)
EP ok = fonlgo,ho)

As the number of derived random variables inereases, our method
becomes unreasonably cumbersome; but more efficient techniques exist
for particular types of problems.

One further detail is relevant to the mechanics of the work
involved in carrying out our two-step method for derived distributions.
Our method involves an integration (step 1) followed by a differentia-
tion (step 2).  Although the integrations and differentiations are gen-
erally with respect to different variables, we may wish to differentiate
first before formally performing the integration. For this purpose, it is
useful ta remember one very useful formula and the picture from which
it is obtained.

In working with a relation of the form
bla)
R(a) = [ " ) de

we have an integral over x whose lower limit, upper limit, and integrand

dR ()

are all functions of a. If we desire to obtain the derivative — T

it is more efficient to use the following forimula directly than to first
perform the integration with respeet to x and then to differentiate with
respect to a.

dR(o)

da(a)
L) - _ifoata)

+ 1 b(a)]db(a fb(a) ar (aJ:)

This relation is easy to remember if we keep in mind the picture from
which it may be obtained

b{a}
R(a)-[ r{o. x}dx
afa)
poniien. The dotted lines represent
i changes in r (¢, x) and

the timils of the integral
due 10 small changes in
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The reader will have many opportunities to benefit from the

. IR(a) . .. . e
above expression for ‘ dia) in obtaining derived distributions. For

instance, in Prob. 2.30 at the end of this chapter, this expression is used
in order to obtain the desired PDF in a useful form.

2-15 Examples Involving Continuous Random Variables

However simple the concepts may seem, no reader should assume that
he has a working knowledge of the material in this chapter until he has
successfully mastered many problems like those at the end of the chap-
ter. Two examples with solutions follow, but we must realize that
these examples are necessarily a narrow representation of a very large
class of problems. Our first example gives a straightforward drill on
notation and procedures. The second example is more physically
motivated.

example 1 Random variables z, y, and z are described by the compound prob-

ability density function,

3 0 <20<1,0<y <1,0 <z <1
fx.y,z(xo,yo,Zo) = gozo + Yozo 1 ST S LYUS Yo S 20 S

otherwise
Determine the quantities:
(a') p:5(3) (b) fz.y(xO;yO)
(€) Prcw<.<(1,2,20) (d) fz(z0)
(e) E(zy) () E(y| =)

From the statement of the compound PDF, note that the experimental
value of random variable x can never be greater than unity. Since we
are asked to determine the probability that this experimental value is
less than or equal to 3.0, we can immediately answer

pz5(3) = 1.0

When determining expressions for PDI’s and CDF’s we must always
remember that the proper expressions must be listed for all values of
the arguments.

ffvll(xo’yo) = .
otherwise

. .
{ /“:0 dzo(Zozo + 3Yo20) fO<z<1,0<y <1
which simplifies to

. .
| # (o + 3yo) fO0<z<1,0<y <1
Je(@oyyo) = IO otherwise
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¢ Because of the given ranges of possible experimental values of z and
y, we note that

Pe<y<ie<(1,2,20) = p.<(20)

0 20 <0
20 1 1

P:<(20) = L:O dzo /;0=0 dzo —/;o=0 dyo(e20 + 3Yo2o) 0<2 <1

1 1 S 20
which simplifies to

0 20 _<_ 0
P:<(20) = { 20® 0<z<1

1 1 S 20

which has all the essential properties of a CDF.

d Since we have already found f. ,(z,y¢), we can determine the marginal
PDF f.(z¢) by integrating over yo. For 0 < zo < 1, we have

Jelwn) = [ dyok(m + 390) = GGz + D)

and we know that f.(x,) is zero elsewhere.

1 3 3
_Jze+ it f0L2 <1
Ta(0) = :0 otherwise

Whenever possible, we perform simple checks on our answers to see
whether or not they make any sense. For instance, here we’d check to

see that L ; _ . f=(%o) dzo is unity. Happily, it is.

1 1
e Bay) = [ dzo [ _ dyo ziafes(@oy) = 4

This result is at least compatible with reason, since zy is always between
zero and unity.

1
FEYI2) = [, vofuslo | 20) dyo
1 fx.y(xO,yO)

= Ju=0¥° BACYE dye for all possible zg
LR (T /IS S & .
B /yo=0 0 lro 4 2 dyo = It + 2 /;”:o (zoyo + 3yo?) dyo
’ _ %o + 2
T 2z0+ 3

For any possible value of x,, our E(y | ) does result in a conditional
expectation for y which is always between the smallest and largest
possible experimental values of random variable y.
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example 2 Fach day as he leaves home for the local easino, Oscar spins a
biased wheel of fortune todetermine how much money to take with him.
He takes exactly z hundred dollars with him, where x is a econtinuous
random variable described by the probability density function

f(x,)
/f\

e =~ T >x°(hundreds of dolfars)

As a matter of convenience, we are assuming that the currency is
infinitely divisible. (Rounding off to the nearest penny wouldn't mat-
ter much.)

Oscar has a lot of experience at this. Allof it is bad. Decades
of experience have shown that, over the course of an evening, Oscar
never wins. In fact, the amount with which he returns home on any
particular night is uniformty distributed between zero and the amount
with which he started out.

Let random variable y represent the amount (in hundreds of
dollars) Oscar brings home on any particular night.

{a)} Determine f,,(xq,70), the joint PDI for his original wealth z and
his terminal wealth y on any evening.

{b) Determine f,(yo), the marginal probability density function for the
amount Oscar will bring home on a randomly sclected night.

(c) Determine the expected value of Oscar's loss on any particular
night.

(d) On one particular night, we learn that Oscar returned home with
less than $200. For that night, determine the conditional proba-
bility of each of the following events:

(i) He started out for the casino with less than $200.
{(i1) His loss was less than $100.
(il)) His loss that night was exactly 375.
a rom the example statement we obtain

[SEERES]
d L gcy sx <4
- 0O<y $x <
1 fylx(Ji}]xo)" X, 0 | g
x, 0 otherwise
0
0 I >J6

T T T e I S TR ST T e e g Y TR T
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The definition of conditiona! probability is used with the given f.(xy)
to determine

Zo 1 1 .

== = 0 <y Lxo< 4
feu(xoye) = f:(Ia)fu;z(ya | z6) = 8 2 8 ¢ °

0 otherwise

and this result may be displayed in an z4,), event space,

¥ terminat capal in
E hundreds af dotlars

4 -
Joint PDF is equal to 1/8 inside this triangle
and zero elsewhere. A quick check shows
that the calculated POF does integrate to
unity over the entire event space.
x ( initia! capnlal in
0 4 0 | hundreds of dollars
b
Y
AN

Event: y,<y<y,+dy,

_____

ForOSyo_§4,

By = [ dzofurlzomo) = |,
And we can sketch this PDF as

Y odr b= 34— go)

"= e

£.(x)

The f,{y,) PDF does integrate to
unity and, as was obvious from the
above sketch (since the joint PDF
was constant inside the triangle),

it is linearty decreasing from a
maximum at y, =0 to zero at y,=4

05

o0 4.0 > %
¢ Bz = y) = [ [ (o — yofculzoye) dzadys

We must always be careful of the limits on the integrals when we
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substitute actual expressions for the compound PDF. We'll integrate
over xo first.

E—y) = [ dy [ dzodtzo — yo) = $133.33

where again we are using the convention that the successive integrals
arc to be performed in order from right to left. By changing & sign in
the proof in Sec. 2-7, we may prove the relation

E(z —y) = E(x) — E(y)

Since we already have the marginal PDIs, this relation allows us to
obtain E(z — y) by another route,

B(z) — E@) = [, wofda) dzo— [7 yofy(vo) dyo
= [fao- Dan - [yt 5P ay. - $133.33

¢l —

Given that Oscar returned home with less than $200, we work in the
appropriate conditional sample space. At all points consistent with
the conditioning event, the conditional PDF is equal to the original
joint PDI scaled up by the reciprocal of the a priori probability of the
conditioning event.

The event: "he returned home with less than

$200." The a priori probability of this event is
equal to the integral of the a pricri joint

e PO¥F over this event which is equal lo

1,1 1 3

E(,_z.-aoﬁ-—iuz ;2)-.4—

; AN

4 /xO X
Value of jpint PDF Area representing
in area of interest conditioning event

Thus, the conditional joint PDF isequal to /% = % in the region where
it is nonzero. Now we may answer all questions in this conditional
space,

| = gy
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The event: "he started out widh less than $200"

P(*)=} (3-2-)=1

N
/xo /

Conditional joint PDF Area representing
in area of interest event of interest
X
N li
o "h, =X,
o X, —yy=1
2r "— . The event “his 1055 was less than $100”
B Pe)=} « (1-2)=1
e LN Ny 6 3
c 1 2 3 4 770 /
Conditional joint PDF— Area representing
in area of interest event of interest

We realize that, in general, we would have to integrate the
conditional PDF over the appropriate events to obtain their proba-
bilities. Only because the conditional PDI" is a constant have we been
able to reduce the integrations to stmple multiplications.

ill As long as we allow the currency to be infinitely divisible, the con-
ditional probability measure associated with the event x — y = 75
is equal to zero. The integral of the compound PDF f, ,(xe,y,) over
the line representing this event in the z,,yp event space is equal to
Zero.

PROBLEMS

The geomelric PMF for discrete random variable K is defined to be

Ky - |CU—PF Ko =1,23. . snd0<P<I
Prifte) = 19 for all other values of K,

a Determine the value of C.

b Let N be a positive integer. Determine the probability that an
experimental value of K will be greater than N.

¢ Given that an experimental value of random variable K is greater
than integer N, what is the conditional probability that it is also
larger than 2N? (We shall discuss this special result in Chap. 4.)
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d What is the probability that an experimental value of K is equal to
an integer multiple of 3?

2.02 The probability that any particular bulb will burn out during its
Kth month of use is given by the PMT for K,

p(Ko) = 5(3)%1  Ko=1,2,3, ..

IFour bulbs are life-tested simultancously. Determine the probability

that

a None of the four bulbs fails during its first month of use.

b Exactly two bulbs have failed by the end of the third month.

¢ Exactly onc bulb fails during cach of the first three months.

d Exactly one bulb has failed by the end of the second month, and
exactly two bulbs are still working at the start of the fifth month.

el

2.03 The Poisson PN for random variable K is defined to be

phog=r
oo = | Ko TKo=012 ... (andu>0)

0 for all other values of K,

a Show that this PMI" sums to unity.
b Discrete random variables R and S are defined on the sample spaces

of two different, unrelated experiments, and thesc random variables
have the PMIs
Ropg—n
plz(Ro) = ﬂ—Ro—'- Ro = 0, 1, 2, .
ASog—>
ps(So) = 2o’ 8y =0,1,2, . ..
So!

Use an Ry,S, sample space to determine the PMI® pr(7T,), where
discrete random variable T is defined by 7' = E + S.

¢ Random variable W is defined by W = cR, where ¢ is a known
nonzero constant. Determine the PMF pw(W,) and the expected
value of W. How will the nth central moment of W change if ¢
is doubled?

2.04 Discrete random variable z is described by the PMF

o (z0) = K—% if 2o =0, 1,2

0 for all other values of z

Let dy, ds, . . . , dy represent N successive independent experimental
values of random variable z.
a Determine the numerical value of K.

e
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b Determine the probability that d; > d».

¢ Determine the probability that dy +d: + - - - +dy < 1.0

d Definer = max(d,,d;) and s = min(d,,d2). Determine the following
PMF’s for, all values of their arguments:

i pe(s0) i prs(ro | 0)

ili P (70,9) iv pi(to), witht = (1 + dy)/(1 + )

e Determine the expected value and variance of random variable s
defined above.

f Given d, + d; < 2.0, determine the conditional expected value and
conditional variance of random variable s defined above.

s

I

2.05 Discrete random variable z is described by the PMT p.(z,). Before
an experiment is performed, we are required to guess a valued. After
an experimental value of z is obtained, we shall then be paid an amount
A — B(x — d)? dollars.

a What value of d should we use to maximize the expected value of our
financial gain?

b Determine the value of A such that the expected value of the gain
is zero dollars.

2.06 Consider an experiment in which a fair four-sided die (with faces
labeled 0, 1, 2, 3) is thrown once to determine how many times a fair
coin is to be flipped. In the sample space of this experiment, random
variables n and k are defined by
n = down-face value on the throw of the tetrahedral die
k = total number of heads resulting from the coin flips

Determine and sketch each of the following functions for all
values of their arguments:
a pa(no) b pra(ko[2) € pap(nol2)  d pr(ko)
e Also determine the conditional PMI" for random variable n, given
that the experimental value of k is an odd number.

s

2.07 Joe and Helen each know that the a priori probability that her
mother will be home on any given night is 0.6. However, Helen can
determine her mother’s plans for the night at 6 p.m., and then, at
6:15 p.M., she has only one chance each evening to shout one of two
code words across the river to Joe. He will visit her with probability
1.0 if he thinks Helen’s message means “\Ma will be away,”” and he will
stay home with probability 1.0 if he thinks the message means “Ma
will be home.”

But Helen has a meek voice, and the river is channeled for
heavy barge traffic. Thus she is faced with the problem of coding for
a noisy channel. She has decided to use a code containing only the
code words A and B.

W
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The channel is described by
Pla|A)=% P@|B) =% PblA) =% PO|B=4%

and these events are defined in the following sketch:

a is event "Joe thinks
message is A"

B
\*/ winN

b is event "Joe thinks

B b .
\ ) message is B"
T Noisy channel T

Input words Output words

.

a In order to minimize the probability of error between transmitted

and received messages, should Helen and Joe agree to use code I or
code II?

Code 1 Code II
A = Ma away A = Ma home
B = Ma home B = Ma away

b Helen and Joe put the following cash values (in dollars) on all possible
outcomes of a day:

Ma home and Joe comes -30
Ma home and Joe doesn’t come 0
Ma away and Joe comes +30
Ma away and Joe doesn’t come -5

Joe and Helen malke all their plans with the objective of maximizing
the expected value of each day of their continuing romance. Which
of the above codes will maximize the expected cash value per day of
this romance?

¢ Clara isn’t quite so attractive as Helen, but at least she lives on the
same side of the river. What would be the lower limit of Clara’s
expected value per day which would make Joe decide to give up
Helen?

d What would be the maximum rate which Joe would pay the phone
company for a noiseless wire to Helen’s house which he could use
once per day at 6:15 p.m.?

e How much is it worth to Joe and Helen to double her mother’s
probability of being away from home? Would this be a better or
worse investment than spending the same amount of money for a
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telephone line (to be used once a day at 6:15 p.M.) with the following
properties:

P@|A)=P®b|B) =09 P(|A)=Pla|B) =01

2.08 A frazzle is equally likely to contain zero, one, two, or three defects.
No frazzle has more than three defects. The cash price of each frazzle
is set at $(10 — K?), where K is the number of defects in it. Gummed
labels, each representing $1, are placed on each frazzle to indicate its
cash value (one label for a $1 frazzle, two labels for a $2 frazzle, ete.).

What is the probability that a randomly selected label (chosen
from the pile of labels at the printing plant) will end up on a frazzle
which has exactly two defects?

2.09 A pair of fair four-sided dice is thrown once. Each die has faces
labeled 1, 2, 3, and 4. Discrete random variable z is defined to be
the product of the down-face values. Determine the conditional vari-
ance of z2 given that the sum of the down-face values is greater than
the product of the down-face values.

2.10 Discrete random variables x and y are defined on the sample space
of an experiment, and g(z,y) is a single valued function of its argument.
Use an event-space argument to establish that

Elg(zy)) = 3, 3, 9(€0,y0)Pza(0,y0)

LR
and 3

Eg) = Y, gopolo0)
ge ';3“'

are equivalent expressions for the expected value of g(z,y).

2,11 At a particular point on a busy one-way single-lane road, a study
is made of’ the distribution of the interarrival period T between suc-
cessive car arrivals. A reasonable quantization of the data for a chain
of 10,001 ¢ars results in the following tabulation:

T, seconds ‘ 2 4 6 8 12

Number of occurrences 1,000 2,000 4,000 2,000 1,000

(Consider the cars to be as wide as the road, but very short.)
a A young wombat, who never turns back, requires five seconds to
cross the street. Determine the probability that he survives if:
i He starts immediately after a car has passed.
ii He starts at a random time, selected without any dependence
on the state of the traffic.
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b Is the safer method of the above problem always safer, no matter
what data are given?

2.12 The life span of a particular mechanical part is a random variable
described by the following PDI:

)

AN
o i zl> . - Slg(months)
If three such parts are put into service independently at ¢ = 0, determine

a The probability that the first failure will not have occurred before
time £g (0 i £ °°)

b E()

¢ A simple expression for the expected value of the time until the -
majority of the parts will have failed.

A

2,13 Continuous random variables w, z, y, and z are described by the

compound PDT [, ., .(100,%0,¥0,26). Determine a simple expression for
the probability of the event x = max(w,z,y,2).

2,14 Random variables 2 and y described by the PDI°

_ | K fzg+yo<landzy > 0andy, > 0
Jes(@oyo) = 0 otherwise

a Are x and y independent random variables?

b Are they conditionally independent given max(z,y) < 0.57

¢ Determine the expected value of random variable r, defined by » = zy.
d If we define events A and B by

Event A:2(y —z) 2 y+ =z Event B:y >

obtain the numerical values of P(4), P(B), P(A’B), P[(A’B’)’], and

determine and plot the conditional probability density function
fz|A'B'(xo l A'B')-

2.15 One of two wheels of fortune, 4 and B, is sclected by the flip of a fair
coin, and the wheel chosen is spun once to determine an experimental
value of random variable z. Random variable y, the reading obtained
with wheel 4, and random variable w, the reading obtained with wheel
B, arc described by the PDI’s

T,
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fy(yO) = 0
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f0<w <%
otherwise

(3
otherwise Julwo) = 0

If we.gre told the experimental value of x was less than }, what is the
condigional probability that wheel A was the one selected?
.

4

2.16 Four random variables are described by the probability density

function , '
WoeTo\ 2 Wo if 1 € wy <2and
' 4 (yozo) k’gio" 1 €2 <£2and
Jwzy.:(Wo,T0,Y0,20) = ' 1 Ly S wp < 2and
1 €2 <2
0 otherwise

Determine and discuss the conditional probability density function
Jepo.:(To | wo,¥0,20).

2.17 Random variables r and y are independent and are described by the
probability density functions f;(zs) and f,(ye),

f(xy) 1,0%)
A N
i 1 I
o n >"o( hours) o n > yo( hours)

Stations A and B are connected by two parallel message chan-

nels. " A message from 4 to B is sent over both channels at the same
time. Random variables 2 and y represent the message delays over
parallel channels I and II, respectively.

A message is considered “received”’ as soon as it arrives on any

one channel, and it is considered ‘“verified”’ as soon as it has arrived
over both channels. '

b

Determine the probability that a message is received within 15
minutes after it is sent.

Determine the probability that the message is received but not veri-
fied within 15 minutes after it is sent.

Let u represent the time (in hours) between transmission at A and
verification at B. Determine the cumulative distribution function
Pu<(mo), and then differentiate it to obtain the PDF f,(u,).

If the attendant at B goes home 15 minutes after the message is
received, what is the probability that he is present when the message
should be verified? :

If the attendant at B leaves for a 15-minute coffee break right after
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the message is received, what is the probability that he is present at
the proper time for verification?

f The management wishes to have the maximum probability of having
the attendant present for both reception and verification. Would
they do better to let him take his coffee break as described above or -
simply allow him to go home 45 minutes after transmission?

2.18 The data for an experiment that could be performed only once con-
sist of experimental values of random variables xr and y, which are
described by the a priori probability density function:

foul@oye) = Azotyo  HO0< (ot %) <1, 220, 020
=T Yo 0 otherwise

But the experimental data were lost.  All the experimenter remembers
is that the experimental value of = was either 0.4 or 0.6, and he decides
that he observed one or the other of these values with equal probability.

Based on the above information, determine the experimenter’s
probability. density function for his experimental value of random
variable y.

2.19 The exponential PDF {or random variable z is given by
f=(zo) = Ae™>= for 24 > 0.

a Determine the probability that an experimental value of z will be
greater than F(x).

b Suppose the lifetime of a bulb is given by the above PDF and we are
told that the bulb has already been on for T units of time; determine
the PDF for the remaining lifetime y = £ — T of the bulb. (This
special result will be discussed in Chap. 4.)

¢ Assume that each bulb is replaced ‘as soon as it burns out. Over a
very long period; determine the fraction of this interval for which
illumination 1s supplied by those bulbs whose lifetimes are longer
than E(z).

2.20 a For three spins of a fair wheel of fortune, what is the probability
that none of the resulting experimental values is within 3+30° of any
other experimental value?

b What is the smallest number of spins for which the probability that
at least one other reading is within 1-30° of the first reading is at
least 0.97

2,21 Random variable x is described by a PDF which is constant between
zo = 0 and zo = 1 and which is zero elsewhere. K independent suc-
cessive experimental values of this random variable are labeled
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dy, ds, . . . ,dk. Define the random variables
r = second largest of dy, dy . . . , dxg
s = second smallest of dy, do, . . . , dg

and determine the joint probability density function f,,(ro,s) for all
values of ry and s,.

2.22 The probability density function for continuous random variable x
" is a constant in the range ¢ < z < b and zero elsewhere.
a Determine o, the standard deviation of random variable z.
b Determine the conditional standard deviation of z, given that
|z — E{z)] > o..
¢ If y = cx 4+ d, determine E{y) and ¢, in terms of E(z) and .. Do
your results depend on the form of the PDF for random variable z?

2.23 Random variable z is described by the PDF
0.1 if0 < x <100

fa(@0) = 0 otherwise
Another random variable, y, is defined by y = — Inz. Determine the
PDF f,(yo). '

2.24 Random variables z and y are distributed according to the joint
probability density function

_fAme 1Lz <Ly <2
Fea(zoyo) = l0.0 otherwise

a Evaluate the constant 4.

b Determine the marginal probability density function f,(ye).

¢ Determine the expected valueof 1/z, given that y = 3.

d Random variable z is defined by z = y — z. Determine the proba-
bility density function f,(zo).

U

2,25 Random variables z and y are described by the joint density function

K 0Ly <mm<2
Jzu(o,y0) = 0 otherwise

Random variable z is defined by
z = max(z,2y)

Determine and sketch f.(zo), the probability density function for random
variable z.

RUBAAA

2.26 Melvin Fooch, a student of probability theory, has found that the
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hours he spends working (w) and sleeping (s) in preparation for a final
exam are random variables described by

. C[K if10<wo+s<20, 0<ws 0< s
Fres(wo,0) = 0 otherwise

What poor Melvin doesn’t know, and even his best friends won’t tell
him, is that working only furthers his confusion and that his grade, g,
can be described by

g = 2.50(s — w) + 50.0

a Evaluate constant K. ,

b The instructor has decided to pass Melvin if, on the exam, he achieves
g > 75.0. What is the probability that this will occur?

¢ Make a neat and fully labeled sketch of the probability density
function f,{go).

d Melvin, true to form, got a grade of exactly 75.0 on the exam.
Determine the conditional probability that he spent less than one
hour working in preparation for this exam.

2.2] Each day Wyatt Uyrp shoots one “‘game’” by firing at a target with

the following dimensions and scores for each shot:

The score on any shot
depends only on its
distance from the
center of the target

His pellet supply isn’t too predictable, and the number of shots for any
day’s game is equally likely to be one, two, or three. Ifurthermore,
Wyatt tires rapidly with each shot. Given that it is the kth pellet in
a particular game, the value of » (distance from target center to point
of impact) for a pellet is a random variable with probability density
function

1 .
fr{k(?'o l ko) = {_k_(; if 0 S Ty _<_ ’Cl)
0 otherwise

a Determine and plot the probability mass funetion for random vari-
able s;, where s; is Mr. Uyrp’s score on a three-shot game.
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b Given only that a particular pellet was used during a three-shot
game, determine and sketeh the probability density function for r,
the distance from the target center to where it hit.

¢ Given that Wyatt scored a total of exactly six points on a game,
determine the probability that this was a two-shot game.

d We learn that, in a randomly selected game, there was at least one
shot which scored exactly two points. Determine the conditional
expected value of Wyatt’s total score for that game.

e A barticular pellet, marked at the facfory, was used eventually by
Wyatt. Determine the PMI for the number of points he scored on
the shot which consumed this pellet.

2.28 Random variables 2 and y are described by the joint PDI

B! fo<z <l 0<y <1
Frw(Toyo) = 0 otherwise

and random variable z is defined by z = xy.

Determine the conditional second moment of z, given that the
equation 72 + zr -+ y = 0 has real roots for r.

2.29 A target is located at the origin of an x,y cartesian coordinate system.

One missile is fired at the target, and we assume that x and y, the coordi-
nates of the missile impact point, are independent random variables

“each described by the unit normal PDF,

1

e—x,‘IZ ] S xo S o0

Determine the PDF for random variable r, the distance from the target
to the point of impact. Your answer should be an example of the
Rayleigh PDFT, ‘

Sy = Zeit g2 0

2.30 Consider independent random variables z and y with the marginal

PDPF’s

fole) = f,(z0) = \/1.2;

Determine the PDF for random variable ¢, defined by ¢ =

8w

+ Your
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answer should be a simple case of the Cauchy PDF,

= e — 0 1)
fQ(qC‘) - Tr[ag + (qu — b)g] g do g

2.31 a Let z be a random variable with PDF f.(z,). Determine the
transformation y = g(z) such that y will have the uniform PDF

(1 0<y <1
fulyo) = ‘0 otherwise

b How could you use a set of experimental values of a uniformly
distributed random variable to obtain experimental values described
by an arbitrary PDF f.(z0)?

2.32 Isit generally true that Efg(x)] is the same as g[E(z)]? For instance,
is K (—E) the same as _E%:_)? Please remember your result and avoid

one of the most common errors in probabilistic reasoning.

233 a Variable z*, the standardized random variable for random variable
z, i8 given by z* = [z — E(@)}/0a Determine the expected value
and variance of z*. : "
b The correlation coefficient p, or normalized covariance, for two random

variables z and y is defined to be

o = E(ty) = E [(:v —Uf’(x)) (?/ —af'(y))]

Determine the numerical value of p.y if:
I x=ay.
il z= —ay.
iil 2 and y are linearly independent.
iv z and y are statistically independent.
vr=ay+b '
¢ For each performance of the experiment, the experimental value of
random variable y* is to be approximated by cz*. Prove that the
value of constant ¢ which minimizes the expected mean square error,
El(y* — cx*)?, for this approximation is given by ¢ = pg.

2.3 Al and Bo are the only participants in a race, and their elapsed times
may be considered to be the random variables x and y, respectively.

0.0 xy < 1 0.0 yo < 1
f2(zo) = { 1.0 1<z <2 f(ye) = 105 1<y <3
0.0 2 < g 0.0 3 < Yo
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Let A be the event “Al won the race.”
a Determine the conditional probability density function fzja(zo | 4).
b Let w =y — z. Determine E(w) and E(w | A).
¢ What is the minimum number of races which Bo must agree to enter
such that the a priori probability that he will win at least one of the
races is at least 0.997

2.35 By observing the histogram of a particular random variable z, it

is noted that, if we define ¥ = In (z — a), the behavior of y may be
approximated by a Gaussian density function,

1
\/ﬁ; 7y

Determine the probability density function f;(z).

e—(yg—m)’IQa,‘l

Li(yo) =

2.36  Oscar has lost his dog in either forest A (with a priori probability

1/3) or forest B (with a priori probability 2/3). The probability that
the dog will survive any particular night in forest A is 4/5 and in forest
B is 3/5.

If the dog is in A (either dead or alive) and Oscar spends a day
searching for him in 4, the probability that he will find the dog that
day is 1/2. The similar detection probability for a day of search in
forest B is 2/5.

: The dog cannot go from one forest to the other. Oscar can
search only in the daytime and can travel from one forest to the other
only at night. ‘ ,

Coolheaded Oscar has established the following values (in
dollars): '

Finding dog alive _ +60
Each day (or part thereof) of search -3
Finding dog dead ' 0
Not finding dog . —10
Additional cost if Oscar must actuslly search in both forests -3

Oscar is incapable of figuring it all out; so he decides that he
will search for just two days—looking in B on the first day and, if
necessary, looking in A on the second day.

a Determine the expected value of this policy.

b Given that Oscar fails to find the dog on the first day, is the second
day of search a worthwhile investment? Explain,

¢ If only Oscar were a thinker, he would at least have considered the
following list of policies for possible two-day search efforts:

S,: Search in A on 1st day; in B on 2d day if necessary.
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Sa: Search in B on 1st day; in A on 2d day if necessary.
Si: Search in A on Ist day; in A on 2d day if necessary.
Ss: Search in B on 1st day; in B on 2d day if necessary.
Ss: Search in A on 1st day; don’t search on 2d day.

Ss: Search in B on 1st day; don’t search on 2d day.

S7: Don’t search at-all!

Oscar would still have to choose his own decision criteria—in
fact he has already decided no dog is worth more than two days of
searching in mosquito-infested forests. However, to help Oscar
quantify his thinking, determine which of the above policies would:

i Maximize his expected gain {graduate student)
ii Minimize his maximum possible loss (coward)
iii Maximize his maximum possible gain (hero)
iv Maximize the probability that he will find his dog alive (idealist)
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An understanding of the concepts and applications of transform theory
will contribute in several ways fo our later work. Transforms are
useful for the establishment of valuable general theorems, the deter-
mination of moments of random variables, the study of certain proba~
bilistic processes, and the analysis of sums of independent random
variables.

Some important applications are introduced in this chapter.
However, an appreciation of the power of transform techniques will,
for the most part, be developed as we study more advanced topics in
later chapters. '
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3-1 The s Transform

Let f.(zo) be any PDF. The exponential transform (or s transform)
for this PDF, f,7(s), is defined by

p———
I
e
P
=
=_———
]
et

f7(6s) = Ble) = [~ enf.(ao) dzy

Il

We are interested only in the s transforms of PDI”s and not of arbitrary
functions. Thus, we need note only those aspects of transform theory
which are relevant to this special case.

As long as f.(z0) is a PDF, the above integral must be finite at
least for the case where s is a pure imaginary quantity (see Prob. 3.01).
Furthermore, it can be proved that the s transform of a PDF is unique
to that PDF. ,

Three examples of the calculation of s transforms follow: First,
consider the PDF

folzo) = “’ 20 G- —w <z < @
o< 0
‘m © A
T - 8, — —3Zop—AZgy —
£.7(s) = /_” e—=if,,(z0) diro = ﬁ) Neme dy = —2

[The unit step function p_;(zy — a) is defined in Sec. 2-9.] For a
second example, we consider the uniform PDF

f0<z <1

otherwise = p-1(To — 0) — pa(zo — 1)

fz(xo) = {(]i

—o Sz < @

® 1 1 —e
f,,T(S) = /_” e—n"fz(xo) dxo = /(; €% dxo == e
Our third example establishes a result to be used later. Consider the
PDF for a degenerate (deterministic) random variable z which always
takes on the experimental value a,

f2(20) = po(xo — @) —w L xg < ©

foT(s) = [_: e %o (xo — a) dre = €%

The PDF corresponding to a given s transform, f,7(s), is known
as the inverse transform of f,7(s). The formal technique for obtaining
inverse transforms is beyond the scope of the mathematical prerequisites
assumed for this text. For our purposes, we shall often be able to
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obtain inverse transforms by recognition and by exploiting a few simple
properties of transforms. - A discussion of one simple procedure for
attempting to evaluate inverse transforms will appear in our solution
to the example of Sec. 3-8.

3-2 The z Transform

Once we are familiar with the impulse function, any PMF may be
expressed as a PDF. To relate the PMF p,(zo) to its corresponding
PDF f.(xo), we use the relation

Je(@) = 3, po(a)uolzs — o)

As an example, the PMTF p.(z;) shown below

Px (xo)
N
0501 050 xp=1
. p,(x,) =4025 x =24
025} ' 0.00 otherwise
0 I ' L‘9 *o ‘
1 2 3 4 )

may be written as the PDT f,(zo),

Afi("o) o (xg) = 0504 (xg—1) + 0254 (x4-2) + 0250y (xy~4)
050 Jozs 025
1
0 %o

1 2 3 4
The s transform of this PDF is obtained from
f27(s) = /_: e % f.(xo) dzo = 0.50e~* + 0.25¢2¢ 4 (0.25¢—%
where we have made use of the following relation from Sec. 2-9
[ wolo — @)g(an) dao = g(a)

The above s transform could also have been obtained dlrectly from the
equivalent-(expected value) definition of f,7(s),
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f:T(s) = E(e7*2) = 0.50e™* + 0.25¢72 + 0.25¢ %

Although the s transform is defined for the PDF of any random
variable, it is convenient to define one additional type of transform
for a certain type of PMF. If p.(x,) is the PMF for a discrete random
variable which can take on only nonnegative integer experimental values
(o =0, 1, 2, . . .), we define the discrefe transform (or z transform) of
p:(xo) to be p,T(2), given by

w0

p:7(2) = E(z) = ), z™p.(wo)

zo=0

IR

We do not find it particularly useful to define a z transform for PMIs
which allow noninteger or negative experimental values. In practice,
a large number of discrete random variables arise from a count of
integer units and from the quantization of a positive quantity, and it
is for cases like these that our nonnegative integer constraint holds.

The PMF at the start of this section allows only nonnegative
integer values of its random variable. As an example, we obtain the
z transform of this PMF,

p.T(2) = E 27 (xe) = 0.502 + 0.252% + 0.2524

z0=0
Note that the z transform for a PMFEF may be obtained from the s
transform of the equivalent PDI" by substituting z = e—*.

The z transform can be shown to be finite for at least |z| <1
and to be unique to its PMI. We shall normally go back to a PMI
from its transform by recognition of a few familiar transforms. How-
ever, we can note from the definition of p,7(2),

p.T(2) = pz(0) + 2p.(1) + 22p.(2) + 2*p.3) + - - -

that it is possible to determine the individual terms of the PMF from
p."(2) by .

=
1[de . =
Pz(0) = Zo! | dz=o p.7(2) o T =0,1,2 . =

I

3-3 Moment-generating Properties of the Transforms

Consider the nth derivative with respect to s of f,7(s),

£.7(s) = f;::_w e=s%of, (o) do dng;(S) - /; :“:*‘” (—z0) e 1(20) Ao
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The right-hand side of the last equation, when evaluated at s = 0,
may be recognized to be equal to (—1)"E(z*). Thus, once we obtain
the s transform for a PDI| we can find all the moments by repeated
differentiation rather than by performing other integrations.

I'rom the above expression for the nth derivative of f,7(s), we
may establish the following useful results:

———
=
==
e
P
=
=
P

ds ds?

o = E{lz — E@))*} = E@?) — [E@)* = {dzﬁ;(s) ‘[dfis(s}]z’ o=

o =1 B@) = - [HO] gy - [HO]

—_—

|

Of course, when certain moments of a PDT do not exist, the correspond-
ing derivatives of f,7(s) will be infinite when evaluated at s = 0.

As one example of the use of these relations, consider the PDF
fe(xo) = p_1(xo — 0)Ae%, for which we obtained f,7(s) = A\/(s + A) in
Sec. 3-1. We may obtain E(z) and 0.2 by use of the relations

5w = - |2 - - [a Pl -

' n , [ 2.7 (s) 3 o 1 2
By = o |0 oL - R

ot = B@@?) — [E@) =

>

1
A?

The moments for a PMF may also be obtained by differentiation
of its z transform, although the resulting equations are somewhat dif-
ferent from those obtained above. Beginning with the definition of the
z transform, we have '

0

PI() = ) 2pa(m)

z0=0 .
B [zZO 2o — Vaetpan) |, = B — B@)
In general, fqr n=12 ..., wehave
To) i zo(@o — D(@o — 2) - - - (w0 — 1 + Lzm=rp,(z0)

zo=0
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The right-hand side of this last equation, when evaluated at z = 1, is
equal to some linear combination of E(z*), E(z*Y), . . . , E(z?), and
E(z). What we are accomplishing here is the determination of all
moments of a PMI from a single summation (the calculation of the
transform itself) rather than attempting to perform a separate sum-
mation directly for each moment. This saves quite a bit of work for
those PMF’s whose z transforms may be obtained in closed form. We
shall frequently use the following relations which are easily obtained
from the above equations:

dz?

dp."(2)
+ dZ ]z— 1

d

7076 + 576 — [ Lo [

M

T D P TR Y

We often recognize sums which arise in our work to be similar
to expressions for moments of PMF’s, and then we may use z trans-
forms to carry out the summations. (Examples of this procedure arise,
for instance, in the solutions to Probs. 3.10 and 3.12.)

As an example of the moment-generating properties of the 2
transform, consider the geometric PMF defined by

_ P — P)=? ifzg=1,2,3,. ..
P=(0) = {O otherwise O0<P<l
We shall use the z transform to obtain E(z), E(x?), and o2
T — TY 3 o, — 3 Zo — Lol = ZP
p,(z)—-E(z)—Zzpz(xo) zpz (1= Pyt = g

2q=0 ra=1

After a calculation such as the above we may check [p.7(2)],=1 = 1.

E() = [a% 2Ol

zewd

2. —
E<x2) = [gz—’z‘ PzT(Z) + gg pr(z)] . = '2_—?2_6

Zen

[Try to evaluate E(z?) directly from the definition of expectation!]

1—-P
ot = B@) — [E@P = ~pr—
In obtaining p,7(2), we used the relation
1 — ak+1
l+ae4+a2+ - - +a* = -~ lal < 1

==l Tt ee T—

TR ST R RO MR e e AT e R T e T

«
"



SUMS OF INDEPENDENT RANDOM VARIABLES; CONVOLUTION 103

A similar relation which will be used frequently in our work with z
transforms is

2 3 4
1+a;f-—;—'~!'+g~!+g—!l+"'=e“ —o < ag< o

A3-4 Sums of Independent Random Variables; Convolution

The properties of sums of independent random variables is an impor-
tant topic in the study of probability theory. In this section we
approach this topic from a sample-space point of view. A transform

~ approach will be considered in Sec. 3-5, and, in Sec. 3-7, we extend
our work to a matter involving the sum of a random number of random
variables. Sums of independent random variables also will be our
main concern when we discuss limit theorems in Chap. 6.

To begin, we wish to work in an x,,y, event space, using the
method of Sec. 2-14, to derive the PDF for w, the sum of two random
variables z.and y. After a brief look at the general case, we shall
specialize our results to the case where z and y are independent.

We are given f.,(zo,50), the PDF for random variables z and y.
With w = z + y, we go to the zo,y, event space to determine Po<(Wo).
The derivative of this CDF is the desired PDF, f.(wo).

st = [ _aso |

wo—2Z

_ : dYo fz,,,‘(xo,yo).

fulin) = g s = [ e B[ [ a0

vo=—

Yyo==

We may use the formula given in Sec. 2-14 to differentiate the quantity
in the brackets to obtain

Ju(wo) = /;W_w dzo fry(To, wo — )
In general, we can proceed no further without speéiﬁc knowledge of the
form of f. ,(xo,y0). For the special case where z and y are independent

random variables, we may write
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for w = z + y and z,y independent

P
=
_—
_
P
P
_——
=
_—
—_——
=
e
—_——
e
———
—_—
3
_—
——
et
_
e
1
_—
—_—
e
=
==
—_
e
=
_—
o
—_——
==
_
_—
e
=
e

This operation is known as the convolution of f-(z0) and f,(yo).
we integrated over z, first instead of yo in obtaining p.<(wo), we
would have found the equivalent expression with zo and yo interchanged,

Fulwo) = [ _ dyofyofz(wo — yo)

yo= )
The convolution of two functions has a simple, and often useful,
graphical interpretation. If, for instance, we wish to convolve f.(zo)
and f,(yo) using the form

folwo) = [ deofulealfywo — o)

we would require plots of f.(z,) and f,(wo — Z0), each plotted as a
function of z,. Then, for all possible values of wo, these two curves
may be multiplied point by point. The resulting product curve is
integrated over z, to obtain f,(wo). Since convolution is often easier to
perform than to describe, let’s try an example whichj“ requires the con-
volution of the following PDF’s: Ce

f.(xo) ()
N
5 10F
05
| N | 1 N
0 20 2.2 7% 0 05 10 15 7%

We are asked to find the PDT for w = = + y, given that z and
y are independent random variables. To obtain the desired plot of
f,(wy — o) as a function of zo, we first “fip” f,(yo) about the line
yo = 0 to get

f_y( =¥,
i —~1.0
05
{ { ——. [} | N y,
-15 -10 -05 0 05 1.0 1.5 0

AT P R R . P R N T TR S S VSR T e

|
E
f%
|

R R TR
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We next replace variable yo by z, and then plot, along an z, axis, the
flipped function shifted to the right by w,.

,‘;(wo —xo)
N
This picture is drawn for
-10 the case w, =0.75
{__"LJ 1
I " 1 1 l h iy ANE ¢
-15 -10 -05 O 05 1.0 1.5 770

We can now present f,(wo — zo) on the same plot as f,(z,) and perform
the integration of the product of the curves as a function of w,.

N

f(xy)
i TN
This sketch is drawn
4l . for the case wy=2.7,
: and from it we can
integrate the product
3r of these curves to
obtain f£,,(2.7) = 05
2
fy (wy—x,)
. W T " I
1 t 1 ! 1 ! L - L N x
-15 -10 -05 0 0.5 1.0 ' 15 20 | 25| 30 35 70
12 2.2 2.7
Our final step is to plot the integral of the product of these two func-
tions for all values of wo. We obtain
Fwy)
AN

)

Y R

i
) ]
i [
] [}
1 t
1

S w,
20 22 25 30 32 35 37 .70

Thus, by graphical convolution, we have determined the PDF for
random variable w, which, you may recall, was defined to be the sum of
independent random variables z and y. Of course, we check to see
that f,(wo) is nonzero only in the range of possible values for sums of
rzandy (2.0 < wy < 3.7) and that this derived PDF integrates to unity.
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We are now familiar with two equivalent methods to obtain the
PDF for the sum of the independent random variables z and y. One
method would be to work directly in the z,,y0 event space; an alterna-
tive is to perform the convolution of their marginal PDF’s. In the
next section, a transform technique for this problem will be introduced.

For the special case where we are to convolve two PDF’s, each of
which contains one or more impulses, a further note is required. Our
simplified definition of the impulse does not allow us to argue the
following result from that definition; so we shall simply define the
integral of the product of two impulses to be

[ o — @o(zo = ) dzo = mola — b)
Thus, the convolution of two impulses would be another impulse, with
an area equal to the product of the areas of the two impulses.

A special case of convolution, the discrete convolution, is intro-
duced in Prob. 3.17. The discrete convolution allows one to convolve
PMF’s directly without first replacing them by their equivalent PDF’s.

LTI T AT P TIPS YT Sl W AT T T RS 4
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3-5 The Transform of the PDF for the Sum of Independent
Random Variables

(8= TEE

e e
=S

= S

Let w = 2z + y, where = and y are independent random variables
with marginal PDF’s f.(xy) and f,(ye). We shall obtain f,7(s), the s
transform of f.(w), from the transforms f,7(s) and f,7(s).

fwT(S) = E’(e-aw) — E(e—-s(x+y))
= L“ /y:: e e—azne—'ﬂvy":'y(wo,yo) dzo dyo

Q== — 0

The compound PDF factors into f,(z.)f,(ys) because of the independ-
ence of z and Y, to yield

©

1) = [T emfutao dm [ ooty (o) dyo

A RN TS AR NI T M, T

JoT(s) = f7(s)f,"(s)  forw = z'+ y and
: z,y statistically independent

NN
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We have proved that the transform of the PDF of a random
variable which is the sum of two independent random variables is the
product of the transforms of their PDF’s.

The proof of the equivalent result for discrete random variables
which have z transforms,
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7@ = p.7@p7(2)  forw =z + y and
z,y statistically independent

is entirely similar to the above.
Let’s do one example for the discrete case, using z transforms.
Independent variables z and y are described by the PMFE’s

p.(x,) py(yy)

pz' (z)e%(1+z+z2) él' pf (z)=-21-(1+z)

I l N ! | N
x Y,
0 1 2 0 o 1 2 3 770

The PMF for random variable w, given that w = z + y, has the 2
transform .

P = pr@p, () = (1 + 22 4 222 + 29)

Wire

and since we know p,7(z) = 2 Pw(wo)2*™, we can note that the coeffi-
wo=0

cient of 2% in p,7(2) is equal to Pu(wo). Thus, we may take the inverse

transform of p,T(z) to obtain

Pulwgy)
é wy=0,3
2 wy=1,2
0 otherwise -

The reader is encouraged to either convolve the PMF’s or work the
problem in an zo,y, sample space to verify the above result.

3-6 A Further Note on Sums of Independent Random Variables

For any random variables z and Y, we proved

I

E(x+y) = E(x) + E(y)
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in Sec. 2-7. Thus, the expected value of a sum is always equal to the
sum of the expected values of the individual terms.

We next wish to note how variances combine when we add
independent random variables to obtain new random variables. Let
w = x + y; we then have, using the above relation for the expected
value of a sum,

ot = Ellw — E@)) = Ells +y — E(@) — E@)*)
= E{lz — E(x) +y — EW}*}
= E{lz — E@)?} + E{ly — E@)I?} + 2E{lz — E@)Ily — EW]}
= 0.2 + 0,7 + 2E[zy — 2E(y) — yE@) + E@)EQ)]
For z and y independent, the expected values of all products in the last
brackets are equal. In fact, only linear independence is required for

this to be true and we obtain the following important expression for
the variance of the sum of linearly independent random variables:

TR TT S T LA e L C T R S T P T RO 1

ool = 0,2 + 7,2 forw = z + y and z,y linearly independent

e Sl e

An alternative derivation of this relation for statistically independent
random variables (using transforms) is indicated in Prob. 3.14.

We now specialize our work to sums of independent random
variables for the case where each member of the sum has the same PDI".
When we are concerned with this case, which may be considered as a
sum of independent experimental values from an experiment whose
outcome is described by a particular PDF, we speak of independent
identically distribuled random variables.

Let » be the sum of n independent identically distributed random
variables, each with expected value E(z) and varianceo.®. We already
know that

E(r) = nE(x) 6,2 = no,’ or = \/Nox

For the rest of this section we consider only the case E(x) > 0 and
© > 0,25 0. The E(x) > 0 condition will simplify our statements
and expressions. Our reasoning need not hold for ¢.* = o, and any
PDF which has 0,2 = 0 represents an uninteresting deterministic
quantity.

If we are willing to accept the standard deviation of r, o+, as a
type of linear measure of the spread of a PDF about its mean, some
interesting speculations follow.

As n increases, the PDF for r gets “wider” (as v/n) and its
expected value increases (asn). The mean and the standard deviation
both grow, but the mean increases more rapidly.
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This would lead us to expect that, for instance, as n goes to
infinity, the probability that an experimental value of r falls within a
certain absolute distance d of E(r) decreases to zero. That is,

lim Prob[|r — E(r)| <d] =0 (we think)

We reach this speculation by reasoning that, as the width of f,(r) grows
as \/n, the height of most of the curve should fall as 1/4/7% to keep its
area equal to unity. If so, the area of f,(ro) over a slit of fixed width
2d should go to zero.

Our second speculatlon is based on the fact that E(r) grows
faster than o,. We might then expect that the probability that an
experimental value of » falls within + A ¢, of E(r) grows to unity as n
goes to infinity (for A # 0). That is,

: [r — E(r)] _ -
322 Prob[ o) < m =1 forA >0 (we think)
We might reason that, while the height of the PDI® in most places near
E(r) is probably falling as 1/4/7, the interval of interest, defined by

4 E(r)

Ir = E()| < 100

grows as n. Thus the area over this mtelvnl should, as n — «, come
to include all the area of the PDT f,(r).

For the given conditions, we shall learn in Chap. 6 that these
speculations happen to be correct. - Although proofs of such theorems
could be stated here, we would not have as satisfactory a physical inter-
pretation of such-limzit theorems as is possible after we become familiar
.with the properties of several important PMF’s and PDF's

37 Sﬁm of a Random Number of Independent Identically Distributed
Random Variables

Let x be a random variable with PDI" f,(x0) and s transform f,7(s).
If r is defined to be the sum of n independent experimental values of
random variable z, we know from the results of Sec. 3-5 that the trans-
form for the PDF f,(ro) is

f:7(s) = [f.T(s)]* where r is the sum of »n (statistically) independent
experimental values of z

e

We now wish to consider the situation when 7 is also a random variable
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[with PMF p.(no)]. We are interested in the sum of a random (but
integer) number of independent identically distributed random
variables.

For instance, if f.(xs) were the PDT for the weight of any indi-
vidual in an elevator, if the weights of people in the clevator could be
considered to be independent random variables, and if p,(ny) were the
PMF for the number of people in the eclevator, random variable »
would represent the total weight of the people in the elevator. Owr
work will also require that x and n be independent. In our example, the
PDF for the individual weights may not depend on the number of
people in the elevator.

If » can take on the experimental values 0, 1, 2, . . . , N, the
sample space for cach performance of our experiment is of N + 1
dimensions, since each performance generates one experimental value
of n and up to N experimental values of random variable z. It is
usually difficult to obtain the desired PDY f,(r) directly, but its s
transform is derived quite easily. Although it may be difficult to get
back to [,(ro) in a useful form from f,7(s), it is a simple matter to
evaluate the moments and variance of random variable ».

We may determine the s transform for f.(ry) by working in an
event space for random variable n (the number of independent experi-
mental values of z in the sum) and » (the value of the sum). This event
space, perhaps a strange choice at first sight, consists of a set of parallel
lines in onc quadrant and one point at the origin of the ro,no plane.

‘ Every event point representing
4 T ——— a possible outcome is either on
one of these heavy lines or at

3 the orgin
2
1

N
0 7'

A Ty +dro

Along cach heavy line, there applies a conditional PDT fr.(ro | 7o)
which is the PDI for r given the experimental value of n. We know
that [, (70 | 7o) is that PDF which describes the sum of n, independent
experimental values of random variable z. As we noted at the start of
this section, PDF f;.(ro | no) has the s transform [f.7(s)].

We use these observations to collect f,(ry) as a summation in the

= R T T T TR I T T T P YT T NI Sk NI R T TG T R B T S S
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70,0 event space, and then we take the s transform on both sides of the

equation.

500) = ) pulno)fru(ro | o)

1) = [Z e Y patna) faro [ mo) d

= X aln0) [, e farn | ma) i

= Y o)l £ ()]

We reeognize the last cquation for £,7(s) to be the 2 transform of PME
Pn(no), with the transform evaluated at z = [.7(s). We now restate

this problem and its solution.

Let n and x be independent random variables, where n 1s described by
the PMT p,(ny) and z by the PDF Jo(xo).  Define r to be the sum of n
tndependent experimental values of random variable x. The s transform

Jor the PDF f,(ro) is FT(8) = paTf.7(s)]

il

We may use the chain rule for differentiation to obtain the expectation,
second moment, and variance of r.

N o dIOT (eI dfGs)
E(’)“’“[ ds Lo‘ {d[f,T(s)] T ds L,o

To evaluate the first term in the right-hand brackets, we proceed,

"I _ [dp()] L,
{dmmnkﬁ“[dzlﬂ““”
The first step in the equation immediately above made use of the fact
T
that {f.7(s)]ee = 1. To solve for E(r), we use [ﬂ%ﬂ] = —F(z)

in the expression for E(r) to obtain

E() = E(n)E(z)

IR

A second chain-rule differentiation of f,7(s) and the use of the
relation for o,2 in terms of £,7(s) leads to the further result
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o2 = E(n)o,? + [E(z)]%0.2

_—
=
=
_
_—

We may note that this result checks out correctly for the case where n
is deterministic (¢,2 = 0) and for the case where z is deterministic
(02> = 0, [E@@)]* = 7).

If we had required that z, as well as », be a discreterandom
variable which takes on only nonncgative integer experimental values,
we could have worked with the PMI p.(zy) to study a particular case
of the above derivations.  The resulting z transform of the PMI for
discrete random variable » is

p.7(2) = p."[p."(2)]

and the above expressions for K(r) and o,2 still hold.

An example of the sum of a random number of independent
identically distributed random variables is included in the following
section.

3-8 An Example, with Some Notes on Inverse Transforms

As we undertake the study of some common probabilistic processes
in the next chapter, owr work will include numcrous examples of
applications of transform techniques.  One problem is solved here
to review some of the things we learned in this chapter, to indicate one
new application, and [in part (c)] to lead us into a discussion of how we
may attempt to go back from an s transform to its PDI.  There are,
of course, more general methods, which we shall not discuss.
Let discrete random variable & be described by the PMF
k.

8k
Pr(ko) = G ke =0,1,2, ...

(a) Determine the expected value and variance of random variable k.

(b) Determine the probability that an experimental value of k is even.

(¢) Determine the probability that the sum of n independent experi-
mental values of & is even.

(d) Let random variable & represent the number of light bulbs we
happen to have on hand at time 7. Furthermore, let z, the life-
time of each bulb, be an independent random variable with PDF

fe(xo) = p_1{xe — O)Ae™r5

We turn on one bulb at time 7, replacing it immediately with
another bulb as soon as it fails. This continues until the last of
the &k bulbs blows out. Determine the s transform, expectation,
and variance for random variable 7, the time from T, until the
last bulb dies.

v iz 7|
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(¢) Determine the PDF f,(ry) from the s transform £,7(s) obtained in
part (d).
a Rather than attempt to carry out some troublesome summations
directly, it seems appropriate to employ the z transform.

0:7(2) = E(2%) = i 2hopi (ko) = é i (%f)ko = (9 — 82)!
4]

ko=0 ko=

Making a quick check, we note that p,7(1) is equal to unity.

EG) = [‘% pkf<z>] -8

2=
d? d ‘ d 2
or? = [3;2 e (2) + e 7 (2) — (a‘; Pkr(z)) ]2-1 = 72

b We shall do this part two ways. First, for our particular PMF we
can evaluate the answer directly. Let A represent the event that the
experimental value of % is even.

1 2 4 6
P@) = Y pk<ko)=§(1+§é+§;+§a+ . )
ko even
1/9

P() = — 64/81

=3
T

The monotonically decreasing PMF for random variable k makes it
obvious that P(4) > 0.5, since p:(0) > pi(1), p(2) > pu(3), ete.
Another approach, which is applicable to a more general problem

where we may not be able to sum z pr(ko) directly, follows:

ko even

P = 5 putko) = 3| 3 pulia) % +3 itk (—1)*]
ko ko

ko even

P(4) = }{1 + pT(~1)]

For our example we have p,7(z) = (9 — 82)~1, pT(—1) = 1%, resulting
in P(A) = 9/17. , .

¢ Let r be the sum of n independent experimental values of random
variable k. In Sec. 3-5, we learned that

p7(2) = [P ()]

which we simply substitute into the expression obtained in (b) above,
to get

Prob(exper. value of 7 is even) = #[1 + p,7(—1)] = {1 + (&)7]

As we might expect on intuitive grounds, this probability rapidly
approaches 0.5 as n grows.
d This part is concerned with the sum of a random number of independent
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identically distributed random variables. Continuous random variable
7 is the sum of k independent experimental values of random variable z.
From Sec. 3-7, we have

F7(8) = pIf7(9)] = (07 (@) )emparnr
For f,(x,), the exponential PDF, we have

» A
T —3Zo\ p—AZo
f7(s8) = Lo=0e e~ dzy = ST

which results in

o _ 8N YP s+ v
f(s) = (9 m) =95 T [£:7(8)]smo = 1

We may substitute E(k), o:2, E(z), and ¢, into the formulas of Sec. 3-7
to obtain E(r) and 4,2, or we may use the relations

_ 1 d s+ s+
w0 =[G @)

_|a(sEtr\)?
ds\9s + N/ |smo

We'll use the former method, with
E(k) =8
ol = 72

from part (a) of this example and

@) =+

(from the example in Sec. 3-3), which, in the expressions of Sec. 3-7 for
the expectation and variance of a sum of a random number of inde-
pendent identically distributed random variables, yields

BG) = EWE@ =S 07 = E@o? + E@Pe = 2

The expected time until the last bulb dies is the same as it would be if
we always had eight bulbs. But, because of the probabilistic behavior
of k, the variance of this time is far greater than the value 8/A* which
would describe .2 if we always started out with exactly eight bulbs.
Let A4, Ao, . . . , Axbe alist of mutually exclusive collectively exhaus-
tive events. Assume that there is a continuous random variable y
which is not independent of the 4,’s. Then it is useful to write

fo(yo) = 2 P(A)fy14yo | A2
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And, from the definition of the s transform, we note that f,7(s) would
be the weighted sum of the transforms of the conditional PDF’s
fualyo | As).  1f we define

fflA;(S) = f” e——ayﬁfylA;(yo I 4;) dyo = E(e—* I A)

Yo == — o

we have

17 = 3 PG (9)

When we wish to take inverse transforms (go back to a PDF from a
transform), we shall try to express the s transform to be inverted,
f*(s), in the above form such that we can recognize the inverse trans-

form of each f7},.(s).
In our particular problem, where the PMF for k is of the form
pe(ko) = (1 — P)Pk ke=0,12,...; 1>P>0

and the PDF for 2 is the exponential PDF
Jao(xo) = Au_1(zo — 0)e=

it happens that we may obtain f,(r,) from f,7(s) by the procedure dis-
cussed above. We begin by using long division to obtain

s+A 1,8 A9

1) = 55w =5t 9:F %0

which is of the form

f76) =% 1a,(8) + §774.(8) .

From the examples carried out in Sec. 3-1, we note that
ﬁAi(s) =1

has the inverse transform f,14,(ro | A1) = po(ro — 0), and also
fhia () = 8“‘_?‘_'/%7@

has the inverse transform f,j4,(ro | Ag) = u_i(ro — 0) ge“m’"

and, finally, we have the PDF for the duration of the interval during
which the lights are on.

A
fr(’TO) = %—uo('ro - O) -+ -g—p,__l(fo — O) _9_ e \rol9

The impulse at 7o = 0 in this PDF is due to the fact that, with proba-
bility 4, we start out with zero bulbs. Thus our PDF f+(10) is a mized
PDF, having both a discrete and a continuous component. We con-
clude with a sketch of the PDF f,(ro)
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fr(ro)

TR =TT

oo The reader should recall that
% the scale height of the
8 impulse is arbitrary

3.9 Where Do We Go from Here?

We are already familiar with most of the basic concepts, methods,
and tools of applied probability theory. By always reasoning in an
appropriate sample or event space, we have had little difficulty in
going from concepts to applications.
Three main areas of study are to follow:

1 Probabilistic processes (Chaps. 4 and 5)

Limit theorems (Chap. 6)

3 Statistical reasoning (Chap. 7)

~N

Although we shall consider these topics in the above order, this
does not necessarily reflect their relative importance in the world of
applied probability theory. Further study of the consequences of the
summation of a large number of random variables (limit theorems) is
indeed basic. Many probabilicists work solely at attempting to make
reasonable inferences from actual physical data (statistical reasoning).

Our choice of the order of these topics is based on the contention
that, if we first develop an understanding of several processes and
their properties, we may then begin a more meaningful discussion of
limit theorems and statistics. The following two chapters are con-
cerned with those probabilistic processes which form the most basic
building blocks from which models of actual physical processes are
constructed.
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OBLEMS

3.01 A sufficient condition for the existence of an integral is that the
integral of the magnitude of the integrand be finite. Show that, at
least for purely imaginary values of s, s = jw, this condition is always
satisfied by the s transform of a PDF.

3.02 If we allow s to be the complex quantity, s = a« + jw, determine for
which values of s in the a,w plane the s transforms of the following
PDF’s exist:

Az 2o 20 2o > 0
a fz(xo) = { d xz -<- 0 b fx(x()) { Aerzo xz <0

_ ] 0.5he 2e >0
€ fx(z0) = { 0.5\e % <0

3.03 Express the PMF p.(zo) = (1 — P)P=,z, = 0,1,2,. . . ,asaPDF.

3.04 If z can be the complex number z = « -+ jB, determine for which
values of z in t}he a,3 plane the z transform of the PMF of Prob. 3.03
will exist.

3.05 All parts of this problem require numerical answers.
a If f,7(s) = K/(2 + s), evaluate K and E(y?).
b If p.7(z) = (1 + 22)/2, evaluate p.[E(z)] and o..
¢ If £.7(s) = 2(2 — /2 — %) /3s, evaluate E(e2?).
d If p.7(z) = A(1 + 32)% evaluate E(z®) and p.(2).

3.06 Determine whether or not the following are valid z transforms of a
PMF for a discrete random variable which can take on only nonnega-
tive integer experimental values: ,
az2+2:—2 b2—=2 c (2 — 21

- 3

3.07 Show that neither of the following is an s transform of a PDF:
a (1 —eb)/s b 7(4 + 38!

3.08 Let ! be a discrete random variable whose possible experimental
values are all nonnegative integers. We are given

pT() = K [14 —g(gz:z:;zz]

‘Determine the numerical values of E(l), p;(l) and of the conditional
expected value of l given [ # 0.

L

3.09 Use the expected-value deﬁnition of the s transform to prove that,
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if z and y are random variables with y = az + b, f,7(s) = e"”f}(as).
(This is a useful expression, and we shall use it in our proof of the
central limit theorem in Chap. 6.) ‘

i

3.10 For a particulér batch of cookies, k, the number of nuts in any
cookie is an independent random variable described by the probability
mass function '

pilko) = 3@%  ko=0,1,2,3,. ..

, Human tastes being what they are, assume that the cash value

of a cookie is proportional to the third power of the number of nuts in

the cookie. The cookie packers (they are chimpanzees) eat all the

cookies containing exactly 0, 1, or 2 nuts. All series must be summed.

a What is the probability that a randomly selected cookie is eaten by
the chimpanzees?

b What is the probability that a particular nut, chosen at random from
the population of all nuts, is eaten by the chimpanzees?

¢ What is the fraction of the cash value which the chimpanzees
consume?

d What is the probability that a random nut will go into a cookie
containing exactly B nuts?

==
==
==
=

il

|

3.11 The hitherto uncaught burglar is hiding in city 4 (with a priori
probability 0.3) or in city B (with a priori probability 0.6), or he has
left the country. If he is in city A and N4 men are assigned to look
for him there, he will be caught with probability 1 — f¥a, If he is in
city B and N men are assigned to look for him there, he will be caught
with probability 1 — f¥s. If he has left the country, he won’t be
captured. :

Policemen’s lives being as hectic as they are, N4 and Np are

independent random variables described by the probability mass

functions ) '

2N--2
pr(N) = N=01,2 ...

prs(N) = (Y N=123...

a What is the probability that a total of three men will be assigned
to search for the burglar?

b What is the probability that the burglar will be caught? (All series
are to be summed.) .

¢ Given that he was captured in a city in which exactly X men had
been assigned to look for him, what is the probability that he was
found in city 4?7

f
1

Il
h

0
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3.12 The number of “leads” (contacts) available to a salesman on any
given day is a Poisson random variable with probability mass function

kop—
palo) = 27

_IC—Q—T— ko=0,1,2,..

The probability that any particular lead will result in a sale is 0.5.

If your answers contain any series, the series must be summed.

a What is the probability that the salesman will make exactly one sale
on any given day?

b If we randomly select a sales receipt from his file, what is the proba-
bility that it represents a sale made on a day when he had a total of
R leads? '

¢ What fraction of all his leads comes on days when he has exactly one
sale?

d What is the probability that he has no sales on a given day?

3.13 The probability that a store will have exactly k, customers on any
given day is

pe(ke) = 3@ ko=10,1,2,. .

On each day when the store has had at least one customer, one
of the sales slips for that day is picked out of a hat, and a door prize is .
mailed to the corresponding customer. (No customer goes to this store
more than once or buys more or less than exactly one item.)
a What is the probability that.a customer selected randomly from the
population of all customers will win a door prize?
b Given a customer who has won a door prize, what is the probabxhty
that he was in the store on a day when it had a total of exactly ko
customers‘?

3.14 Independent random variables 2 and y have PDF’s whose s trans-
forms are f,7(s) and f,7(s). Random variable r is defined to be
r =z + y. Usef,7(s) and the moment generating properties of trans-
forms to show that E(r) = E(z) + E(y) and ¢,2 = ¢, + 0,2

3.15 Let  and y be independent random variables with |

Ae % 2o 20 Yo > 0

fz(xo) = Zo < 0 fy(y(’) )\e)‘% Yo < O

Random variable r is defined by » = z + y.
Determine:

a f.7(s), f,"(9), and £,7(s).
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b E(r) and o,2.

c f,(r o).
d Repeat the previous parts for the case r = az + by.

3.16 Consider the PDF f.(2¢) = p—_1(zo — 0) — pu_i(z¢ — 1). Random
variable y is defined to be the sum of two independent experimental
values of z. Determine the PDF f,(y,):

a In an appropriate two-dimensional event space
b By performing the convolution graphically
¢ By taking the inverse transform of f,7(s) (if you can)

3.17 a If z and y are any independent discrete random variables with
PMF’s p.(zo) and p,(yo) and we define r = z 4 y, show that
pr(ro) = Y Pa(20)Pu(ro — %0) = Y. Ppy(yo)P=(ro — yo). These summa-

yo :
tions are said to represent the discrete convolution. Show how you
would go about performing a discrete convolution graphically.

b For the case where x and y are discrete, independent random varia-
bles which can take on only nonnegative-integer experimental values,
take the z transform of one of the above expressions for p.(ro) to
show that p,7(z) = p.7(2)p,"(2).

3.18 Random variable z has the PDF f.(zo), and we define the Mellin
transform f,M(s) to be

f-M(s) = E(2*)

a Determine E(z) and .2 in terms of f,*(s).
b Let y be a random variable with

Fu(yo) = Kyof:(yo)

i Determine K.
il Determine f,™(s) in terms of f,¥(s).
iii Evaluate f,#(s) and f,¥(s) for

fo(@0) = {0 otherwise

uumﬂuumimmuu1mmumlmuulmlmmnmuummmmmmummnnnmnmunmnmnnmmmmmnmmnnmmm|1nlunmllmnmnmnmnlmmmmmnnulmmmmnummuumnm

and use your results to determine E(y) and a,.
¢ Let w and r be independent random variables with PDF’s f,(wo)
and f.(r,) and Mellin transforms f,M(s) and f.(s). If we define
I = wr, find f,”(s) in terms of the Mellin transforms for w and r.

3.19 A fair wheel of fortune, calibrated infinitely finely from zero to unity,
is spun k times, and the resulting readings are summed to obtain an
experimental value of random variable r. Discrete random variable k

Akog—>
has the PMF pi(k) =~ ko =0,1,2,. .
g:
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Determine:
a The probability that at least one reading is larger than 0. 3
b /.7(s)
¢ E(r?)

3.20 Widgets are packed into cartons which are packed into crates. The
weight (in pounds) of a widget is a continuous random variable with
PDF

f,(xo) Ae 2% Zo > 0

The number of widgets in any carton, K, is a random variable with the
PMF

K, o~
pK(KO) = “Koj' KO = O, 1, 2, o« .

The number’ of cartons in a crate, N, is a random variable with PMF
pv(No) = P¥}(1 — P)  No=1,2,3,. .. ‘

Random variables z, K, and N are mutually independent.
Determine:

a The probability that a randomly selected crate contains exactly one
widget _

b The conditional PDF for the total weight of widgets in a carton given
that the carton contains less than two widgets

¢ The s transform of the PDF for the total weight of the widgets in a
crate _

d The probability that a randomly selected crate contains an odd num-
ber of widgets

3.21 The number of customers who shop at a supermarket in a day has
the PMF

Arog—2 '
nk) = k=012 ...

and, independent of k, the number of items purchased by any customer
has the PMF

lo.ll
p,(z.,)=’—‘—zf-!_- =012 ...

Two ways the market can obtain a 109, increase in the expected value
of the number of items sold are:

a To increase p by 109,

b To increase A by 109,

Which of these changes would lead to the smaller variance of the total
items sold per day?






CHAPTER FOUR

processes

S
e

This chapter presents a few simple probabilistic processes and develops
family relationships among the PMF’s and PDF’s associated with these
processes. :

Although we shall encounter many of the most common PMF’s
and PDF’s here, it is not our purpose to develop a general catalogue.
A listing of the most frequently occurring PMF’s and PDF’s and some
of their properties appears as an appendix at the end of this book.
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4-1 The Bernoulli Process

px(xo) =

A single Bernoulli trial generates an experimental value of discrete
random variable z, described by the PMF

p(x)
1-P
1-P x=0 | 0<P<1
P xy=1 Y
0 otherwise I N
7%
0 1

Random variable z, as described above, is known as a Bernoulli random
variable, and we note that its PMF has the z transform

PT(2) = E 2%p,(29) = 21 — P)+2P=1—P 4 2P
o
The sample space for each Bernoulli trial is of the form

xy=1

1.
] xo—O

Either by use of the transform or by direct calculation we find
E(zxy=P E@)»=P o2=P1—-P)

We refer to the outcome of a Bernoulli trial as a success when the ex-
perimental value of z is unity and as a failure when the experimental
value of z is zero.

A Bernoulli process is a series of independent Bernoulli trials,
each with the same probability of success. Suppose that n independent
Bernoulli trials are to be performed, and define discrete random variable
k to be the number of successes in the » trials. Random variable k is
noted to be the sum of n independent Bernoulli random variables, so we

must have

p"(2) = [p"(2Ir = (1 — P + 2P)"

There are several ways to determine pi(ko), the probability of
exactly ko successes in n independent Bernoulli trials. One way would
be to apply the binomial theorem .
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@+ =y (’l‘) albr-t

=0

to expand p.”(2) in a power series and then note the coefficient of z% in
this expansion, recalling that any z transform may be written in the
form .

pe"(2) = p(0) + 2pe(1) + 22pi(2) + - - -
This leads to the result known as the binomial PMF,

Pe(ko) = (,Z) Pa(l — Py=h  ky=0,1,2,...,n

where the notation is the common

ny _ n!
ko - (n - ko) !IC(;!

discussed in Sec. 1-9.

Another way to derive the binomial PMF would be to work in a
sequential sample space for an experiment which consists of n independ-
ent Bernoulli trials,

B
SI

y \plg/\’ We have used the notation
e
! S success
c n A .

23 P_S {F } = '{f Tur } on the nth trial

) F / n al e

l\;,p/

2w

Each sample point which represents an outcome of exactly ko suc- -
cesses in the n trials would have a probability assignment equal to
Pk(1 — P)»*k,  For each value of ko, we use the techniques of Sec. 1-9

to determine that there are (I? such sample points. Thus, we again
0

obtain

P(ks) = (,:‘) Po(l — P)h £ =0,1,2,...,n
for the hinomial PMF.

We can determine the expected value and variance of the
binomial random variable k by any of three techniques. (One should
always review his arsenal before selecting a weapon.) To evaluate
E(k) and o2 we may
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Perform the expected value summations directly.
Use the moment-generating properties of the z transform, introduced
in Sec. 3-3. '
Recall that the expected value of a sum of random variables is always
equal to the sum of their expected values and that the variance of a
sum of linearly independent random variables is equal to the sum of
their individual variances. }

Sinee we know that binomial random variable k is the sum of n
independent Bernoulli random variables, the last of the above methods
is the easiest and we obtain :

E(k) = nE(z) = nP ot = no2 = nP(1 — P)

Before moving on to other aspects of the Bernoulli process, let’s

look at a plot of a binomial PMF. The following plot presents pi(ko)

p, (kg

for a Bernoulli process, with P = § and n = 4.

pk(ko)-(:> (%)k° (§)H° ko=0,1,...4

E(k)=nP=7

4-2 Interarrival Times for the Bernoulli Process

It is often convenient to refer to the successes in a Bernoulli proc-
ess as arrivals. Let discrete random variable [; be the number of
Bernoulli trials up to and including the first success. Random variable
I, is known as the first-order inferarrival time, and it can take on the
experimental values 1, 2, . . . . We begin by determining the PMF
pi, (D). (Note that since we are subscripting the random variable there
is no reason to use a subscripted dummy variable in the argument of
the PMF.)

We shall determine p;,(I) from a sequential sample space for the
experiment of performing independent Bernoulli trials until we obtain
our first success. Using the notation of the last section, we have

TR o e
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[=1 1=2 1=3
L ] [ J ®
Sl S2 SS
P P P
//////em.
F F, E,
1-P 1 1-P 2 1-P 3

We have labeled each sample point with the experimental value of
random variable /; associated with the experimental outcome repre-
sented by that point. From the above probability tree we find that

p() =PQ—-P)* 1=12,...

and since its successive terms decrease in a geometric progression, this
PMF for the first-order interarrival times is known as the geometric
PMF. The z transform for the geometric PMF is

P (2) =-z n (D2t = z P(l — Py~ = 5 '_» zz(:f‘_ -

i=0 =1

‘ Since direct calculation of E(l;) and 0,2 in an I, event space
involves difficult summations, we shall use the moment-generating
property of the z transform to evaluate these quantities.

E) = [3‘% p,7(2) ]‘_1 = -11-5
dz d d 2 : ]_ — P
ot = ‘(_i—z_z () + [{;p‘lT(z) - [35 p,l'f'(z)] } - P

Suppose that we were interested in the conditional PMF for the
remaining number of trials up to and including the next success, given
that there were no successes in the first m trials. By conditioning the
event space for [, we would find that the conditional PMF fory = I, — m,
the remaining number of trials until the next success, is still a geometric
random variable with parameter P (see Prob. 4.03). This is a result
attributable to the ‘“no-memory’”’ property (independence of trials) of
the Bernoulli process. The PMF p,, () was obtained as the PMF for
the number of trials up to and including the first success. - Random
variable [/, the first-order interarrival time, represents both the waiting
time (number of trials) from one success through the next success and
the waiting time from any starting time through the next success.

Finally, we wish to consider the higher-order interarrival times
for a Bernoulli process. Let random variable [,, called the rth-order
interarrival time, be the number of trials up to and including the rth
success. Note that [, is the sum of r independent experimental values
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of random variable l;; so we must have

wre) = Y = | —a = |

There are several ways we might attempt to take the inverse of
this transform to obtain p: (1)}, the PMF for the rth-order interarrival
time, but the following argument seems both more intuitive and more
efficient. Since py (I) represents the probability that the rth success in
a Bernoulli process arrives on the /th trial, p;,(l) may be expressed as

exactly » — 1 successes .
given exactly r — 1 successes

in the previous ! — 1 trials

conditional probability of hav-
X
in the first I — 1 trials

o) = (probablhty of having ing rth success on the lth trial,

The first term in the above product is the binomial PMF eval-
uated for the probability of exactly r — 1 successes in I — 1 trials,
Since the outcome of each trial is independent of the outcomes of all
other trials, the second term in the above product is simply equal to
P, the probability of success on any trial. We may now substitute
for all the words in the above equation to determine the PMF for the
rth-order interarrival time (the number of trials up to and including |
the rth success) for a Bernoulli process ‘ :

p, () = {(i : i) Pl — p)z—-z—(,_-;)] P

=(ﬁ:i)9u-mhf L=rrblr42, .5 T =123 .

e

Of course, with r = 1, this yields the geometric PMTF for [, and
thus provides an alternative derivation of the PMF for the first-order
interarrival times. The PMF p, (!) for the number of trials up to and
including the rth success in a Bernoulli process is known as the Pascal
PMF. Since [, is the sum of r independent experimental values of I,
we have

E,) = rE(l) =

P T T

1—-P
% 0'1,2 = 7‘0112 = ’—’-g——f;i—-—)*

PP g Y T

The negative binomial PMF, a PMF which is very closely related
to the Pascal PMF, is noted in Prob. 4.01.

As one last note regarding the Bernoulli process, we recognize
that the relation

Yo =P 1=12.
r=1

is always true. The quantity p. (1), evaluated for any value of 1.
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equals the probability that the rth success will occur on the lth trial.
Any success on the lth trial must be the first, or second, or third, ete.,
success after I = 0. Therefore, the sum of p; (I) over r simply repre-
sents the probability of a success on the Ith trial. From the definition
of the Bernoulli process, this probability is equal to P.

Our results for the Bernoulli process are summarized in the fol-
lowing section.

4-3 Summary of the Bernoulli Process .

Each performance of a Bernoulli trial generates an experimental value
of the Bernoulli random variable z described by

T
_
=
=
=c=
_—

(zo) = 1-P zo = 0 (a “failure’)
PATo) =1 p zo = 1 (a “success”)

pS(2) =1—P+2P E@@ =P o?=PQ1~P)

Pl
===
===
===
==

A series of identical independent Bernoulli trials is known as a
Bernoulli process. The number of successes in n trials, random variable
k, is the sum of n independent Bernoulli random variables and is
described by the binomial PMF '

pk(ko) = (’Z’)Pk“(l - P)”"k" ko = 0, 1, 2, NN (2

p7(2) = (1 — P + zP)» E(k) = nP 0> = nP(1 — P)

The number of trials up to and including the first success is
described by the PMF for. random variable [,, called the first-order
interarrwal (or waiting) time. Random variable [, has a geometric PMF

e
e
=
===
=
==
==

() = PA—-Pyt  1=12...

7 (2) = ITE%?_——?S El) =

[y

P Pe

=
_——
==

l

The number of trials up to and including the rth success, 1,, is
called the rth-order interarrival time. Random variable /,, the sum of
r independent experimental values of [;, has the Pascal PMF
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pl,(l)=(i:i)P'(1—-P)l" l=rr+l, . ..; r=12 ...

7 (2) = [l—:—g%li)“:—p‘j] El) = 1% o, = 1(_1_1;2_22

We conclude with one useful observation based on the definition
of the Bernoulli process. Any events, defined on nonoverlapping sets
of trials, are independent. If we have a list of events defined on a
series of Bernoulli trials, but there is no trial whose outcome is relevant
to the occurrence or nonoccurrence of more than one event in the list,
the events in the list are mutually independent. This result, of course,
is due to the independence of the individual trials and is often of value
in the solution of problems.

4-4 An Example

We consider one example of the application of our results for the
Bernoulli process. The first five parts are a simple drill, and part (f)
will lead us into a more interesting discussion.

Fred is giving out samples of dog food. He makes calls door to
door, but he leaves a sample (one can) only on those calls for which the
door is answered and a dog is in residence. On any call the probability
of the door being answered is 3/4, and the probability that any house-
hold has a dog is 2/3. Assume that the events “Door answered’’ and
“A dog lives here” are independent and also that the outcomes of all
calls are independent.

(a) Determine the probability that Fred gives away his first sample on
his third call.

(b) Given that he has given away exactly four samples on his first
eight calls, determine the conditional probability that Fred will
give away his fifth sample on his eleventh call.

(c) Determine the probability that he gives away his second sample on
his fifth call. ‘ 4

(d) Given that he did not give away his second sample on his second
call, determine the conditional probablhty that he will leave his
second sample on his fifth call.

(e) We shall say that Fred “needs a new supply’’ immediately after the
call on which he gives away his last can. If he starts out with two
cans, determine the probability that he completes at least five calls
before he needs a new supply.

(f) If he starts out with exactly m cans, determine the expected value
and variance of d,,, the number of homes with dogs which he passes
up (because of no answer) before he needs a new supply.

We begin by sketching the event space for each call.
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P(e)
2 .
: 3 Dog * 5 Success
Door is ,
answered ' R
% No dog LT Failure
2 2
3 Dog * Failure
Door not ‘
answered .
1 No do s Failure
5 g 12

For all but the last part of this problem, we may consider each call to
be a Bernoulli trial where the probability. of success (door answered
and dog in residence) is given by P=4-3% =4}

Fred will give away his first sample on the third call if the first two
calls are failures and the third is a success. Since the trials are
independent, the probability of this sequence of events is simply
(1 -=P)Q — P)P =1/8. Another way to obtain this answer is to
realize that, in the notation of the previous section, we want P2,(3)
which is (1 — P)?P = 1/8.

The event of interest requires failures on the ninth and tenth trials and
a success on the eleventh trial. For a Bernoull process, the outcomes
of these three trials are independent of the results of any other trials,
and again our answer is (1 ~ P)(1 - P)P = 1/8. _

We desire the probability that l;, the second-order interarrival time,
is equal to five trials. We know that p,,(1) is a Pascal PMF, and we
have '

f5 —1 4 1
m® = (37 Pa- o b

Here we require the conditional probability that the experimental value
of I; is equal to 5, given that it is greater than 2. :

~ ) p5) -
Putn>el5 [ 1a > 2) = Prob>2) ~ T —p,@ ' ~3H5 ...

5—~1
P*(1 — P)s—2
_(zi)ra-n
2 e 1 2

- 1 — P)o
1= Pa-p
As we would expect, by excluding the possibility of one particular
experimental value of I, we have increased the probability that the
experimental value of I, is equal to 5. The PMF for the total number
of trials up to and including the rth success (since the process began)
does, of course, depend on the past history of the process. '

The probability that Fred will complete at least five calls before he
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needs a new supply is equal to the probability that the experimental
value of [, is greater than or equal to 5.

U
I -1 . 5
25>=1~1?’rob<1254)=1—22(2__1)1”(1--13)1z-ﬁj

Let discrete random variable f,, represent the number of failures before
Fred runs out of samples on his mth successful call. Sincel,, is the num-
ber of trials up to and including the mth success, we have f. = I, — m.
Given that Fred makes [,, calls before he needs a new supply, we can
regard each of the f,, unsuccessful calls as trials in another Bernoulli

process where P’, the probability of a success (a disappointed dog),

is found from the above event space to be .

P’ = Prob(dog lives there | Fred did not leave a sample)
_ (1/4)(2/3)
B/4)(1/3) + (1/4)(2/3) + (1/4)(1/3)

We define ¢ to be a Bernoulli random variable with parameter P’.

The number of dogs passed up before Fred runs out, d.., is equal
to the sum of f,. (a random number) Bernoulli random variables each
with P’ = 1/3. From Sec. 3-7, we know that the z transform of pg,(d)
is equal to the z transform of p, (f), with z replaced by the z transform
of Bernoulli random variable x. Without formally obtaining p,,7(2),
we may use the results of Sec. 3-7 to evaluate E(d,) and g4,2.

E(d,) = E(fn)E(x) from Sec. 3-7

E(fm)=E(z,,,~m)=%—-m=mL"II,-£ E(z) = P’

1
=3

We substitute these expected values into the above equation for E(d,,),
the expected value of the number of dogs passed up.

expected value of no. of dogs
= passed up before Fred gives
away mth sample

E(d,) = mvl—%g P=m

w| 3

L
3

s 1o

We find the variance of d,, by
04, = E(fu)o.? + [E(x)]%;,? from Sec. 3-7
O’ = 01,7

Since fi, = I, — m, the PMF for f, is simply the PMF for l,, shifted to
the left by m. Such a shift doesn’t affect the spread of the PMF about
its expected value.

1-—P) from properties of Pascal PMF noted in previous

2
g, = m .
" Pz section

We may now substitute into the above equation for o4 % the variance
of the number of dogs passed up.

=" e e

4.5
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1-P , 1—-P
Vdmz=m*“”p“‘P'<1"'P)+(P')2m*—13r ‘
11 2 1\? 4m
=mZ.1.% ol = 2
"3 3“’"(3) "ET9
Although the problem did not require it, let’s obtain the 2z
transform of p, (d), which is to be obtained by substitution into

Ll 51

?r. 1 (p:7(2)]

We know that p.7(2) = 1 — P’ + P/p = # + 32, and, using the
fact that f, = [, — ™m, we can write out p; 7(z) and Ps.7(z) and note a
simple relation to obtain the latter from the former. '
PLI(E) = pr,(m)e™ + pi(m + 1)am+t & D, (m + 2)emt2 4 . ..
P12 = P, (m)2* + py(m + 1)zt + p(m + 2)22 + -
From these expansions and our results from the Pascal process we have
Pr.7(2) = 7"p T(2) = Pl — z(1 — P)}-m
and, finally,
Pa."(2) = pr [p7@)] = Pl — (1 — P’ + zP)(1 — P)j=

(Y G-9

Since the z transform for the PMF of the number of dogs
passed up happened to come out in such a simple form, we can find the
PMF pq, (d) by applying the inverse transform relationship from Sec.
3-2. We omit the algebraic work and present the final form of Pa,(d).

1 [ dd
pe,(d) = i [ G52 Pan"(2) ]M

- m d
=(d+;n 1)(2) (é) m:172y3)"’; dm0,1,2,..-

- For instance, if Fred starts out with only one sample, we have m = 1
~and

Po(d) = DB* d=0,1,2 ...

is the PMF for the number of dogs who were passed up (Fred called
but door not answered) while Fred was out making calls to try and give
away his one sample.

4-5 The Poisson Process

We defined the Bernoulli process by a particular probabilistic descrip-
tion of the “arrivals” of successes in a series of independent identical
discrete trials. The Poisson process will be defined by a probabilistic
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description of the behavior of arrivals at points on a continuous line.
‘ For convenience, we shall generally refer to this line asif it were
a time (¢) axis. From the definition of the process, we shall see that
a Poisson process may be considered to be the limit, as At — 0 of a
series of identical independent Bernoulli trials, one every Af, with the
probability of a success on any trial given by P = \ AL,

For our study of the Poisson process we shall adopt the some-
what improper notation:

®(k,t) = the probability that there are exactly k arrivals during any
interval of duration ¢ ‘

This notation, while not in keeping with our more aesthetic habus
developed earlier, is compact and particularly convenient for the types
of equations to follow. We observe that ®(k,t) is a PMF for random
variable k for any fixed value of parameter ¢. In any interval of length
t, with¢ > 0, we must have exactly zero, or exactly one, or exactly two,
etc., arrivals. Thus we have

L)

2 ®Uet) = 1

k=0

We also note ﬁilat ®(k,t) is not a PDF for {. Since ®(k,ty) and @(k,t2)
are not mutually exclusive events, we can state only that

0< [ Okydt <

The use of random variable k to count arrivals is consistent with our
notation for counting successes in a Bernoulli process.

There are several equivalent ways to define the Poisson process.
We shall define it directly in terms of those properties which are most
useful for the analysis of problems based on physical situations.

Our definition of the Poisson process is as follows:

1 Any events defined on nonoverlapping time intervals are mutually
independent.
2 The following statements are correct for suitably small values of At:

1 —NAt k=20
®(k,Af) = { N Al k=1
0 k> 1

The first of the above two defining properties establishes the
no-memory attribute of the Poisson process. As an example, for a
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Poisson process, events A, B, and C, defined on the intervals shown
below, are mutually independent. '

These x's represent one
possible history of arrivals

A TR N W

B e Lt TE Y

Event A: Exactly k; arrivals in interval T; and exactly k; arrivalsin
interval T'; .

Event B: More than k, arrivals in interval 7',

Event C: No arrivals in the hour which begins 10 minutes after the
third arrival following the end of interval 7',

The second defining property for the Poisson process states that,
for small enough intervals, the probability of having exactly one arrival
within one such interval is proportional to the duration of the interval
and that, to the first order, the probability of more than one arrival
within one such interval is zero. This simply means that ®(k,Af) can be
expanded in a Taylor series about At = 0, and when we neglect terms of
order (Af)? or higher, we obtain the given expressions for ®(k,At).

Among other things, we wish to determine the expression for
®(k,t) fort > 0 and for k =0, 1,2, .. .. Before doing the actual
derivation, let’s reason out how we would expect the result to behave.
From the definition of the Poisson process and our interpretation of it
as a series of Bernoulli trials in incremental intervals, we expect that

®(0,t) as a function of ¢ should be unity at ¢ = 0 and decrease mono-
tonically toward zero as ¢ increases. (The event of exactly zero
arrivals in an interval of length ¢ requires more and more suc-
cessive failures in incremental intervals as ¢ increases.)

®(k,t) as a function of ¢, for ¥ > 0, should start out at zero for { = 0,
increase for a while, and then decrease toward zero as ¢ gets
very large. [The probability of having exactly & arrivals (with
k > 0) should be very small for intervals which are too long or
too short.]

®(k,0) as a function of k& should be a bar graph with only one nonzero
bar; there will be a bar of height unity at & = 0.

We shall use the defining properties of the Poisson process to
relate ®(k, ¢ 4+ Af) to ®(k,i) and then solve the resulting differential
equations to obtain ®(k,t).

For a Poisson process, if At is small enough, we need consider
only the possibility of zero or one arrivals between tand ¢ + Af. Taking
advantage also of the independence of events in nonoverlapping time
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intervals, we may write
ok, ¢ + Al = CENEO,A) + OF& ~ 1, H@(1,A8)

The two terms summed on the right-hand side are the probabilities of
the only two (mutually exclusive) histories of the process which may
lead to having exactly k arrivals in an interval of duration £+ Al
Our definition of the process specified ®(0,At) and ®(1,Af) for small
enough At. We substitute for these quantities to obtain

®(k, t + Af) = Ok, — N A) + O — 1, HA At

Collecting terms, dividing through by At, and taking the limit as
At — 0, we find

-g—t@(k,t) L A0f) = A0k — 1, 1)

which may be solved iteratively for k = 0 and then for k = 1, etc,,
subject to the initial conditions

1 k=0
®(k,0) = {o k%0

The solution for ®(k,t), which may be verified by direct substitution, is

(M)ke——u
k!

And we find that ®(k,t) does have the properties we anticipated earlier.

e(kt) = t>0;, k=0,1,2, ...

Pk, t)
AN

Letting » = M, we may write this result in the more proper
notation for a PMF as

kop—ME kop—
palke) = ("‘}c;’f =£‘70%~ p=2 k=012 ...

This is known as the Poisson PMF. Although we derived the Poisson
PMF by considering the number of arrivals in an interval of length ¢ for
a certain process, this PMF arises frequently in many other situations.

To obtain the expected value and variance of the Poisson PMF,

T S T

Ll B

FeT
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we'll use the 2z transform

o ko
7 (2) = z Pe(ko)zko = g» (u2) = gk(e—1)
ko=0 ko=0 k“!

= » o

(k) = [gz- ka(Z)] - x

z==1-

2 ' 2
ot = {06 + Lo0@ ~ [Loee || -

Thus the expected value and variance of Poisson random variable k are
both equal to u. ;

We may also note that, since E(k) = A, we have an interpreta-
tion of the constant )\ used in

1—-2at k=0
®(k,Af) = { A At k=1
0 k=23,...

as part of the definition of the Poisson process. The relation E(k) = \¢
indicates that X is the expected number of arrivals per unit time in a
Poisson process. The constant ) is referred to as the average arrival

-rate for the process.

Incidentally, another way to obtain E(k) = At is to realize that,
for sufficiently short increments, the expected number of arrivals in a
time increment of length Af isequal to0 - (1 — XA Af) + 1 - X A = ) AL
Since an interval of length ¢ is the sum of ¢{/A¢ such increments, we
may determine E(k) by summing the expected number of arrivals in

each such increment. This leads to E(k) = \ At Z\t—t =\

4-6 lnferarrival Times for the Poisson Process

Let I, be a continuous random variablé defined to be the interval of
time between any arrival in a Poisson process and the rth arrival
after it. Continuous random variable l,, the rth-order interarrival time,
has the same interpretation here as discrete random variable /, had for
the Bernoulli process.

We wish to determine the PDF’s

) 1>0; r=1,2,3,...

And we again use an argument similar to that for the derivation of the
Pascal PMF,

-+ : > Time
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Tor small enough Al we may write
Prob(l < I, <1+ Al) = fi,(D) Al

' —1,=N ‘
f,,(l)Al=<P(r—1,l)7\A1=O‘l €NNAL 120; r=1,2 ...
— e S prod
A B

(r — ! =
where A = probability that there are exactly r — 1 arrivals in an
interval of duration I
B = conditional probability that rth arrival occurs in next Al,
given exactly r — 1 arrivals in previous interval of dura-
tion !
Thus we have obtained the PDF for the rth-order interarrival time

)\rlr——le'-)\l
i) = =D 1>0;, r=1,2,...
which is known as the Erlang family of PDF’s. (Random variable [, is
said to be an Erlang random variable of order 1.)

The first-order interarrival times, described by random variable
l;, have the PDF

fiu(@) = poa@ — O™

which is the exponential PDF. We may obtain its mean and variance
by use of the s transform.

) = [ et d =

EQ) = - [gg fzf<s>] -1

8=a0

d? d 2 1
ot = {Enre - [Frre ] L 5

Suppose we are told that it has been r units of time since the last
arrival and we wish to determine the conditional PDF for the duration
of the remainder (I — r) of the present interarrival time. By con-
ditioning the event space for l,, we would learn that the PDF for the
remaining time until the next arrival is still an exponential random
variable with parameter \ (see Prob. 4.06). 'This result is due to the
no-memory (independence of events in nonoverlapping intervals) prop-
erty of the Poisson process; we discussed a similar result for the Bernoulli
process in Sec. 4-2.

Random variable I, is the sum of r independent experimental
values of random variable /. Therefore we have

E(lr) = TE(Z}) = % 0’1’_2 = 1‘0’112 = {—2

£.7() = 2O = (;T?_T\)r
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The following is a sketch lof some members of Erlang family of PDF’s:

£,

>1

We established that the first-order interarrival times for a Poisson
process are exponentially distributed mutually independent random
variables. Had we taken this to be our definition of the Poisson process,
we would have arrived at identical results. The usual way of determin-
ing whether it is reasonable to model a physical process as a Poisson
process involves checking whether or not the first-order interarrival
times are approximately independent exponential random variables.

Finally, we realize that the relation '

YhMd=xdl 120

r=1

holds for reasons similar to those discussed at the end of Sec. 4-2.

4-7 Some Additional Properties of Poisson Processes
and Poisson Random Variables

Before summarizing our results for the Poisson process, we wish to note
a few additional properties.

Consider discrete random variable w, the sum of two independent
Poisson random variables z-and y, with expected values £(z) and E(y).
There are at least three ways to establish that p.,(we) is also a Poisson
PMF. One method involves direct summation in the z,y, event space
(see Prob. 2.03). Or we may use z transforms as follows,

pzT(z) = eE(x)‘(z-d) pyT(z) = gEW) -1

w=2x+y z,vyindependent

PT(2) = p.7(2)p,T(2) = elE@+EWIG—D

which we recognize to be the z transform of the Poisson PMF

[E(x) + E(y)]me B@+EW]
'w«)!

pw(wo) = Wy = 0, 1, -
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A third way would be to note that w = x + y could represent the
total number of arrivals for two independent Poisson processes within
a certain interval. A new process which contains the arrivals due
to both of the original processes would still satisfy our definition of
the Poisson process with A = A; 4+ A, and would generate experimental
values of random variable w for the total number of arrivals within the
given interval.

We have learned that the arrival process representing all the
arrivals in several independent Poisson processes is also Poisson.

Furthermore, suppose that a new arrival process is formed by
performing an independent Bernoulli trial for each arrival in a Poisson ‘
process. With probability P, any arrival in the Poisson process is also i
considered an arrival at the same time in the new process. With prob-
ability 1 — P, any particular arrival in the original process does not
appear in the new process. The new process formed in this manner
(by “independent random erasures’’) still satisfies the definition of a
Poisson process and has an average arrival rate equal to AP and the
expected value of the first-order interarrival time is equal to (AP)~%.

If the erasures are not independent, then the derived process has
memory. For instance, if we erase alternate arrivals in a Poisson
process, the remaining arrivals do not form a Poisson process. It is
clear that the resulting process violates the definition of the Poisson
process, since, given that an arrival in the new process just occurred,
the probability of another arrival in the new process in the next At is
zero (this would require two arrivals in At in the underlying Poisson
process). This particular derived process is called an Erlang process
since the first-order interarrival times are independent and have (sec-
ond-order) Erlang PDF’s. This derived process is one example of how
we can use the memoryless Poisson process to model more involved
situations with memory.

= _F 3 ST

4-8 Summary of the Poisson Process

For convenience, assume that we are concerned with arrivals which
occur at points on a continuous time axis. Quantity ®(k,t) is defined
to be the probability that any interval of duration ¢ will contain exactly
k arrivals. A process is said to be a Poisson process if and only if

_—
__—

1 For suitably small At, ®(k,At) satisfies
1 —NAS k
®(k,Af) = { \ At k
0 k

l

AV
— O

i = 0 8 s

FEt:
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2 Any events defined on nonoverlapping intervals of time are mutually =
independent. . =

An alternative definition of a Poisson process is the statement
that the first-order interarrival times be independent identically dis-
tributed exponential random variables.

Random variable k, the number of arrivals in an interval of
duration ¢, is described by the Poisson PMF

e
]
]
et
===
e
===
ey
_—
e
—_—
1
e
=

kop—At =
pk(ko)=@,)co—f—- t>0; ko=0,1,2 ... =

PT(z) = D Bp) = )¢ or? = \ =

The first-order interarrival time I; is an ezponential random
variable with the PDF

i =xer >0 . =

1 _=
T =2 gay=1 .

s+

The time until the rth arrival, I, is known as the rth-order
waiting time, is the sum of r independent experimental values of /;, and
is described by the Erlang PDF

Arlr—le—-)\l ' %' e

) = m =20; r= 1,2, ... =
fir(s) = (2 EQ) =rElQ) =L ot=por=' =
’ s+ 4 i) =3 g f=u =

The sum of several independent Poisson random variables is also
a random variable described by a Poisson PMF. If we form a new
brocess by including all arrivals dye to several independent Poisson
brocesses, the new process is also Poisson. If we perform Bernoulli
trials to make independent random erasures from a Poisson process,
the remaining arrivals also form a Poisson process. :
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4-9 Examples

The Poisson process finds wide application in the modeling of proba- -
bilistic systems. We begin with a simple example and proceed to i
consider some rather structured situations. Whenever it seems infor-
mative, we shall solve these problems in several ways.

example 1 The PDF for the duration of the (independent) interarrival times
between successive cars on the Trans-Australian Highway is given by {

—lollz to Z 0

filte) = "o

where these durations are measured in seconds.

(a) An old wombat requires 12 seconds to cross the highway, and he
starts out immediately after a car goes by. What is the probability
that he will survive?

(b) Another old wombat, slower but tougher, requires 24 seconds to
cross the road, but it takes two cars to kill him. (A single car
won’t even slow him down.) If he starts out at a random time, i
determine the probability that he survives. ”

(¢) If both these wombats leave at the same time, immediately after
a car goes by, what is the probability that exactly one of them
survives?

a Since we are given that the first-order interarrival times are independ-
ent exponentially distributed random variables, we know that the
vehicle arrivals are Poisson, with

(t/12)ke—t/12

ok = =

=012 ...; t=20

Since the car-arrival process is memoryless, the time since the most
recent car went by until the wombat starts to cross is irrelevant. The
fast wombat will survive only if there are exactly zero arrivals in the
first 12 seconds after he starts to cross.

®(0,12) = —1-0?-,- — ¢ = 0.368
Of course, this must be the same as the probability that the wait until
the next arrival is longer than 12 seconds.

= ® 1 o~—t/12 —
©(0,12) = [~ frevdi = 0368 |
b The slower but tougher wombat will survive only if there is exactly
zero or one car in the first 24 seconds after he starts to cross.
216—2

®(0;24) + ®(1,24) = 0‘ + 7 = 3e~%2 = (0.406
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first
second
wombats start out. It will be helpful to draw a sequential event space
for the experiment.

N, =0 ® Both survi
3 (0‘1?_) 2 survive
P(1,12)

N,=0 - Np=1 ® Both survive

I-g
© 12 =91 ' .
»12). N,>2 ® Only the fast wombat survives

¢ Let {%1} be Vthe number of cars in the { } 12 seconds after the
2

‘ ¢(0,12) N,=0 ® Only the slow wombat survives
N, =1 —_—
190,13 ) N,>0 e Both perish

e ® Both perish

9(1,12)

Prob(exactly one wombat survives) = Prob(N, = 0,N,>2)
+ Prob(N, = 1, N, = 0)

Quantities N, and N, are independent random variables because they
are defined on nonoverlapping intervals of a Poisson process. We
may now collect the probability of exactly one survival from the above
event space. '

Prob(exéctly 1 wombat survi’ves) = #(0,12)[1 — ®(0,12) — ®(1,12)]
+ @(1,12)®(0,12)
Prob(exactly 1 wombat survives) = e~1(1 — 2¢1) ‘
'  +et=¢l— g2 = (233

example 2 Eight light bulbs are turned on at ¢t = 0. The lifetime of any
particular bulb is independent of the lifetimes of all other bulbs and is
described by the PDF .

- Ae—Mo if £, >0
Jilto) = {O otherwise

Determine the mean, variance, and s transform of random variable y,
the time until the third failure.

We define ¢; to be a random variable representing the time from
the ¢th failure until the Jth failure, where to1 is the duration from
t = 0 until the first failure. We may write

Y =toy =ty + t13 + to3

The length of the time interval during which exactly 8 — i bulbs are on
is equal t0 £y 1. While 8 — ¢ bulbs are on, we are dealing with the sum
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of 8 — ¢ independent Poisson processes and the probability of a failure
in the next At is equal to (8 — 7)A At. Thus, from the properties of the
Poisson process, we have

@) = Blto) + E(t) + Blta) = g + =+ o=

Knowledge of the experimental value of, for instance, £, does
not tell us anything about ¢;;. Random variable ¢, would still be
an exponential random variable representing the time until the next
arrival for a Poisson process with an average arrival rateof 7A. Random
variables foy, ¢12, and ¢2; are mutually independent (why?), and we have

1i 1 1
BRIV VRN OVE

1) = Ji(9) X FL(9) X fiufo) = ¢ -18}8)\ s j-)\n s —?m

2 2 ) 2
of =g, +ai, + T tas

This has been one example of how easily we can obtain answers for many
questions related to Poisson models. A harder way to go about it
would be to determine first the PDF for y, the third smallest of
eight independent identically distributed exponential random variables.

example 3 Joe is waiting for a Nowhere-to-Fungleton (NF) bus, and he

knows that, out where he is, arrivals of {IF\;ZX} buses may be considered

independent Poisson processes with average arrival rates of { ;:FN } buses
NF

per hour. Determine the PMF and the expectation for random varia-
ble K, the number of “wrong-way” buses he will see arrive before he
boards the next NF bus.

We shall do this problem in several ways.

Method A

We shall obtain the compound PDF for the amount of time he waits
and the number of wrong-way buses he sees. Then we determine
px(K,) by integrating out over the other random variable. We know
the marginal PDF for his waiting time, and it is simple to find the PMF
for K conditional on his waiting time. The product of these proba-
bilities tells us all there is to know about the random variables of interest.

The time Joe waits until the first right-way (NF) bus is simply -

T ey

e e ——
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the waiting time until the first arrival in a Poisson process with average '

arrival rate Ayr. The probability that his total waiting time ¢ will
be between £, and ¢, + dt, is -

Je(to) dto = Awre—vrto dity

Given that the experimental value of Joe’s waiting time is exactly &,

. hours, the conditicnal PMF for K is simply the probability of exactly

K, arrivals in an interval of duration to for a Poisson process with
average arrival rate Apy.

(A F Nto) Kog—Mrxto
K,!
The experiment of Joe's waiting for the next NF bus and observ-

ing the number of wrong-way buses while he waits has a two-dimensional
event space which is discrete in X and continuous in ¢.

Pri(Ko | t) = Ko=0,1,2, ..

K,
AN
etc. : . )
T For instance, this sample point
K,=4 . would represent the experimental
i outcome "he had to wait exactly t
3 h " hours and he saw exactly three
K= M FN buses while he waited"
§
K =2 ;
|
K =1 .’
i
K,=0 5 —>1t

0

We obtain the probability assignment in this event space, Sex(to, ko).
Jox(to,Ko) = fi(to)px(Ko | to)

AnreMrto ()\ FN to) Rog—rnte

Ko!’

th20;, Ko=0,1,2, ...
The marginal PMF pg(K,) may be found from
0 =0

. AvPARNEY [ <
px(Ko) = L‘O For(to,Ko) dty = JL%;I%IL l tyKog—Orathunty dty

By noting that

O\F’N -+ )\NF)K0+ltoKoe—-(?\rn+)\Nt)lo

K,!

would integrate to unity over the range 0 < #) < o (since it is an
Erlang PDF of order K, + 1), we can perform the above integration
by inspection to obtain (with Anr/Apy = p),
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Pr(Ko) = Kie=0,1,2, ...

—r
A+ pFert
If the average arrival rates Ayr and Ay are equal (p = 1), we note that
the probability that Joe will see a total of exactly K, wrong-way buses
before he boards the first right-way bus is equal to ()%t For this
case, the probability is 0.5 that he will see no wrong way buses while he
waits. '

The expected value of the number of FN buses he will see arrive
may be obtained from the z transform.

T = p \ ZK" = — -1
pK‘ (Z) 1+ P Kozao (1 T p)Ko P(l +p Z)

2eal

_le - -
B - [ Lo | = s
This answer seems reasonable for the cases p > > land p << 1.

Method B

Regardless of when Joe arrives, the probability that the next bus is a
wrong bus is simply the probability that an experimental value of a
random variable with PDF

fo(xo) = Apnera%e zo > 0

is smaller than an experimental value of another, independent, random
variable with PDF

fo(yo) = Aypetare 4y > 0

So, working in the oy, event space

Yo =%p

Event: the next bus Joe sees
after he arrives is a
wrong way bus

Prob (next busis an FN bus) = [ dz. fy Ao Aewupe—brrsoghare
- Aew 1 . _Ayr
TNyt Ar 140 Wlthp——?\m

As soon as the next bus does come, the same result holds for the following
bus; so we can draw out the sequential event space where each trial
corresponds to the arrival of another bus, and the experiment termi-
nates with the arrival of the first NF bus.
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)

L
1+p 1+p 1+p

—
+!’Q

>

o

o

1 1 1 -1
1+p 14p l+p 1+p

This again leads to

Pr(Ko) = Ko=0,1,2, ...

P
T F st
Method C

Consider the event space for any adequately small Af,

Apy At ® A wrong-way bus arrives in this At
F.

AnpAt o A bus of the type Joe is waiting for
comes in this At

I~(Ay+X., )AL . s
(Anp ) & No bus arrives in this At

event points to obtain

Prob (any particular bus is FN) = nl‘:!’i:fi);r
F F

Prob (any particular bus is NF) = 3 A_I;’_F Y.
FN F

previous solution and, of course, leads to the same result,

represented by the arrival of an NF bus. Thus, we have

_(No—1 Avr R Ary Ne&
Pr(No) = (R -1 ) (M“N + >\NF) ()\FN + )\NF)

gets to the bus stop.

i —_—— T, PN Y W T AT, TR
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We need be interested in a At only if a bus arrives during that At;
s0 we may work in a conditional space containing only the upper two

This approach replaces the integration in the z,y event space for the

As a final point, note that N , the total number of buses Joe
would see if he waited until the Rth NF bus, would have a Pascal PMF.
The arrival of each bus would be a Bernoullj trial, and a success ig

No=RR+1,...; R=1,23, ...

where N is the total number of buses (including the one he boards) seen
by Joe if his policy is to board the Rth right-way bus to arrive after he
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4-10 Renewal Processes

Consider a somewhat more general case of a random process in
which arrivals occur at points in time. Such a process is known as a
renewal process if its first-order interarrival times are mutually inde-
pendent random variables described by the same PDF.  The Bernoulli
and Poisson processes are two simple examples of the renewal process.
In this and the following section, we wish to study a few basic aspects of
the general renewal process.

To simplify our discussion, we shall assume in our formal work
that the PDF for the first-order interarrival times (gaps) fz(zo) is a
continuous PDF which does not contain any impulses. [A notational
change from f;,() to f.(zo) will also simplify our work.]

We begin by determining the conditional PDF for the time until
the next arrival when we know how long ago the most recent arrival
occurred. In the next section, we develop the consequences of begin-
ning to observe a renewal process at a random time. ,

If it is known that the most recent arrival occurred exactly 7
units of time ago, application of the definition of conditional probability
results in the following conditional PDF for z, the total duration of the
present interarrival gap:

fx(xo) _— fx(xo)
[tz dag 1 Pes®)

fxlx>r(5c0 ‘ x> T) = To>T

If we let random variable y represent the remaining time in the present
gap, y = & — 7, we obtain the conditional PDF for y,

folyo + 1) _ Felyo + 1)
[t sy 1P

Fulz>+(#o { z>71) = Yo >0

As an example, suppose that we are burning light bulbs one at a
time and replacing each bulb the instant it fails. 1f the lifetimes of the
bulbs are independent random variables with PDF f.(x,), we have a
renewal process in which the points in time at which bulb replacements
occur are the arrivals. Let’s use the results obtained above to work
out one example with a particularly simple form for fx(zo).

f, x(xo)
4
Let this be the PDF for x, the total
1 lifespan of any individual bulb
>Sx
0 1

e
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fajx> (%) x> 7)

This is the conditional PDF for the
1 : total lifespan of a bulb, given that it
1-7 : has already been in use for exactly
7 units of time without failing

X
0 T 1 0

ess0pl%>7)

This is the conditional PDF for y, the
remaining lifespan of a bulb which
has already been in use for exactly
7 units of time without failing

]...

—
i
-

L

0 (1-7) 1

Yo

We learned earlier that the first-order interarrival times for a
Poisson process are independent random variables with the PDF
fz(xo) = Ne 2 forxze > 0. For a Poisson process we can show by direct
substitution that the conditional PDF for the remaining time until the
next arrival, fy.s.(%e | x > 1), does not depend on r (Prob. 4.06) and is
equal to f.(yo), the original unconditional PDF for the first-order inter-
arrival times. For the Poisson process (but not for the more general
renewal process) the time until the next arrival is independent of when
we start waiting. If the arrivals of cars at a line across a street con-
stituted a Poisson process, it would be just as safe to start crossing
the street at a random time as it would be to start crossing immediately
after a car goes by.

4-11 Random Incidence

Assume that a renewal process, characterized by the PDF of its
first-order interarrival times, f.(xo), has been in progress for a long time.
We are now interested in random incidence. The relevant experiment
is to pick a time randomly (for instance, by spinning the hands of a clock)
and then wazit until the first arrival in the renewal process after our randomly
selected entry time. The instant of the random entry must always be
chosen in a manner which is independent of the actual arrival history of
the process.

We wish to determine the PDF for random variable y, the waiting
time until the next arrival (or the remaining gap length) following
random entry. Several intermediate steps will be required to obtain the
unconditional PDF f,(y,).

First we shall obtain the PDF for random variable w, the total
duration of the interarrival gap into which we enter by random inci-
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dence. Random variable w describes the duration of an interval
which begins with the most recent arrival in the renewal process prior
to the instant of random incidence and which terminates with the first
arrival in the process after the instant of random incidence.

Note that random variables w and = both refer to total inter-
arrival-gap durations for the renewal process, but the experiments on
which they are defined are different. An experimental value of w is
obtained by determining the total duration of the interarrival gap into
which a randomly selected instant falls. An experimental value of x is
obtained by noting the duration from any arrival in the renewal process
until the next arrival.

After obtaining f,(w.), we shall then find the conditional PDF
for the remaining time in the gap, y, given the experimental value of the
total duration of the gap, w. Thus, our procedure is to work in a
wo,Yo event space, first obtaining f.,(we) and fy1.(yoe | wo). We then use
the relations

Fou@oyo) = fu(@olfyto(yo | wo)  and  fu(yo) = fwofw.u(wmyo) dwo

to obtain the unconditional PDF f,(y,) for the waiting time from our
randomly selected instant until the next arrival in the renewal process.

To determine the PDF f,(w,), let’s begin by considering an
example where the first-order interarrival times of the renewal process
have the discrete PMF

xo( seconds)

Although any interarrival time is equally likely to be either 1 or 10
seconds long, note that each 10-second gap consumes 10 times as much
time as each 1-second gap. The probability that a randomly selected
instant of time falls into a 10-second gap is proportional to the fraction
of all time which is included in 10-second gaps.

The fraction of all time which is included in gaps of duration z,
should be, in general, proportional to p.(z,) weighted by x,, since p.(z)
is the fraction of the gaps which are of duration z, and each such gap
consumes r, seconds. Recalling that random variable w is to be the
total duration of the interarrival gap into which our randomly selected
instant falls, we have argued that

Wop=(Wo)  _ WopPz(wo)
Y wop2(wo) E(2)

Pwlwe) =

T
‘krl,u.._wﬂ X o

i ey

TRy

i

€1



T ST

L=

T TR PR TV

L TR =

T

=y v

RANDOM INCIDENCE 151

where the denominator is the required normalization factor,
For the particular example given above, we obtain the PMF for
the total duration of the gap into which a random entry falls,

P, (w,)
N

O

11

R

TR { 4 { L 1 | 1 w
0 1 2 3 4 5 6 7 8 9 10 0

A random entry, for this example, is ten times as likely to fall into a
ten-second gap as a one-second gap, even though a gap length is
equally likely to be of either kind.

Extending the general form of pw(wvo) to the continuous case, we
have the desired f,,(w,)

o wefwe)  _ wofi(wo)
fw(UJo) [M w,gfz(’U)o) d'wo E’(x)

where f.(-) is the PDF for the first-order interarrival times for the renewal

process and fu,(wo) us the PDF for the total duration of the interarrival gap
entered by random incidence.

In reasoning our way to this result, we have made certain assumptions
about the relation between the probability of an event and the fraction
of a large number of trials on which the event will oceur. We speculated
on the nature of this relation in Sec. 3-6, and the proof will be given in
Chap. 6. ,
‘ Given that we have entered into a gap of total duration w, by
random incidence, the remaining time in the gap, ¥, is uniformly dis-
tributed between 0 and w, with the conditional PDF

1 )
Tyrw(¥o | wo) = {{,}; 1f 0 < yo < wy
0 otherwise

because a random instant is as likely to fall within any increment of a

we-second gap as it is to fall within any other increment of equal dura-
tion within the we-second gap. ‘
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Now we may find the joint PDF for random variables w and y,

Fualtto) = Fulwo fuelyo |00 = Z2ED 2 0 <y S w0

To determine ,(yo), the PDF for the time until the next arrival after
the instant of random incidence, we need only integrate (carefully) over
we in the we,yo event space. Note that w, the total length of the gap
entered by random incidence, must be greater than or equal to y, the
remaining time in that gap; so we have

fuwn) = [ Foslwn,ye) dwo = L’:-wfz(%ozmlfwo

_ 1 — p=<(y0)
f v(?/o) - E(ZE)
where f,(yo) is the PDF for the duration of the interval which begins at a
“random’’ time and terminates with the next arrival for a renewal process
with first-order interarrival times described by random variable x.

=
=
===

We apply these results to the problem introduced in the previous
section. Let the PDF for the first-order interarrival times be

fe(xy)
1 , Let this be the PDF for the
first-order interarrival times
1 , of a renewal process
0 1 %o

Now, first we apply the relation

. wofz(wo)
fw(wo) = TE(@)

to obtain

This is the PDF for the total duration
of the interarrival gap entered by
random incidence. Obviously, random
incidence favors entry into longer gaps

>,

o

==

TR




PROBLEMS 153

and we use

f (y) — 1 - pzS(yO)
y\Yo E(Z)

to obtain

£,(50)

2 . -
This is.the PDF for the remaining
duration of the interarrival gap

1 entered by random incidence

N
0 1 Yo

It is interesting to note that the expected value of the remaining
duration of the gap entered by random incidence, E(y), may be greater
than, equal to, or less than the “expected gap length” given by E(z).
In fact, we have already learned that E(x) = E(y) for a Poisson process.

Thus, for instance, if car interarrival times are independent
random variables described by f.(zo), the expected waiting time until
the next car arrives may be greater if we start to cross at a random time
than if we start right after a car goes by! - If we understand the different
experiments which give rise to E(x) and E(y), this seems entirely reason-
able, since we realize that random incidence favors entry into large gaps.

We should realize that statements about average values or
expected values of a random variable are meaningless unless we have a
full description of the experiment on whose outcomes the random varia-
ble is defined. In the above discussion, E(z) and E(y) are generally
different, but each is the “expected value of the time until the next
arrival.” The experiments of ‘“picking a gap’ and “picking an instant
of time” may lead to distinctly different results. (Probs. 2.08, 2.11,

“and 3.10 have already introduced similar concepts.)

 PROBLEMS

4.01 The PMF for the number of failures before the rth success in a
Bernoulli process is sometimes called the negative binomial PMF.
Derive it and explain its relation to the Pascal PMF.

4.02 A channel contains a series flow of objects, each of fixed length L.
All objects travel at constant velocity V. Each separation S between
successive objects is some integral multiple of L, S = nL, where the n
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for each separation is an independent random variable described by
the probability mass function

pa(ng) = a(l — a)n! ne=12,3,...3 0<ax<l

a Find the average flow rate, in objects per unit time, observable at
some point in the channel. ‘

b Calculate what additional flow can exist under a rule that the result-
ing arrangements of objects must have at least a separation of L
from adjacent objects.

¢ As seen by an electric eye across the channel, what fraction of all
the gap time is occupied by gaps whose total length is greater than
2L? A numerical answer is required.

4.03 Let z be a discrete random variable described by a geometric PMF.
Given that the experimental value of random variable z is greater
than integer y, show that the conditional PMF for  — y is the same
as the original PMF for z. Letr =2z —y, and sketch the following
PMUF’s:

a pu(z0) B Papesy@ |2 >Y) € Pel(ro)

4,04 We are given two independent Bernoulli processes with parameters
P, and P;. A new process is defined to have a success on its kth trial
(k=1,2,3,...) onlyif exactly one of the other two processes has a
success on its kth trial.

a Determine the PMF for the number of trials up to and including
the rth success in the new process.
b Is the new process a Bernoulli process?

4.05 Determine the expected value, variance, and 2 transform for the total
aumber of trials from the start of a Bernoulli process up to and including
the nth success after the mth failure.

4.06 Let z be a continucus random variable whose PDF f.(zo) contains
no impulses. Given that = > T, show that the conditional PDF for
= x — T is equal to fo(ro) if f2(xo) is an exponential PDF.

4.07 'To cross a single lane of moving traffic, we require at least a duration
T. Successive car interarrival times are independently and identically
distributed with probability density function fi(to). If an interval
between successive cars is longer than T, we say that the interval
represents a single opportunity to cross the lane. Assume that car
lengths are small relative to intercar spacing and that our experiment
begins the instant after the zeroth car goes by.

ey

T

e e

T e i Y



! - | PROBLEMS 155

Determine, in as simple a form as possible, expressions for the
probability that:
a We can cross for the first time just before the Nth car goes by.
b We shall have had exactly n opportunities by the instant the Nth
~ car goes by.
¢ The occurrence of the nth opportunity is immediately followed by
the arrival of the Nth car.

i T e 2

4.08 Consider the manufacture of Grandmother’s Fudge Nut Butter
Cookies. Grandmother has noted that the number of nuts in a cookie
is a random variable with a Poisson mass function and that the
average number of nuts per cookie is 1.5.

a What is the numerical value of the probability of having at least
one nut in a randomly selected cookie?

b Determine the numerical value of the variance of the number of nuts
per cookie.

¢ Determine the probability that a box of exactly M cookies contains
exactly the expected value of the number of nuts for a box of N
cookies. (M =1,2,3,...; N=1,2/3,...)

d What is the probability that a nut selected at random goes into a
cookie containing exactly K nuts?

e The customers have been getting restless; so grandmother has

~instructed her inspectors to discard each cookie which contains
exactly zero nuts. Determine the mean and variance of the number
of nuts per cookie for the remaining cookies.

e

4.09 A woman is seated beside a conveyer belt, and her job is to remove
certain items from the belt. She has a narrow line of vision and can
get these items only when they are right in front of her.

She has noted that the probability that exactly k of her items
will arrive in a minute is given by

Kop—2
pr(ko) = 270—:',_- ke=0,1,2,8, ...

and she assumes that the arrivals of her items constitute a Poisson

process. '

a If she wishes to sneak out to have a beer but will not allow the
expected value of the number of items she misses to be greater than
5, how much time may she take?

b If she leaves for two minutes, what is the probability that she will
miss exactly two items the first minute and exactly one item the
second minute?

¢ If she leaves for two minutes, what is the probability that she will

T y  u aaaes
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miss a total of exactly three items?

d The union has installed a bell which rings once a minute with pre-
cisely one-minute intervals between gongs. If, between two suc-
cessive gongs, more than three items come along the belt, she will
handle only three of them properly and will destroy the rest. Under
this system, what is the probability that any particular item will be
destroyed? '

4.10 Arrivals of certain events at points in time are known to constitute

a Poisson progess, but it is not known which of two possible values of
\, the average-arrival rate, describes the process. Our a priori estimate
is that A = 2 or A = 4 with equal probability.

We observe the process for T units of time and observe exactly
K arrivals. (iven this information, determine the conditional proba-

bility that A = 2. Check to see whether or not your answer is reason-

able for some simple limiting values for K and T

4.11 TIndependent experimental values of a geometric random variable are

obtained, and we label these values Ky, Ko, K3, . . . . Random varia-
ble r; is defined by ‘
ri = E Kj 1= 1, 2, .

i=1

If we eliminate arrivals number ry, 2, 73, . . . in a Poisson process, do
the remaining arrivals constitute a Poisson process?

_ 4.12 . ,
1 A Cigars 8o Boxes of cigars >
x y

Al makes cigars, placing each cigar on a constant-velocity conveyer
belt as soon as it is finished. Bo packs the cigars into boxes of four
cigars each, placing each box back on the belt as soon as it is filled.
The time Al takes to construct any particular cigar is, believe it or
not, an independent exponential random variable with an expected
value of five minutes.

a Determine ®4(k,T), the probability that Al makes exactly k cigars
in T minutes. Determine the mean and variance of k as a function
of T. k=0,1,2,...; 0T < .

b Determine the probability density function f.(ro), where r is the inter-
arrival time (measured in minutes) between successive cigars at point
x

cigars back on the belt during an interval of T minutes.

¢ Determine ®z(r,T), the probability that Bo places exactly r boxes of .

e
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d Determine the probability density function f:(fo), where ¢ is the inter-
arrival time (measured in minutes) between successive boxes of
cigars at point y. , ,

e If we arrive at point y at a random instant, long after the process
began, determine the PDF f,(ro), where r is the duration of our wait
until we see a box of cigars at point y.

Dave is taking a multiple-choice exam. You may assume that the
number of questions is infinite. Stmultaneously, but independently, his
conscious and subconscious facilities are generating answers for him,
each in a Poisson manner. (His conscious and subconscious are always
working on different questions.)

Average rate at which conscious responses are generated
= )\, responses/min

Average rate at which subconscious responses are generated
= \, responses/min

Each conscious response is an independent Bernoulli trial with proba-
bility p. of being correct. Similarly, each subconscious response is an
independent Bernoulli trial with probability p, of being correct.

Dave responds only once to each question, and you can assume
that his time for recording these conscious and subconscious responses
is negligible. ‘

a Determine pi(ko), the probability mass function for the number of
conscious responses Dave makes in-an interval of T minutes.

b If we pick any question to which Dave has responded, what is the
probability that his answer to that question: '

i Represents a conscious response
ii Represents a conscious correct response

¢ If we pick an interval of 7' minutes, what is the probability that in
that interval Dave will make exactly R, conscious responses and
exactly So subconscious responses?

d Determine the s transform for the probability density function for
random variable z, where z is the time from the start of the exam
until Dave makes his first conscious response which is preceded by
at least one subconscious response.

e Determine the probability mass function for the total number of
responses up to and including his third conscious response.

f The papers are to be collected as soon as Dave has completed exactly
N responses. Determine:

i The expected number of questions he will answer correctly
ii The probability mass function for L, the number of questions he
answers correctly
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g Repeat part (f) for the case in which the exam papers are to be col-
lected at the end of a fixed interval of 7" minutes.

4.14 Determiné, in an efficient manner, the fourth moment of a continuous
random variable described by the probability density function

43:”026—43:0
pay={ 2z~ ™20
0 Lo < 0

4,15 The probability density function for L, the length of yarn purchased
by any particular customer, is given by

3T 2,~\L,
fL(Lo) — }__1:’_%‘3__.. Ly>0

A single dot is placed on the yarn at the mill. Determine the
expected value of 7, where r is the length of yarn purchased by that
customer whose purchase included the dot.

I ——————n

8.16 A communication channel fades (degrades beyond use) in a random
manner. The length of any fade is an exponential random variable
with expected value \=!. The duration of the interval between the end
of any fade and the start of the next fade is an Erlang random variable
with PDF

44 3o—pty

Alt) = K52 620

a If we observe the channel at a randomly selected instant, what is
the probability that it will be in a fade at that time? Would you
expect this answer to be equal to the fraction of all time for which the
channel is degraded beyond use?

b A device can be built to make the communication system continue to
operate during the first 7 units of time in any fade. The cost of the
device goes up rapidly with 7. What is the smallest value of T
which will reduce by 90% the amount of time the system is out of
service?

4.17 The random variable ¢ corresponds to the interarrival time between
consecutive events and is specified by the probability density function
filte) = 4t?e % te 20

Interarrival times are independent. _
a Determine the expected value of the interarrival time z between the
11th and 13th events.

O

—
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b Determine the probability density function for the interarrival time
y between the 12th and 16th events.

¢ If we arrive at the process at a random time, determine the proba-
bility density function for the total length of the interarrival gap
which we shall enter. "

d Determine the expected value and the variance of random variable
r, defined by r = z + y.

4,183 Bottles arrive at the Little Volcano Bottle Capper (LVBC) in a

Poisson manner, with an average arrival rate of A bottles per minute.

The LVBC works instantly, but we also know that it destroys any

bottles which arrive within 1/5\ minutes of the most recent successful

capping operation.

a A long time after the process began, what is the probability that a
randomly selected arriving bottle (marked at the bottle factory)
will be destroyed?

b What is the probability that neither the randomly selected bottle
nor any of the four bottles arriving immediately after it will be
destroyed?

4.19 In the diagram below, each —{}— represents a communication link. -

Under the present maintenance policy, link failures may be considered
independent events, and one can assume that, at any time, the proba-
bility that any link is working properly is p. :

a If we consider the system at a random time, what is the probability
that:
i A total of exactly two links are operating properly?
ii Link g and exactly one other link are operating properly?

b Given that exactly six links are not operating properly at a particular
time, what is the probability that A can communicate with B?

¢ Under a new maintenance policy, the system was put into operation
in perfect condition at t = 0, and the PDF for the time until failure
of any link is

feto) = de™ 4, >0
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Link failures are still independent, but no repairs are to be made
until the third failure occurs. At the time of this third failure, the
system is shut down, fully serviced, and then “restarted” in perfect

order. The down time for this service operationisa random variable
with probability density function

folo) = p2xoe™™ o 20

i What is the probability that link g will fail before the first service
operation?
ii Determine the probability density function for random variable
y, the time until the first link failure after ¢ = 0.
iii Determine the mean and variance and s transform for w, the
time from ¢ = 0 until the end of the first service operation.

4.20 The interarrival times (gaps) between the arrivals of successive

events at points in time are independent random variables with PDF,

A ¥ (] otherwise

a What fraction of time is spent in gaps longer than the average gap?
b If we come along at a random instant: after the process has been
proceeding for a long time, determine
i The probabiﬁty we shall see an arrival in the next (small) At
ii The PDF for [, the time we wait until the next arrival
¢ Find any fi(t)) for which, in the notation of this problem, there
would result E(l) > E(3).

4.21 Two types of tubes are processed by a certain machine. Arrivals of

type I tubes and of type II tubes form independent Poisson processes
with average arrival rates of Ay and Az tubes per hour, respectively.
The processing time required for any type I tube, x,, is an independent
random variable with PDF

1 fo<zs<1
fa(®) = { 0 . otherwise
The processing time required for any type/II tube, Z», is also a uniformly
distributed independent random variable
05 f0<Lz<2 '
fn(®) = {0 otherwise

The machine can process only one tube at a time. If any tube
arrives while the machine is occupied, the tube passes on to another

machine station.

T

HinHmny ’
T L T e L L T L L LT L R R R R e TR T e T T T




T —————m,nnnn

PROBLEMS 161

a Let y be the time between successive tube arrivals (regardless of
type and regardless of whether the machine is free). Determine
fu(yo), E(y), and o,”. ’

b Given that a tube arrives when the machine is free, what is the
probability that the tube is of type I? ‘

¢ Given that the machine starts to process a tube at time T, what is
the PDF for the time required to process the tube?

d If we inspect the machine at a random time and find it processmg a
tube, what is the probability that the tube we find in the machine is
type 1?

e Given that an idle period of the machine was exactly T hours long,
what is the probability that this particular idle period was terminated
by the arrival of a type I tube?

8.22 The first-order interarrival times for cars passing a checkpoint are

independent random variables with PDF

26'“2‘0 ta >0

ilto) = " 2o

where the interarrival times are measured in minutes. The successive
experimental values of the durations of these first-order interarrival
times are recorded on small computer cards. The recording operation
occupies a negligible time period following each arrival. Each card
has space for three entries. As soon as a card is filled, it is replaced by
the next card.

a Dectermine the mean and the third moment of the first-order inter-
arrival times.

b Given that no car has arrived in the last four minutes, determine the
PMY for random variable K, the number of cars to arrive in the next
six minutes.

¢ Determine the PDF, the expected value, and the s transform for the
total time required to use up the first dozen computer cards.

d Consider the following two experiments: _

i Pick a card at random from a group of completed cards and note
the total time, ¢, the card was in service. Find E(t;) and 0.2

ii Come to the corner at a random time. When the card in use at
the time of your arrival is completed, note the total time it was in
service (the time from the start of its service to its completion).
Call this time ;. Determine E(t;), and 0,2

e Given that the computer card presently in use contains exactly two
entries and also that it has been in service for exactly 0.5 minute,
determine and sketch the PDF for the remaining time until the card
is completed.
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The Bernoulli and Poisson processes are defined by probabilistic descrip-
tions of series of independent trials. The Markov process is one type
of characterization of a series of dependent trials.

We have emphasized the no-memory properties of the Bernoulli
and Poisson processes. Markov processes do have memory (events in
nonoverlapping intervals of time need not be independent), but the
dependence of future events on past events is of a particularly simple
nature. )
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5-1 Series of Dependent Trials for Discrete-state Processes

Consider a system which may be described at any time as being in one
of a set of mutually exclusive collectively exhaustive states S;, S,

.y Sm.  According to a set of probabilistic rules, the system may,
at certain discrete instants of time, undergo changes of state (or state
transitions). We number the particular instants of time at which
transitions may occur, and we refer to these instants as the first {rial,
the second trial, ete.

Let Si(n) be the event that the system is in state S; immediately
after the nth trial. The probability of this event may be written as
P{8Si(n)]. Each trial in the general process of the type (discrete state,
discrele transition) introduced in the above paragraph may be described
by transition probabilities of the form ‘

P[Si(n) | Sa(n — D)Sy(n — 2)Se(n — 3) . . . ]
1<j,a,b,¢,...,<m; n=1273, ...

These transition probabilities specify the probabilities associated with :
each trial, and they are conditional on the entire past history of the ;
process. The above quantity, for instance, is the conditional prob- ’
ability that the system will be in state S; immediately after the nth
trial, given that the previous state history of the process is specified by
the event S;(n — 1)Sy(n — 2)S,(n — 3) - -+ . !

We note some examples of series of dependent trials in discrete-
state discrete-transition processes. The states might be nonnegative
integers representing the number of people on a bus, and each bus stop
might be a probabilistic trial at which a change of state may occur.
Another example is a process in which one of several biased coins is
flipped for each trial and the selection of the coin for each trial depends
in some manner on the outcomes of the previous flips. The number of ]
items in a warehouse at the start of each day is one possible state
description of an inventory. For this process, the state transition due
to the total transactions on any day could be considered to be the
result of one of a continuing series of dependent trials.

5-2 Discrete-state Discrete-transition Markov Processes

If the transition probabilities for a series of dependent trials satisfy the

Markov condition:

PiS;(n) | Se(n — 1)Sp(n — 2)S,(n — 3) - - ]
= P[S;(n) { Se(n — 1)] foralln, j, a b, ¢, . . .

the system is said to be a discrete-state discrete-transition Markov process.
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If the state of the system immediately prior to the nth trial is known,
the Markov condition requires that the conditional transition prob-
abilities describing the nth trial do not depend on any additional past
history of the process. The present state of the system specifies all
historical information relevant to the future behavior of a Markoy
process. .

We shall not consider processes for which the conditional transi-
tion probabilities

P[Si(n) [ 8i(n — 1)]

depend on the number of the trial. Thus we may define the state transi-
tion probabilities for a discrete-transition Markov process to be

P = PlS;(n) | Si(n — 1)) 154,57 <m; py independent of »

Quantity p,; is the conditional probability that the system will be in
state S; immediately after the next trial, given that the present state
of the process is S;.. We always have 0 < p;; < 1, and, because the
list of states must be mutually exclusive and collectively exhaustive,
it must also be true that |

Yoi=1 fori=1,23 ... m
j .
It is often convenient to display these transition probabilities as

members of an m X m transition matriz [p], for which p;, is the entry
in the 7th row and jth column '

Pu P2 - - DPim
fp} - P2 P2 - - - Pom
Pmi Pme - - Pmm

We also define the k-step state transition prob- ety pii(k),

conditional probability that proc-
ess will be in state S; after exactly

pis(k) = k more trials, given that present | ~ PIS, 0t + k) | Sim)
state of process is S; :
o<1 i=g 1) = o
ZORS P pD) = ,

Consider any integer /, subject to 0 <1< k. We may always write
P(k) = PlSi(n + 1) | Siti)] = 3 PISi(n + B)Su(n + & — 1) | Si(m)]
z=1

-which simply notes that the process had to be in some state immediately
after the (n + & — l)th trial. From the definition of conditional prob-
ability we have '
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P[Si(n + £)S.(n + k — 1) | Si(n)] }
= P[S.(n + k — 1) | Si(n)] - P[S;(n + k) | So(n + k& — DS:(n)] |

For a discrete-state discrete-transition Markov process we may use the
Markov condition on the right-hand side of this equation to obtain
P[Si(n + k) | S:(n + k& — )S:(m)] = PISi(n + k) | Sz(n + k — )]
P[Si(n + £)Sa(n + k& — 1) | Si(n)] = piz(k — Dpz()

which may be substituted in the above equation for p;;(k) to obtain the
result

. .
pi(k) = E piz(k — Dp=i(D)
z=1
k=1,2,3 ...; 0I<Fk; 1L4j<m

This relation is a simple case of the Chapman-Kolmogorov equation, and
it may be used as an alternative definition for the discrete-state
discrete-transition Markov process with constant transition proba-
bilities. This equation need not apply to the more general process
described in Sec. 5-1.

Note that the above relation, with [ = 1, 1

pii(k) = i Pk — Dps

z=1

R ——

-

provides a means of calculation of the k-step transition probabilities
which is more efficient than preparing a probability tree for %k trials
and then collecting the probabilities of the appropriate events (see
Prob. 5.02). ‘

We consider one example. Suppose that a series of dependent-
coin flips can be described by a model which assigns to any trial con-
ditional probabilities which depend only on the outcome of the previous
trial. In particular, we are told that any flip immediately following an
experimental outcome of a head has probability 0.75 of also resulting 1
in a head and that any flip immediately following a tail is a fair toss.
Using the most recent outcome as the state description, we have the
two-state Markov process

R

S,: heads 075 025 0.25
(p) = ' -90@-
S,: tails 050 050 0.75 050 - 0.50

In the state-transition diagram shown above, we have made a picture of
the process in which the states are circles and the trial transition
probabilities are labeled on the appropriate arrowed branches.
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We may use the relation

Pulk) = ¥ puth — Dy,

=1 .

first for &k = 2, then for k = 3, etc., to compute the following table (in
which we round off to three significant figures):

k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8

pu(k) 0.750 0.688 0.672 0.668 0.667 0.667 0.667 0.667
pua(k) = 0.250 0.312 0.328 0.332 0.333 0.333 0.333 0.333
pxu(k) 0.500 0.625 0.656 0.664 0.666 O. 667 0.667 0.667
paa(k) 0.500 0.375 0.344 0.336 0.334 0 .333 0.333 0.333

Our table informs us, for instance, that, given the process is in state
Sy at any time, the conditional probability that the process will be in
state S, exactly three trials later is equal to 0.328. In this example
it appears that the k-step transition probabilities p;;(k) reach a limiting
value as k increases and that these limiting values do not depend on ;.
We shall study this important property of some Markov processes in
the next few sections. ‘ ’

If the probabilities describing each trial had depended on the
results of the previous C flips, the resulting sequence of dependent trials
could still be represented as a Markov process. However, the state
description might require as many as 2¢ states (for an example, see
Prob. 5.01).

It need not be obvious whether or not a particular physical
system can be modeled accurately by a Markoy process with a finite
number of states. Often this turns out to depend on how resourceful
we are in suggesting an appropriate state description for the physical
system. ‘

5-3 State Classification and the Concept of Limiting-state Probabilities

We-observed one interesting result from the dependent coin-flip example
near the end of Sec. 5-2. Ask — o , the k-step state transition prob-
abilities p;;(k) appear to depend neither on % nor on 7.

If we let P[S;(0)] be the probability that the process is in state
8S; just before the first trial, we may use the definition of pi;(k) to write

PIS,(0)] = 3 PIS:(0)]p (k)
t=1

The quantities P[S:(0)] are known as the wnitial conditions for the
process. If it is the case that, as k — ®, the quantity p,;(k) depends
neither on £ nor on 7, then we would conclude from the above equation
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that P[S;(k)] approaches a constant as k — « and this constant is
independent of the initial conditions. ‘
Many (but not all) Markov processes do in fact exhibit this
behavior. For processes for which the limiting-state probabilities
klim PIS;k) =P =12, ...,m
exist and are independent of the initial conditions, many significant
questions may be answered with remarkable ease. A correct discussion
of this matter requires several definitions. '
State S; is called transient if there exists a state S; and an integer
! such that p;() # 0 and p;(k) =0 for k=0,1,2 .... This
simply states that S; is a transient state if there exists any state to
which the system (in some number of trials) can get to from S; but
from which it can never return to S;. For a Markov process with a
finite number of states, we might expect that, after very many trials,
the probability that the process is in any transient state approaches
zero, no matter what the initial state of the process may have been.
As an example, consider the process shown below,

for which we have indicated branches for all state transitions which are
to have nonzero transition probabilities. States S, and S; are the only
states which the process can leave in some manner such that it may
never return to them; so S and S; are the only transient states in this
example. :
State S; is called recurrent if, for every state S;, the existence of
an integer r; such that pi(r;) > 0 implies the existence of an integer r;
such that p;(r:) > 0. From this definition we note that, no matter
what state history may occur, once the process enters a recurrent state
it will always be possible, in some number of transitions, to return to
that state. Every state must be either recurrent or transient. In the
above example, states S, Ss, S, and S, are recurrent states.

The fact that each of two states is recurrent does not necessarily
require that the process can ever get from one of these states to the
other. One example of two recurrent states with pi(k) = px(k) = 0

e
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for all k is found by considering the pair of states S, and S; in the above
diagram., ‘ .
) Recurrent state S; is called periodic if there exists an integer d,
~ with d > 1, such that pu(k) is equal to zero for all values of k other
thand, 2d, 3d, . . . . In our example above, recurrent states S; and
Ss are the only periodic states. (For our purposes, there is no reason
to be concerned with periodicity for transient states.)

A set W of recurrent states forms one class (or a single chain) if,
for every pair of recurrent statesS; and S; of W, there exists an integer
r; such that py;(ry;) > 0. Each such set W includes all its possible
members. The members of a class of recurrent states satisfy the con-
dition that it is possible for the system (eventually) to get from any
member state of the class to any other member state. In our example,
there are two single chains of recurrent states. One chain is composed
of states S, and S, and the other chain includes S; and Ss. Note that
the definition of a single chain is concerned only with the properties of
the recurrent states of a Markov process. ,

After informally restating these four definitions. for m-state
Markov processes (m < ), we indicate why they are of interest.

—
———n
===

TRANSIENT STATE S;: From at least one state which may be reached
eventually from S;, system can never return to S..
RECURRENT STATE S;: From every state which may be reached even-
tually from S;, system can eventually return

to S,'.
PERIODIC STATE S;: A recurrent state for which p;;(k) may be non-
zero only for k = d, 2d, 3d, . . . , with d an

integer greater than unity.

SINGLE CHAIN W: A set of recurrent states with the property that
the system can eventually get from any member
state to any other state which is also a member
of the chain. All possible members of each
such chain are included in the chain.

I

For a Markov process with a finite number of states whose recur-
rent states form a single chain and which contains no periodic states, we
might expect that the k-step transition probabilities p;;(k) become inde-
pendent of 7 and k as k approaches infinity. We might argue that such
a process has “limited memory.” Although successive trials are
strongly dependent, it is hard to see how P[S:(k)] should be strongly
influenced by either k or the initial state after a large number of trials.
In any case, it should be clear that, for either of the following processes,
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(%) (%)

we would certainly not expect any p;(k) to become independent of %
and k as k gets very large.

We speculated that, for a Markov process with a finite number of
states, whose recurrent states form a single chain, and which contains
no periodic states, we might expect that

lim p;(k) = P; }: p=1
k= 0 j= 1
where P; depends neitheron knorons. In fact this result is established

by a simplified form of the ergodic theorem, which we shall state without
proof in the following section. The P/’s, known as the lzmiting-stale

probabilities, represent the probabilities that a single-chain process with

no periodic states will be in state S; after very many trials, no matter
what the initial conditions may have been.

Since our example of the dependent coin flips in the previous
section satisfies these restrictions, the ergodic theorem states, for exam-
ple, that quantity P[Si(n)] = Prob(heads on nth toss) will approach
a constant as n — o and that this constant will not depend on the
initial state of the process.

5-4 The Ergodic Theorem

In this section we shall present and discuss a formal statement of a
simple form of the ergodic theorem for a discrete-state discrete-transi-
tion Markov process. The ergodic theorem is as follows:

Let M be the matriz of: k-step transition probabilities of a Markov
process with a finite number of states Sy, Ss, . . . ,Sm If there exists an
integer k such that the terms pi;(k) of the matrix M, satisfy the relation

1<i<m

for at least one column of My, then the equalities

lim py(n) =P; j=12,...,m i1=1,2,...,m; ZP,=1

n-— © i

are salisfied.

S

—
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The restriction

min p;k) =86 >0

1<i<m

for at least one column of M, simply requires that there be at least one
state S; and some number k such that it be possible to get to S; from
every state in exactly & transitions. This requirement happens to
correspond to the conditions that the recurrent states of the system
form a single chain and that there be no periodic states..

When the above restriction on the p;;(k) is satisfied for some
value of k, the ergodic theorem states that, asn — o, the n-step transi-
tion probabilities p;;(n) approach the limiting, or ‘“steady-state,” prob-
abilities P;. A formal test of whether this restriction does in fact hold
for a given process requires certain matrix operations not appropriate
to the mathematical background assumed for our discussions. - We shall
work with the “single chain, finite number of states, and no periodic
states” restriction as being equivalent to the restriction in the ergodic
theorem. (The single-chain and no-periodic-states restrictions are
necessary conditions for the ergodic theorem; the finite-number-of-
states restriction is not a necessary condition.) For the representative
Markov systems to be considered in this book, we may test for these
properties by direct observation.

5-5 The Analysis of Discrete-state Discrete-transition Markov Processes

We begin this section with a review of some of the things we already
know about discrete-state discrete-transition Markov processes. We
then write the general difference equations which describe the behavior
of the state probabilities, the P[S;(n)]’s, as the process operates over a
number of trials. For processes to which the ergodic theorem applies,
we also consider the solution of these difference equations as n — o to
obtain the limiting-state probabilities. . Finally, we note how our
results simplify for the important class of Markov processes known as
birth-and-death processes.

As we did at the beginning of our study of the Poisson process
in Chap. 4, let us make use of an efficient but somewhat improper
notation to suit our purposes. We define

P;(n) = P[S;(n)] = probability process is in state S; immediately after
nth trial

From the definition of p;(n) we may write
Pn) = S POpstn) N Pm)=1 forn=01,2 ...
i X J. i

where the P:(0)’s, the initial conditions, represent the probabilities of
the process being in its various states prior to the first trial. Because
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of the Markov condition, we also have

ps(n) = Y palp(n =1 1=0,1,2,...,7
k

and when the ergodic theorem applies, we know that

lim Pi(n) =P; j=1,2,...,m

n—r

and these limits do not depend on the initial conditions.
One expresses his “state of knowledge” about the state of a
Markov process at any time by specifying the probability state vector

(P(n) ;= Pi(n) Ps(n) - - Pn(n),

Now we shall write the describing equations for the state proba-
bilities of a Markov process as it continues to undergo trials. There
are efficient transform and flow-graph techniques for the general solu-
tion of these equations. Here we shall develop only the describing
equations and consider their solution as n goes to infinity. Even this
limited tour will prepare us to study many important practical systems.

The equations of interest will relate the Pi(n + 1)’s to the state

probabilities one trial earlier, the Pi(n)'s. Each of the first m — 1

following relations sums the probabilities of the mutually exclusive

" and collectively exhaustive ways the event S;(n -+ 1) can oceur, In

terms of the state probabilities immediately after the nth trial. We
start with the appropriate event space,

Py Si(n+1) v

A

=2 1S;(n+1))" e

1

'pz/js,-(nﬂ) « v
\

1<
2 [Sj(n+1)]’0

)/ \

p/j Sj(n+1) ¢ v
$,(n)
I\AISj(n-H)]'o




v ZRGRL TR LR
Pm-—l(n -+ 1) = P1<n)p1(m_1) + Pg(’n)pz(m,.l) + - - + Pm(n)pm(m—l) .
1=Pn+1) +Pfn+1) + .- - +Ppin+1)

mth eq.:

0 = Pi(pu — 1) + Papn + -+ Pupm
m—tlegs: {07 PP FPalpn Z D A P

0= Ppim-y + Pprm + ' + PuPnin-y
mth eq. '

DISCRETE-TRANSITION MARKOV PROCESSES 173

We collect the probabilities of the events Sj(n 4+ 1) for j = 1 (first
equation), for j = 2 (second equation), etc., up through j = m — 1.
Thus, for any discrete-state discrete-transition Markov process

_——
===
—_——
==

Pin +1) = Pyn)pu + Pyn)par 4+ - - - 4+ Pu(n)pm

=
=
=

where the mth equation states the dependence of the P;(n 4 1)’s.
Given a set of initial conditions P,(0), P:(0), . . . , Px(0), these
cquations may be solved iteratively for n = 0, 1, 2, ete., to determine
the state probabilities as a function of n. More advanced methods
which allow one to obtain the probability state vector | P(n), in closed
form will not be considered here.

TFor the remainder of this section, we consider only processes
with no periodic states and whose recurrent states form a single chain.
The crgodic theorem applies to such processes; so we may let
Iim Pi(n 4+ 1) = lim P;(n) = P;

n—r o n—

and, rewriting the above equations for the limit as n — o, we have

: 1=P1+P2+"'+Pm

_——
Py

The solution to these m simultaneous equations determines the limiting-
state probabilities for those processes which meet the restrictions for
the ergodic theorem. Examples of the use of our two sets of simul-
taneous equations are given in the following section. (By writing the
mth equation in the form used above, we avoid certain problems with
this set of simultaneous equations.)

Happily, there is a special and very practical type of Markov
process for which the equations for the limiting-state probabilities may
be solved on sight. We further limit our discussion of single-chain
processes with no periodicities to the case of birth-and-death processes.
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A discrete-state discrete-transition birth-and-death process is a
Markov process whose transition probabilities obey

pi=0 ifjsEi—1, 4 i+1

and for these processes it is advantageous to adopt the birth-and-death
notation ' '

Pi¢i+1) = b; Diti—-1n = d;

One example of a birth-and-death process is

1-b,—d, 1-b,~d, 1-d,

dl d2 d3
[1-b, by 0 0 ]
d, 1-b~-d; b 0
(p] =
0 d, 1-b,~d;, b,
0 0 d, 1-d,

Many practical instances of this type of process are mentioned in the
problems at the cnd of this chapter. Note that our definition of the
birth-and-death process (and the method of solution for the limiting-
state probabilities to follow) does not include the process pictured
below:

For the given assignment of state
labels, this process will violate
the definition of the birth and
death process if either pi1s or P
is nonzero

Wo shall now demonstrate one argument for obtaining the

T
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limiting-state probabilities for a single-chain birth-and-death process.
We begin by choosing any particular state Sk and noting that, at any
time in the history of a birth-and-death process, the total number of
Sk — Sk.1 transitions made so far must either be one less than, equal
to, or one greater than the total number of Sgy1 — Sk transitions made
so far. (Try to trace out a possible state history which violates this
rule.) -

Consider the experiment which results if we approach a birth-
and-death process after it has undergone a great many transitions and
our state of knowledge about the process is given by the limiting-state
probabilities. The probability that the first trial after we arrive will
result in an Sg — Sk transition is Pgbg; the probability that it will
result in an Sg,; — Sk transition is Pgyy dg1.

Since, over a long period of time, the fractions of all trials which
have these two outcomes must be equal and we are simply picking a
trial at random, we must have (for a single-chain birth-and-death
process with no periodic states)

Pxbx = Pgi1drqs

and thus the limiting-state probabilities may be obtained by finding
all P/s in terms of P, from
Pp;

Py = dint
&3

i=01,2, ..

and then solving for Po by using ¥ P; = 1

Another way to derive this result would be to notice that, for a
birth-and-death process, many of the coefficients in the.simultaneous
equations for the P,'s for the more general single-chain Markov process
are equal to zero. The resulting equations may easily be solved by
direct substitution to obtain the solution stated above.

The first paragraph of this section may now serve as a road map
for the above work. Several examples are discussed and solved in
the following section. '

§5-6 Examples Involving Discrete-transition Markov Processes

example 1 Experience has shown that the general mood of Herman may be
realistically modeled as a three-state Markov process with the mutually
exclusive collectively exhaustive states

S1: Cheerful S2: So-80 S;: Glum

His mood can change only overnight, and the following transition
probabilities apply to each night’s trial:
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wown QSO B

0.6 04 0.7

a We are given | P(0) , = | P:(0) P»(0) P40),=,0 1 0, and we

We are told that Herman’s mood today is so-so.

(a) Determine the components of the probability state vector, the
Pi(n)’s, for Herman’s mood for the next few days. ,

(b) Determine this probability state vector for a day a few months b
hence. Is the answer dependent on the initial conditions? »

(c) Determine the PMF for the number of trials until Herman’s mood ;
undergoes its first change of state. ]

(d) What is the probability that Herman will become glum before he i
becomes cheerful?

may use the original set of difference equations for the P;(n + 1)’s,

Pi(n + 1) = Y Pin)p;  forj=1,2,...,m -1

JZ_Pf(n+1)x1 |

first with n = 0, then with n = 1, ete. For instance, withn = 0 we

find
P,(1) = 2 P.0)p = (0)(0.8) + (1)(0.3) + (0)(0.0) = 0.3

Py(1) = 2 P:(0)p:» = (0)(0.2) + (1)(0.4) + (0)(0.3) = 0.4

1 =Y P(1) =03 + 0.4 + P,(1) s Py(1) =03
J

And thus we have obtained

Further iterations using the difference equations allow us to generate
the following table:

n=0 n=1 n=2 n=3 n=4 n=25 n =26
Pi(r) 0.000 0.300 0.300 0.273 0.254 0.243 0.237
P,(n) 1.000 0.400 0.310 O .301  0.303 0.305 0.306
Ps(n) 0.000 0.300 0.390 0.426 O. 443 0.452 0.457
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All entries have been rounded off to three significant figures. The
difference equations apply to any discrete-state discrete-transition
Markov process.

Since our Markov model for this process has no periodic states and its
© recurrent states form a single chain, the limiting-state probabilities
are independent of the initial conditions. (The limiting-state proba-
bilities would depend on the initial conditions if, for instance, we had
P12 = Pa2.= P1s = psy = 0.) We shall assume that the limiting-state
probabilities are excellent approximations to what we would get by
carrying out the above table for about 60 more trials (two months).
Thus we wish to solve the simultaneous equations for the limiting-state
probabilities,

O::EP,‘pij"‘Pj j=12 ...,m—1
1=3P;
7

which, for our example, are

0 = P1(0.6 — 1.0) + P»(0.3) + P4(0.0)
0=P02)  + P04 — 1.0) + P30.3)
1 =P+ P+ Py |

which may be solved to obtain

Py = 3/13 =~ 0.231 Py = 4/13 =~ 0.308 P; = 6/13 = 0.461

These values seem consistent with the behavior displayed in the above
table. The probability that Herman will be in a glum mood 60 days
hence is very close to 6/13. In fact, for this example, the limiting-
. state probabilities are excellent approximations to the actual-state
probabilities 10 or so days hence. Note also that this is nof a birth-
and-death process (p;s # 0) and, therefore, we may not use the more
rapid method of solution for the P;'s which applies only to birth-and-
death processes. '

Given that Herman is still in state S,, the conditional probability that
‘he will undergo a change of state (of mind) at the next transition is
given by 1 — pss. Thus the PMF for [, the number of (Bernoulli)
trials up to and including his first change of mood, is the geometric
PMF with parameter P equal to 1 — pa,.

pl(lﬂ) = (1 - pﬂ)pi’zza*l = (0°6)(O'4)l°-1 lO = 1) 2) 3’ LI

We would obtain a similar result for the conditional PMF for the
number of trials up to and including the next actual change of state for
any discrete-transition Markov process, given the present state of the
process. For this reason, one may say that such a process is charac-
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terized by geometric holding times. A similar phenomenon will be dis-
cussed in the introduction to the next section.

d Given that Herman’s mood is so-so, the following event space describes
any trial while he is in this state:

e A transition does occur and he becomes cheerful

97_\
Py " ,
@ No transition results from the trial
y) .
23 @ A transition does occur and he becomes glum

Thus we may calculate that the conditional probability he becomes
glum given that a transition does occur is equal t0 pas/(Par + P2s)-
This is, of course, equal to the probability that he becomes glum before
he becomes cheerful, and its numerical value is 0.3/(0.3 + 0.3) = 0.5.

example 2 Roger Yogi Mantle, an exceptional baseball player who tends to
have streaks, hit a home run during the first game of this season. The
conditional probability that he will hit at least one homer in a game is
0.4 if he hit at least one homer in the previous game, but it is only 0.2
if he didn’t hit any homers in the previous game. We assume this is a
complete statement of the dependence. Numerical answers are to be
correct within +2%.
(a) What is the probability that Roger hit at least one home run during
the third game of this season? ‘
(b) If we are told that he hit a homer during the third game, what is
the probability that he hit at least one during the second game?
(¢) If we are told that he hit a homer during the ninth game, what is
the probability that he hit at least one during the tenth game?
(d) What is the probability that he will get at least one home run during
the 150th game of this season? :
(e) What is the probability that he will get home runs during both the
150th and 151st games of this season? v
(f) What is the probability that he will get home runs during both the
3d and 150th games of this season?
(g) What is the probability that he will get home runs during both the
75th ‘and 150th games of this season?
This situation may be formulated as a two-state Markov process.
" A game is type H if Roger hits at least one homer during the game;
otherwise it is type N. For our model, we shall consider the trials to
occur between games.

04 0.2 08
06

v
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For this example we shall not go to an S; description for each state, but
we shall work directly with H and N, using the notation

P(H,) = probability Roger is in state H during nth game

P(N,) = probability Roger is in state N during nth game

We are given the initial condition P(H;) = 1. We also note that this
is a single-chain process with no periodic states, and it also happens to
be a birth-and-death process.

a We wish to determine P(H3;). One method would be to use the sequen-
“ tial sample space

P(e)  H,
*HE, U 0.16 v
H2
/ \N o 024
\ e 012 v

/
kzv e 048

to find P(H;) = 0.16 + 0.12 = 0.28. Since the conditional branch

traversal probabilities for the tree of a Markov process depend only on

the most recent node, it is usually more efficient to solve for such state

probabilities as a function of n from the difference equations, which, for
“this example, are

P(Hny) = 04P(H,) + 0.2P(N,)
1 = P(Hny1) + P(Nay1)

and which lead, of course, to the same result.
b The desired condltxonal probabxhty is easily calculated from the above
sequential sample space,

P(H:H;) _ 0.16 _ 4
P(Hy 028 7

We have chosen to write P(H; | H;) rather than P(H, | H;H,) because
the event H, is given as part of the overall problem statement.

¢ The conditional probability that Roger hits at least one homer in the
10th game, given he hit at least one in the 9th game (and given no
information about later games), is simply px#, which is ngen to be 0.4
in the problem statement. *

d If we carry out a few iterations using the difference equations given
after the solution to part (a) we find, working to three significant figures,

n=12 ..

P(H,| Hj) =
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n=1 n=2 n=3 n=4 n=8 n=6 n=7 n=28

P(H.,) 1.000 0.400 0.280 0.256 0.251 0.250 0.250 0.250
P(Na) 0.000 0.600 0.720 0.744 0.749 0.750 0.750 0.750

Thus it is conservative to state that, for all practical purposes, his
performances in games separated by more than 10 games may be con-
sidered independent events. P(Hiso) is just the limiting-state proba-
bility Py, which, taking advantage of our method for birth-and-death
processes, is determined by ‘

0.6Py = 0.2Py Py+ Pyv=10

resulting in Py = 0.25, which checks with the result obtained by
iteration above.

The desired quantity is simply Puprn = £ 1o = 0.1. Note that the
strong dependence of results in successive or nearly successive games
must always be considered and that the required answer is certainly
not P HZ.

P(H:H1s0) = P(H)P(Hys0 | Hs) = P(Hy)Py = (0.28)(}) = 0.07
Roger’s performances on games this far apart may be considered inde-
pendent events, and we have '

P(H75H150) = P(H':s)P(Hmo ‘ Hvs) ~ Pp? = 1/16

* The reader is reminded that these have been two elementary
problems, intended to further our understanding of results obtained
earlier in this chapter. Some more challenging examples will be found
at the end of the chapter.

Some questions concerned with random incidence (Sec. 4-11) for
a Markov process, a situation which did not arise here, will be intro-
duced in the examples in Sec. 5-8.

5.7 Discrete-state Continuous-transition Markov Processes

Again we are concerned with a system which may be described at any
time as being in one of a set of mutually exclusive collectively exhaustive
discrete states Si, S 83 . . ., S,.. For a continuous-transition
process, the probabilistic rules which describe the transition behavior
allow changes of state to occur at any instants on a continuous time
axis. If an observer knows the present state of any Markov process,
any other information about the past state history of the process is
irrelevant to his probabilistic description of the future behavior of the
process.

In this section, we consider Markov processes for which, given
that the present state is S;, the conditional probability that an S; — S;

R e A OO iy i gt
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transition will occur in the next At is given by A; At (for j 5 ¢ and
suitably small Af). Thus, each incremental At represents a trial whose
outcome may result in a change of state, and the transition probabilities
which describe these trials depend only on the present state of the
system. We shall not allow \; to be a function of time,; this restriction
corresponds to our not allowing p;; to depend on the number of the trial
in our discussion of the discrete-transition Markov process.

We begin our study of these discrete-state continuous-transition
Markov processes by noting some consequences of the above descrip-
tion of the state transition behavior and by making some comparisons
with discrete-transition processes. (All the following statements need
hold only for suitably small At.)

The conditional probability that no change of state will occur
in the next A¢, given that the process is at present in state S, is

Prob(no change of state in next At, given present state is S;)

=1— Y XAt

i

Although p; was a meaningful parameter for the discrete-transition
process, a quantity A has no similar interpretation in the continuous-
transition process. This is one reason why our equations for the state
probabilities as a function of time will be somewhat different in form
from those describing the state probabilities for the discrete-transition
process. (For reasons outside the scope of this text, it is preferable
that we let \;; remain undefined rather than define A; to be equal to
zero.) , _
Given that the system is at present in state S;, the probability of
leaving this state in the next At, no matter how long the system has
already been in state S;, is equal to

2 Ay At
i

and, from our earlier study of the Poisson process, we realize that the
remaining time until the next departure from the present state is an
exponentially distributed random variable with expected value
(2 2
i |
For this reason, the type of continuous process we have described is
said to have exponential holding tvmes. Surprisingly general physical
systems, many of which do not have exponential holding times, may be
modeled realistically by the resourceful use of such a Markov model.
For the continuous-transition process, we shall again define a
transient state S; to be one from which it is possible for the process
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eventually to get to some other state from which it can never return to
S:. A recurrent state S; is one to which the system can return from
any state which can eventually be reached from S;. No concept of
periodicity is required, and a single class (or chain) of recurrent states
again includes all its possible members and has the property that it is
possible eventually to get from any state which is a member of the class
to any other member state.

A useful compact notation, similar to that used in Sec. 5-5, is
P;(t) = P[S;(t)] = probability process is in state S; at time ¢t. P;(f)
must have the properties

0<P(t) <1 ZPf(t)‘—‘l

We would expect, at least for a process with a finite number of
states, that the probability of the process being in a transient state
goes to zero as t — . For a recurrent state S; in a single chain with

a finite number of states we might expect

if S; is a recurrent state in a single-chain process

/0 Pit) dt = o with a finite number of states

since we expect P;(t) to approach a nonzero limit as { — .

We shall now develop the equations which describe the behavior
of the state probabilities, the P;(t)’s, as the process operates over time
for any m-state continuous-transition Markov process with exponential
holding times. The formulation is very similar to that used earlier for
discrete-transition Markov processes. We shall write m — 1 incre-
mental relations relating P;(t + At) to the P;(t)’s, forj =1,2, . . .,
m — 1. Our mth equation will be the constraint that 2 Pi(t + At) = 1.

J
To express each P;(t + Af), we sum the probabilities of all the
mutually exclusive ways that the process could come to be in state S;
at { 4 Af, in terms of the state probabilities at time ¢,

m — 1 egs.:
Pit+ 4t =Put) (1= ) MyAL). + 3, Pt At
i1 %1
Pyt + A = Pa(t) (1 — Y Ny At) + Y PN At
Jiz %2

Pps(t+40) = Poa(®) (L= Y, Mo-niBt) + 3 Pi(ONen—v Al
J'?éri-‘l 1'96771»-1

mth eq.: 1= E P;(t + At)
J

On the right-hand side of the 7th of the first m — 1 equations,
the first term is the probability of the process being in state S; at time
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¢ and not undergoing a change of state in the next Af. The second term
is the probability that the process entered state S; from some other
state during the incremental interval between ¢ and ¢ + At. We can
simplify these equations by multiplying, collecting terms, dividing
through by At, and taking the limit as At — 0 to obtain, for any dis-
crete-state continuous-transition Markov process with exponential
holding times

—_———
—_—
e
e
—_——m
S
==

dP(t ' ’
dlt() = ; Pj(t)lei — Py(®) JZ i
i 71

dPy(t) ==
m—1legs.:{ gz = ,2 FiOs - PO ; M =
it 792 =
dP,_.(t ' =
h_ml_(_) = ; Pi(O)Njtm—1y — Pm_n(2) ; Am-; =
id—1 j#Em—1 ==
mth eq.: 1= ZP (t) =
j e

second term). The solution of the above set of simultaneous differ-
ential equations, subject to a given set of initial conditions, would
provide the state probabilities, the Pi(t)’s, fori =1,2, ..., mand
t 2 0. Effective flow-graph and transform techniques for the solution
of these equations exist but are outside the scope of our discussion.
For some simple cases, as in Example 1 in Sec. 5-8, the direct solution
of these equations presents no difficulties.

For the remainder of this section we limit our discussion to
‘processes whose recurrent states form a single chain. We might expect
for such processes that the effects of the initial conditions vanish as
t— o and that Pi(¢ + Af) — Py(t) (or d———-—%t(t) — 0) as {— o, We
define the limiting-state (or steady-state) probabilities by

t—
And we comment without proof that a suitable ergodic theorem does
exist to establish the validity of the above speculations.

To obtain the equations for the limiting-state probabilities, we
need only rewrite the simultaneous differential equations for the limit-
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ing case of {— «. There results

I

I

e

0= E Py - Py 2 Ayj If the process has been in
il i operation for a long time, ==
0 = E P ~p, 2 A thlS. term, mulm‘p‘hed by
i 7 At, is the probability that
3#2 %2

-----

0= E P\jom—1) — Pma z Nm—1y5 operation for a long time,
L 1 this term, multiplied by

1= E P; to enter another state.

the process will enter S,
from elsewhere in a ran-
............. domly selected At.

If the process has been in

At, is the probability that,
in a randomly selected At
the process will leave S

I

Thus, for any Markov process with exponential holding times whose
recurrent states form a single chain, we may obtain the limiting-state
probabilities by solving these m simultaneous equations.

Again, there exists the important case of birth-and-death proc-
esses for which the equations for the limiting-state probabilities are
solved with particular ease.

A continuous birth-and-death process is a discrete-state con-
tinuous-transition Markov process which obeys the constraint ‘

Ny =0  ifjHEi—1, i+1

(Recall that A\ has not been defined for continuous-transition proc-
esses.) The parameters of the process may be written in a birth-and-
death notation and interpreted as follows

Ny = by = average birth rate when process is in state S;

N1y = di = average death rate when process is in state S;

Either by direct substitution into the simultaneous equations or by
arguing that, when a birth-and-death process is in the steady state
(i.e., the limiting-state probabilities apply), the process must be as
likely, in any randomly selected At, to undergo an S; — Si+1 transition
as to undergo the corresponding S:y1 — S; transition, we obtain
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Pb; = Pipdigr "

Thus, for a continuous birth-and-death process, the limiting-state proba~
bilities are found from the simple relations

P,'.H bl and' EP =1

dz+ 1

Several examples with solutions are presented in Sec 5-8. A
wider range of applications is indicated by the set of problems at the
end of this chapter. Example 2 in Sec. 5-8 introduces some elementary
topics from the theory of queues.

5.8 Examples Involving Continuous-transition Processes

example 1 A young brown-and-white rabbit, named Peter, is hopping about
his newly leased two-room apartment. From all available information,
we conclude that with probability ® he wasinroom 1 at¢ = 0. When-
ever Peter is'in room 1, the probability that he will enter room 2 in the
next At is known to be equal to A\;2 Af. At any time when he is in room
2, the probability that he will enter room 1 in the next At is Ay AL It
is a bright, sunny day, the wind is 12 mph from the northwest (indoors!),
and the inside temperature is 70°F.
(a) Determine P,(t), the probability that Peter is in room 1 as a fune-
tion of time for ¢ > 0.
(b) If we arrive at a random time with the process in the steady state:
(i) What is the probability the first transition we see wxll be
Peter entering room 2 from room 1?
(ii)) What is the probability of a transition occurring in the first
At after we arrive?
(ili) Determine the PDT f.(x¢), where z is defined to be the waiting
time from our arrival until Peter’s next change of room.
(iv) If we observe no transition during the first T units of time
after we arrive, what is then the conditional probablhty that
Peter is in room 17
Let state S, represent the event “Peter is in room n.””  We have
a two-state Markov process with exponential holding times. We sketch
a transition diagram of the process, labeling the branches with the con-
ditional-transition probabilities for trials in an incremental interval At.

1=\, At hpat 1-X,,4t
CE . >ED
Ay At

a It happens that, in this example, the recurrent states form a single
chain. However, since we shall solve the general differential equations,
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we are not taking any steps which require this condition.

m — 1 egs.: Pa(t + Af) = Pi@®)(1 — M2 A) + Pa(Dha A

mth eq.: 1 = Pi(t) + Pa(t)

and we have the’ initial conditions ‘P(O) = 1?1(0) Pzg) =@ 1—0C.

nd

After collecting terms, dividing both sides of the first equation by Af,
taking the limit as At— 0, and substituting the second equation into
the first equation, we have

dl:llt(t) + (a1 + M)Pi®) =M Py(0) = €@

which is a first-order linear differential equation which has the complete
solution '

)\21 )\21 .
P t — (? — e "'0‘]2"‘)21)3 — t > 0
1(0) ( Ao+ Mz) ¢ + A1z + Aa -

(For readers unfamiliar with how such an equationissolved, thisknowl-
edge is not requisite for any other work in this book.) We sketch

P,(¢) for a case where @ is greater than .
Az + Az

B (t)

Does this steady state solution
seem reasonable? Test

it for the cases A2 =Mz,
M2 >> Ny and Ay << Ay

Since we do happen to be dealing with a birth-and-death process
which satisfies the ergodicity condition, we may also obtain the limiting-
state probabilities from

Pg)\z;zpl)\lz and P1+P2=1

which does yield the same values for the limiting-state probabilities as
those obtained above.

bi The first transition we see will be an S; — S, transition if and only if
Peter happened to be in room 1 when we arrive. Thus, our answer




EXAMPLES INVOLVING CONTINUOUS-TRANSITION PROCESSES 187

bii

biii

biv

is simply
Py = Naa(Aiz + o)) ?

Note that, although we are equally likely to observe an Sy — S, or an
S; — 8, transition in the first At after we arrive at a random time,
it need not follow that the first transition we observe is equally likely
to be either type. Outcomes of trials in successive At’s after we arrive
at a random time are not independent. For instance, if Ay > A2; and
we arrive at a random instant and wait a very long time without noting
any transitions, the conditional probability that the process is in state
S approaches unity. We’ll demonstrate this phenomenon in the last
part of this problem.

The probability of a transition in the first At after we arrive is simply

A1zA2g
P At Py At = 2§ —=2— } At
A2 At 4 Palgy ()\12 T >\21)13

which is the sum of the probabilities of the two mutually exclusive
ways Peter may make a transition in this first Af. The quantity
2M12A21(A 12 + A21)~! may be interpreted as the average rate at which
Peter changes rooms. Of course, the two terms added above are equal,
since the average rate at which he is making room 1 — room 2 transi-
tions must equal the average rate at which he makes the only other
possible type of transitions. If Aj2 > Agy, it is true that Peter makes
transitions more frequently when he is in room 1 than he does when
he is in room 2, but the average transition rates over all time come out
equal because he would be in room 1 much less often than he would be
in room 2. '

fo@o) = Pifeys,(xo| S1) + Pafns,(zo] S2).

)\21 )\12
= 2\ e PRI WLy PYE ) 20 > 0
Az + Ay 127 + Az 4 Aoy 0=
1221 N N :
_— — (e~M2%0 A1 Zo = 0
Ao A &R "=

This answer checks out if A2 = Ag;, and furthermore we note that, if
A21 3> Aig, we are almost certain to find the process in state 1 in the
steady state and to have the PDF until the next transition be

e 26 20

and the above answer does exhibit this behavior.

Define event A: “No transition in first T units of time after we arrive.”
We may now sketch a sequential event space for the experiment in
which we arrive at a random time, given the process is in the steady
state.
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P(A’/s;) A’ e

p(A\SQ Ae

i

P(A’/S?) Al e

The quantity P(A | S,) is the conditional probability that we shall see
no transitions in the first T units of time after we arrive, given that the
process is in state S;. This is simply the probability that the holding
time in S, after we arrive is greater than T.

P(A|S) = ﬁ " heuedty = e P(A]S) = 6T

We wish to obtain the conditional probability that we found the process

in state S, given there were no changes of state in the first T units

of time after we arrived at a random instant.
P(SlA) )\216")‘“1'

P A == =

(S:14) P(4) Ag1e™ 0T 4 Nyge T

This answer checks out for Ayz = Ae; and as T — 0. Furthermore, if

As1 > Aps, we would expect that, as T — «, we would be increasingly

likely to find the process in its slow transition (long-holding-time) state

and our answer does exhibit this property.

T=20

example 2 Consider a service facility at which the arrival of customers is a

Poisson process, with an average arrival rate of A customers per hour.
If customers find the facility fully occupied when they arrive, they
enter a queue (a waiting line) and await their turns to be serviced on a
first-come first-served basis. Once a customer leaves the queue and
enters actual service, the time required by the facility to service him
is an independent experimental value of an exponentially distributed
random variable with an expected value of x~* hours (g > N).
Determine the limiting-state probabilities and the expected value
for the fotal number of customers at the facility (in the queue and in
service) if
(a) The facility can service only one customer at a time.
(b) The facility can service up to an infinite number of customers in
parallel. .
We shall study several other aspects of these situations as we
answer the above questions. To begin our solution, we define the event

Si by
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S;: There are a total of 7 customers at the facility, where 7 includes
both customers in the queue and those receiving service.

Since the customer arrival rate for either case is independent of the
state of the system, the probability of an §; — Sy, transition in any
incremental interval At is equal toXx A¢. The probability of completing
a service and having an arrival in the same At is a second-order term.

a We are told that the service times are independent exponential random
variables with the PDF f.(xo) = pe#% for o > 0. Parameter p repre-
sents the maximum possible service rate at this facility. If there were
always at least one customer at the facility, the completion of services
would be a Poisson process with an'average service completion rate of u
services per hour. Considering ouly first-order terms and not bother-
ing with the self-loops, we have the state transition diagram

AAL ANAt ANAL
QI i C i O
At udt ult

We are concerned with an infinite-state single-chain continuous-birth-
and-death process, with

. 0 i=0.
bz"‘)\ 1_0,1,2,... d;"'{# i='172’3,';‘
For the case of interest, u > A, we shall assume that the limiting-state
probabilities exist for this infinite-state process. If the maximum serv-
ice rate were less than the average arrival rate, we would expect the
length of the line to become infinite. We use the relations
P1-+1=~bi-Pi 1=0,1,2, ... and ZPizl

diyy

and there follow

2 3
P, = 2 p, P2=5P1=<§) P, P3=’~‘P2=(§) P,
r " b "

u
: s ‘ y\—1
pi:.(_)l)pﬂ ZP":l:z(&)P”:(l“é) P,
M > i=0u I
Po=1-1
i
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E(i)=z z’Pi=§<1—-§)_l p> A

" "

The expected value of the total number of customers at the facility
when the process is in the steady state, E(7), is obtained above by either
using z transforms or noting the relation of the P;s to the geometric
PMF.

It is interesting to observe, for instance, that, if the average
arrival rate is only 809 of the maximum average service rate, there
will be, on the average, a total of four customers at the facility. When
there are four customers present, three of them will be wazting to enter
service even though the facility is empty 209, of all time. Such is the
price of randomness.

Let’s find the PDF for ¢, the total time (waiting for service and
during service) spent by a randomly selected customer at this single-
channel service facility. Customers arrive randomly, and the proba-
bility any customer will find exactly ¢ other customers already at the
facility is P;. If he finds ¢ other customers there already, a customer
will leave after a total of 7 + 1 independent exponentially distributed
service times are completed. Thus the conditional PDI for the waiting
time of this customer is an Erlang PDTF (Sec. 4-6) of order ¢ 4 1, and
we have

fulto) = zqus(to | SHP(S;) = z li"f%g?:_’f P,

_ i pitifgiento ()_\)‘ (1 3 ﬁ
i=0 g # K
= (= NN >0, w>A

Thus, the total time any customer spends at the facility, for a process
with independent exponentially distributed interarrival times and serv-
ice times, is also an exponential random variable. The expected time
spent at the facility is then

E@® =@—N"1  w>2
and we can check this result by also using our result from Sec. 3-7,

noticing that ¢ is the sum of a random number 7 + 1 of independent
service times,

E@®t) = EG + VE(@) = [E (1 - :—:>_1 + 1]5— = (u— N

For this part, we consider the case where there are an infinite num-
ber of parallel service stations available at the facility and no cus-
tomer has to wait before entering service. When there are exactly ¢
customers in service at this facility, the probability that any particular
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customer will leave (complete service) in the next Af is p At. While
there are i customers present, we are concerned with departures repre-
senting services in any of 7 independent such processes and, to the first
order, the probability of one departure' in the next At is iu At. We
have, again omitting the self-loops in the transition diagram,

AA? . AA¢ AL
oWl O @i o W©
uAt ‘ 2ult At
b=\ i=0,1,2... di=ip i=0,1,2...

Use of our simplified procedures for obtaining the limiting-state proba-
bilities for birth-and-death processes proceeds:

P,H-.a%'l;P, i=0,1,2 ZP,-I

P =1p, P2=—2->;7P1=§1~!(3)2P0 P3=§’.‘; P2=?—)1~!(->:)3Po

P; = ;—,(ﬁ) P, YPi=1- izl,(i‘) Py= @Py Py = g
¢ i=0

P;:(g)'e?!’“ i=0,1,23, EG) =2 B >A>0

The limiting-state probabilities for this case form a Poisson PMT for
the total number of customers at the facility (all of whom are in service)
at a random time. As one would expect, P, is greater for this case than
in part (a), and all other P/s here are less than the corresponding
quantities for that single-channel ease. TFor instance, if \/u = 0.8, this
facility is completely idle a fraction

Py =@ =045

of all time. This compares with Py = 0.20 for the same \/u ratio for
the single-channel case in part (a).

example 3 A four-line switchboard services outgoing calls of four subseribers
who never call each other. The durations of all phone calls are inde-
pendent identically distributed exponential random variables with an
expected value of u~1. For each subsecriber, the interval between the
end of any call and the time he places his next call is an independent
exponential random variable with expected value A—1.
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—
B

Switchboard with
capacity of four
input lines

outgoing calls

We shall assume that the system is in the steady state, neglect
the possibility of busy signals, and use the state notation S;: Exactly ¢
of the input lines are active.

(a) Determine the limiting-state probabilities for the number of the

input lines in use at any time.

(b) Given that there are at present three switchboard lines in use, deter-

mine the PDF for the waiting time until the next change of state.

(¢) Determine the expected value of the number of busy input lines.

(d) What is the probability that there are exactly two lines busy at the

switchboard the instants just before the arrivals of both members

of a randomly selected pair of successive outgoing calls?

a Reasoning similar to that used in part (b) of the previous example
leads us to the following observation. Given that there are exactly ¢
input lines in use at the present time, the conditional probability of an
S; — 8.1 transition in the next At is (4 — #)\ At, and the conditional

probability of an S; — S._; transition in the next Afistu Af.  Neglecting
the self-loops, we have the transition diagram
anae 3nAt 2\At
2udt 3udt 4udt
i=0 =1 =2 =3 =4
b 4 3\ 2\ A 0
d; 0 u 2u 3u 4u

This is a single-chain process with no periodicities; so the limiting-state
probabilities will not depend on the initial conditions. Iurthermore,
it is a birth-and-death process; so we may use the special form of the
simultaneous equations for the limiting-state probabilities,

4
ﬁl ) Pi=1

1=0

Py = i=0,1,234

which result in

]3()‘-—‘-‘(1“'"})_—4 I)1=4~§(1-|'—§)—4 Pz—_—'
M M v

I TP O

-

06
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As we would expect, if N 3> u, Py is very close to unity and, if A < g,
Py is very close to unity.

Given that the system is in state S;, the probability that it will leave
this state in the next A¢is (3x 4 \) Af, no matter how long it has been
in §;.  Thus, the PDT for ¢, the exponential holding time in this state,
is

fi(t)) = (Bu + N)e=Guthi lh =0

Direct substitution of the P/s obtained in part (a) into
. .
E@) = Z iP;

1=0

results in
-1
EG) = 42 (1 + ﬁ)
p 7

and this answer agrees with our intuition for A > wand u > A,

This is as involved a problem as one is likely to encounter. Only
the answer and a rough outline of how it may be obtained are given.
The scrious reader should be sure that he can supply the missing steps;
the less serious reader may choose to skip this part.

3 2\P, 3u A
Answer = (4)\Po FONP, £ NP, T )\P3> X ()\ +’3n) X (7\ + #)

Probability first member of Conditional probability that Conditional probability that

our pair of arrivals becomes next change of state is due to next change of state is due to
3d customer present at completion of a call, given an arrival, given system is
switchboard system is in state S in state S:

We have assumed that the “randomly selected” pair was chosen by
selecting the first member of the pair by means of an equally likely
choice among a large number of incoming calls. If the first member
were to be chosen by selecting the first incoming call to follow a ran-
domly selected instant, we would have a different situation.

OBLEMS

5.01 For a series of dependent trials, the probability of success on any

trial is given by (k + 1)/(k + 3), where k is the number of successes
in the previous three trials. Define a state description and set of
transition probabilities which allow this process to be described as a
Markov process. Draw the state transition diagram. -Try to use the
smallest possible number of states. ’
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502 Consider the three-state discrete-transition Markov process

0.6 0.7 0.4

eoag

03

Determine the three-step transition probabilities p11(3), P12(3), ’

and pys(3) both from a sequential sample space and by using the equa-
tion pi(n + 1) = Y pu(n)pi; in an effective manner.
, %

503 We are observing and recording the outcomes of dependent flips of

a coin at a distance on a foggy day. The probability that any flip will
have the same outcome as the previous flip is equal to P.  Our observa-
tions of the experimental outcomes are imperfect. In fact, the proba-
bility that we shall properly record the outcome of any trial is equal to
F and is independent of all previous or future errors. We use the
notation

h,.: We record the observation of the nth trial to be heads.
t.: We record the observation of the nth trial to be tails.

'
Il
1
'
i
'
'
'

: F

h

1

.
.
F !
!
1
:

1
t
i
1
]
i
'
i
'
'

Actual coin-flipping fmperfect Observations of
process information coin-flipping
channel process

Can the possible sequences of our observations be modeled as
the state history of a two-state Markov process? '

A A A A T O
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5.04 a Identify the transient, recurrent, and periodic states of the discrete-
state discrete-transition Markov process described by

i

5.06 Days are either good (), fair (F), or sad (S).

(05 0 0 0 05 0 0 7]
03 04 0 0 02 01 0
0 0 06 02 0 02 0
pl=]l0 © 0 05 0 0 05
03 04 0 0 03 0 O
0 0 04 060 0 O
0 0 0 06 0 0 04]

b How many chains are formed by the recurrent states of this process?
¢ Evaluate lim py;(n) and-lim pes(n). '

n— w n— %

5.05 Ior the Markov process pietured here, the following questions may

be answered by inspection:

Given that this process is in state S, just before the first trial, determine

the probability that: ‘

a The process enters S; for the first time as the result of the Kth trial.

b The process never enters S,.

¢ The process does enter S,, but it also leaves S, on the trial after it
entered S,. _

d The process enters S; for the first time on the third trial.

e The process is in state S; immediately after the Nth trial.

Let F,, for instance,
be the event that the nth day is fair. Assume that the probability of
having a good, fair, or sad day depends only on the condition of the
previous day as dictated by the conditional probabilities

P(For|Gn) = 1/3  P(Fois|8,) = 3/8  P(Sp41| Fn) = 1/6
P(Fur|Fa) = 2/3  P(Sua|Ga) = 1/6  P(Saa|Sa) = 1/2

Assume that the process is in the steady state. A good day is worth
$1, a fair day is worth $0, and a sad day is worth —$1.
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a Determine the expected value and the variance of the value of a

randomly sclected day.

b Determine the expected value and the variance of the value of a
random two-day sequence. Compare with the above results, and
comment.

¢ With the process in the steady-state at day zero, we are told that
the sum value of days 13 and 14 was $0. What is the probability

that day 13 was o fair day?

5.07 The outcomes of successive-flips of a particular coin are dependent
and are found to be described fully by the conditional probabilities

Prob(Huw | Ha) = 3/4 Prob(Tusr | T = 2/3

where we have used the notation
Event H,: Heads on ith toss Event 7' Tails on kth toss

We know that the first toss came up heads.

a Determine the probability that the first tail will oceur on the kth toss
(=234 ...

b What is the probability that flip 5,000 will come up heads?

¢ What is the probability that flip 5,000 will come up heads and flip
5,002 will also come up heads?

d Given that flips 5,001, 5,002, . . ., 5,000 4+ m all have the same
result, what is the probability that all of these m outcomes are heads?
Simplify your answer as much as possible, and interpret your result
for large values of m.

e We are told that the 375th head just occurred on the 500th toss.
Determine the expected value of the number of additional flips

required until we observe the 379th head.

I

I
Al

IR

508 In his new job for the city, Joe malkes daily measurements of the
level of the Sludge River. His predecessor established that these daily
readings can be modeled by a Markov process and that there are only
three possible river depths, zero, one, and two feet. It is also known
that the river level never changes more than one foot per d
city has compiled the following transition probabilities:

poy=1/4 pu=12 Pn= 1/4 pn=1/4

t Joe's reading of the river depth on his Kth day on the
y before he started was

ay. The

(T

Let zx represen
job. We are given that the reading on the da
one foot.: .

Determine:
a The probability mass function for random variable z;

b The probability that x5z 7 Zars
¢ The conditional probability mass function for Tege, given that £1,000 = 1

il

(T

I  n G G e  a a

(T
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d The numerical values of

i lim E(rny; — ) i lim El{zaer — z0)Y
n—rw n—y 0
e w1 X%
ifi 31_{11 . iZ} i

e The z transform of the probability mass function pr(L,), where
random variable I .is the smallest positive integer which satisfies
T #E Ty

5.09 Mr. Mean Variance has the only key which locks or unlocks the door

to Building 59, the Probability Building. He visits the door once each

hour-on the hour. When he arrives: ,

If the door is open, he locks it with probability 0.3.

If the door is locked, he unlocks it with probability 0.8.

a After he has been on the job several months, is he more likely to
lock the door or to unlock it on a randomly selected visit?

b With the process in the steady state, Joe arrived at Building 59 two
hours ahead of Harry. What is the probability that cach of them
found the door in the same condition?

¢ Given the door was open at the time Mr. Variance was hired, deter-
mine the z transform for the number of visits up to and including
the one on which he unlocked the door himself for the first time.

5.10 Arrivals of potential customers on the street outside a one-pump gas

station are noted to be a Poisson process with an average arrival rate
of X cars per hour. Potential customers will come in for gas if there
arc fewer than two cars already at the pump (including the one being
attended to). If there are two cars already at the pump, the potential
customers will go elsewhere.

It is noted that the amount of time required to service any car
is an independent random variable with PDI

ue+To To >0
0 To <0

a Give a physical interpretation of the constant .

b Write the differential equations relating the P,(1)’s, where P, (¢) is the
probability of having n cars at the pump at timef. Do not solve the
equations. ‘

¢ Write and solve the equations for P,, n = 0,1, 2,3,. . . , where P,
is the steady-state probability of having a total of n cars at the pump.

d If the cars arrive at the average rate of 20 per hour and the average
service time is two minutes per car, what is the probability that a
potential customer will go clsewhere?  What fraction of the attend-
ant’s time will be spent servicing cars?

Jo(To) =
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e At the same salary, the owner can provide a more popular, but slower,
attendant. This would raise the average service time to 2.5 minutes
per car but would also increase A from 20 to 28 cars per hour. Which
attendant should he use to maximize his expected profit? Deter-
mine the percent change in the number of customers serviced per
hour that would result from changing to the slower attendant.

511 At a single service facility, the interarrival times between successive

customers are independent exponentially distributed random variables.

The average customer arrival rate is 40 customers per hour.

When a total of two or fewer customers are present, a single
attendant operates the facility and the serviee time for each customer is
an exponentially distributed random variable with a mean value of two
minutes. ‘

Whenever there are three or more customers at the facility, the
attendant is joined by an assistant. In this case, the service time is an
exponentially distributed random variable with an expected value of
one minute.

Assume the process is in the steady state.

a What fraction of the time are both of them free?

b What is the probability that both men are working at the facility
the instant before a randomly selected customer arrives? Theinstant
after he arrives?

¢ Each of the men is to receive a salary proportional to the expected
value of the amount of time he is actually at work servicing customers.
The constant of proportionality is the same for both men, and the
<um of their salariesis to be $100. Determine the salary of each man.

512 Only two taxicabs operate from a particular station. The total time

it takes a taxi to service any customer and return to the station is an

exponentially distributed random variable with a mean of 1/u hours.

Arrivals of potential customers are modeled as a Poisson process with

average rate of X customers per. hour. If any potential customer finds

1o taxi at the station at the instant he arrives, he walks to his destina-

tion and thus does not become an actual customer. The cabs always

return directly to the station without picking up new customers. All

parts of this problem are independent of statements in other parts.

a If A = o, determine (in as simple and logical a manner as you can)
the average number of customers served per hour.

b Using the notation p = p/\, determine the steady-state probability
that there is exactly one taxi at the station. :

¢ If we survey a huge number of actual customers, what fraction of
them will report that they arrived at an instant when there was
cxactly one taxi at the station?

s



T ———n s

- PROBLEMS 199

d Taxi A has been destroyed in a collision with a Go-Kart, and we
note that B is at the station at time t = 0. What are the expected
value and variance of the time until B leaves the station with his
fourth fare since t = 07 -

5.13 All ships travel at the same velocity through a wide canal. East-
bound ship arrivals at the canal are a Poisson process with an average
arrival rate Ag ships per day. Westbound ships arrive as an inde-
pendent Poisson process with average arrival rate \w per day. An
indicator at a point in the canal is always pointing in the direction
of travel of the most recent ship to passit. FEach ship takes T days to
traverse the canal. Use the notation p = Ag/Aw wherever possible.

a What is the probability that the next ship passing by the indicator
causes it to change its indicated direction?

b What is the probability that an eastbound ship will see no westbound
ships during its eastward journey through the canal?

¢ If we begin observing at an arbitrary time, determine the probability
mass function pi(ko), where & is the total number of ships we observe
up to and including the seventh eastbound ship we see.

d If we begin observing at an arbitrary time, determine the probability
density function f:(0), where ¢ is the tlme until we see our seventh
eastbound ship.

e Given that the pointer is pointing west:

i What is the probability that the next ship to pass it will be
westbound ?

ii What is the probability density function for the remaining time
until the pointer changes direction?

5.14 A switchboard has two outgoing lines and is concerned only with
servicing the outgoing calls of three customers who never call each
other. When he is not on a line, each potential caller generates calls
at a Poisson rate A. Call lengths are exponentially distributed, with a -
mean call length of 1/u. If a caller finds the switchboard blocked, he
never tries to reinstitute that particular call. '

a Determine the fraction of time that the switchboard is saturated.
b Determine the fraction of outgoing calls which encounter a'saturated
switchboard.

5.15 An illumination system contains R + 3 bulbs, each of which fails
independently and has a life span described by the probability density
function

fill) =X (>0
At the time of thé third failure, the system is shut down, the dead bulbs
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is:“restarted.” The down time for the

= are replaced‘, and the system
= able described by the probability

service operation is a random vari
density function

fe(zo) = Wioe™#% zo 2> 0

a Determine the mean and variance of y, the time from ¢t = 0 untii

the end of the kth service operation.
b Determine the steady-state probability that all th

e lights are on.

put gate to a facility in a Poisson

5.16 Potential customers arrive at the in
The facility will hold up to three

manner with average arrival rate A,
customers including the one being cerviced. Potential customers who
arrive when the facility is full go elsewhere for service. Service time
random variable with mean 1/p. Customers leave

is an exponential
are serviced. Service for actual customers is on a

as soon as they

first-come first-served basis.

a If we select a random pair (see fina
cessive potential customers approaching the facility,
pility that they will eventually emerge as a pair of successiv
customers?

b If we select a random pair of suceessl
facility, what is the probability that t
cessive potential customers ab the facility input?

¢ Starting at a randomly selected time, what is the probability that
before the next actual customer arrives at the input gate at least two

be observed leaving via the output gate?

1 comment in Sec. 5-8) of sue-
what is the proba-
e actual

ve actual customers leaving the
hese customers arrived as suc-

customers would

= 5.7 Consider a K-state discrete-state Markov system with exponential
holding times. The system is composed of 2 single chain.

Nij At = conditional probability that system will enter state S; in the
i 7 next At, given that present state is S;

the limiting-state probabilities as

=

it

Other than in part (a) you may use

Py, P, . . ., Pk in your answers.
a Write, in a simple form, a set of equations which determine the
steady-state probabilities P, Py, ..., Pk

b Given that the process is at present in state S;, what is the probability
that two transitions from now it will again be in state S:?

¢ What are the expected value and variance of the time the system
spends during any visit to state S:?

d Determine the average rate at which the system makes transitions.

e If we arrive at a random time with the process in the steady state,
determine the probability density function for the time until the next

transition after we arrive.

A
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f Suppose that the process is a pure birth-and-death process and we
arrive at a random time. What is the probability that the first
tranpsition we observe will be due to a birth? That both of the first
two transitions we observe will be due to births?

5.18 An information source is always in one of m mutually exclusive,
collectively exhaustive states S;, Sz, . . ., Sn.  Whenever this source
is in state S;: '

It produces printed messages in a Poisson manner at an average rate

of u; messages per hour.

The conditional probability that the source will enter state S; (7 &= 7)

in the next incremental Af is given by A; Al.

All messages are numbered consecutively and filed in a ware-
house. The process is in the steady state and you may assume that
the limiting state probabilities for the source, Py, Ps, . . . , Py, are
known quantities.

Each part of this problem is to be worked separately.

a Given that the process has been in state S, for the last three hours
what is the probability that no messages were produced in the last
1.5 hours?

b Given that the process is not in state S., what is the probability that
it will enter S, in the next incremental At?

¢ Determine the average rate at which messages are produced.

d What is the probability that the source will produce exactly two
messages during any particular visit to state S,?

e If we arrive at a random time to observe the process, what is the
probability that we see at least one message generated before we
observe the next state transition of the message source?

f If we select a random message from the file in the warehouse, what
is the probability that it was pwduced when the source was in state
S.?

g If we select a pair of conseculive messages at random from the file,
what is the probability that the source underwent exactly one change
of state during the interval between the instants at which these two
messages were produced?

h If we are told that, during the last 10 hours, the source process
underwent exactly eight changes of state and spent
Exactly two hours in state S,

Exactly five hours in state Sy

Exactly three hours in state Sg

determine the exact conditional PMF for the number of messages
produced during the last 10 hours.

g
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CHAPTER SIX

—_—

some
fundamental
limit
theorems

Limit theorems characterize the mass behavior of experimental out-
comes resulting from a large number of performances of an experiment.
These theorems provide the connection between probability theory and
the measurement of the parameters of probabilistic phenomena in the
real world. '

Early in this chapter, we discuss stochastic convergence, one
important type of convergence for a sequence of random variables.
This concept and an easily derived inequality allow us to establish
one form of the law of large numbers. This law provides clarification
of our earlier speculations (Sec. 3-6) regarding the relation, for large
values of n, between the sum of n independent experimental walues
of random variable x and the quantity nE(x).

We then discuss the Gaussian PDF. Subject to certain restric-
tions, we learn that the Gaussian PDF is often an excellent approxima-
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tion to the actual PDT for the sum of many random variables, regardless
of the forms of the PDI”s for the individual random variables included
in the sum.

This altogether remarkable result is known as the central limit
theorem. A proof is presented for the case where the sum is composed of
independent identically distributed random variables. Finally, we
investigate several practical approximation procedures based on limit
theorems.

6-1 The Chebyshev Inequality

The Chebyshev inequality states an upper bound on the probability
that an experimental value of any random variable z will differ by
at least any given positive quantity ¢ from E (z). In particular, the
inequality will provide an upper bound on the quantity

Probljz — E(x)| = 1]

in terms of t and o,. Aslong as the value of the standard deviationo.is
known, other details of the PDF f.(x0) are not relevant.
The derivation is simple. With ¢ > 0, we have

vt = [T = B0 don 2 [ (o = E@TA) deo
[xe — E(x)]ﬁfz(xo) dzo

o«

zo=E(z)+t

To obtain the above inequality, we note that the integrand in the left-
most integration is always positive. By removing an interval of length
9¢ from the range of that integral, we cannot increase the value of the
integral. Inside the two integrals on the right-hand side of the above
relation, it is always true that jz — E@)| = t. We now replace
[z — E(x)]? by t? which can never increase the valuc of the right-hand
side, resulting in

* E(z)—t »
ot 2 [P0 ehen) duo + [ g P80 430

After we divide both sides by ¢? and recognize the physical interpreta-
tion of the remaining quantity on the right-hand side, we have

Probllz — E@)] > 1 < (‘—’;)2

which is the Chebyshev inequality. It states, for instance, that t}}e
probability that an experimental value of any random variable z will
be further than Ko, from E(x) is always less than or equal to 1/K?
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Since it is a rather weak bound, the Chebyshev inequality finds
most of its applications in general theoretical work. For a random
variable described by any particular PDF, better (though usually more
complex) bounds may be established. We shall use the Chebyshev
bound in Sec. 6-3 to investigate one form of the law of large numbers.

6-2 Stochastic Convergence

A deterministic sequence {x,} = xy, Xs, . . . is said to converge to the
limit C if for every € > 0 we can find a finite no such that

|z, — C] < € for all n > ng
If deterministic sequence {r,} does converge to the limit €, we write

lim 2z, = C
s w0

Only for pathological cases would we expect to be able to make
equally strong nonprobabilistic convergence statements for sequences
of random variables. Several different types of convergence are defined
for sequences of random variables. In this section we introduce and
discuss one such definition, namely, that of stochastic convergence. We
shall use this definition and the Chebyshev inequality to establish a
form of the law of large numbers in the following section. (We defer
any discussion of other forms of convergence for sequences of random
variables until See. 6-9.)

A sequence of random variables, {y.} = vy, y2, ¥s, . . . , 15 said
to be stochastically convergent (or to converge in probability) to C if, for
cvery e > 0, the condition lim Prob(ly, — C| > ¢ =0 is satisfied.

n—r o

When a sequence of random variable$, {y.}, is known
stochastically convergent to C, we must be careful to conclude only
that the probability of the event |y, — C| > e vanishes as n — o,
We cannot conclude, for any value of n, that this event is impossible.

. We may use the definition of a limit to restate the definition of
stochastic convergence. Sequence {y,} is stochastically convergent to
C if, for any ¢ > 0 and any & > 0, it is possible to state a finite value
of nq such that '

Prob(ly. — C| > 'e) <4 for all n > n,

Further discussion will accompémy an application of the concép‘_o
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of stochastic convergence in the following section and a comparison
with other forms of probabilistic convergence in Sec. 6-9.
6-3 The Weak Law of Large Numbers

A sequence of random variables, {y.}, with finite expected values,
is said to obey a law of large numbers if, in some sense, the sequence

defined by
1 n
Mn = a 'Z(I Y

converges to its expected value. The type of convergence which
applies determines whether the law is said to be weak or strong.

Let 1, ¥, - . - form a sequence of independent identically dis-
tributed random variables with finite expected values E(y) and finite
variances o,2. In this section we prove that the sequence

ity t s

n

M.

is stochastically convergent to its expected value, and therefore the
sequence {y.} obeys a (weak) law of large numbers.

For the conditions given above, random variable M, is the
average of n independent experimental values of random variable y.
Quantity M, is known as the sample mean.

From the definition of M. and the property of expectations of
sums, we have

ror) = "2~ pw)

and, because multiplying a random variable y by c defines a new random
variable with a variance equal to c%,? we have

X}

Oy
oul= = M. s
n v/

To establish the weak law of large numbers for the case of
interest, we simply apply the Chebyshev inequality to M. to obtain

Probl|Ma — E(Ma)| 2 d < (M)

and, substituting for M., E(M »), and oar,, we find

1 ¢ ay?
prob [| 1 3 = 200 | 2 <%

(See Prob. 6.02 for a practical application. of this relation.) Upon
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taking the limit as n — o for this equation there ﬁnally results

: 11y
lim Prob “ﬁ 21 Ys ~ E(Zl), > e] =0

n—

which is known as the weak.law of large numbers (in this case for
random variable y). The law states that, as n — o, the probability
that the average of n independent experimental values of random
variable y differs from E(y) by more than any nonzero e goes to zero.
We have shown that as long as the variance of a random variable is
finite, the random variable obeys the weak law of large numbers.
~ Neither the independence of the y;'s nor the finite variance o,?

conditions are necessary for the {y.} sequence to obey a law of large
numbers. Proof of these statements is beyond the scope of this book.

Let’s apply our result to a situation where the y's are inde-
pendent Bernoulli random variables with parameter P. Suppose that
there are n trials and k is the number of successes. Using our result
above, we have
lim Prob(’—]? -P} > e) =0
s 0 n
which is known as the Bernoulli law of large numbers. This relation is
one of the bases of the relative-frequency interpretation of probabilities.
Often people read into it far more than it says.

T'or instance, let the trials be coin flips and the successes heads.
If we flip the coin any number of times, it is still possible that all out-
comes will be heads. If we know that P is a valid parameter of a
coin-flipping process and we set out to estimate P by the experimental
value of &/n, there is no value of n for which we could be certain that
our experimental value was within an arbitrary + e of the true value of
parameter P. .

The Bernoulli law of large numbers does not imply that % con-
verges to the limiting value nP asn — «. Weknow that the standard
deviation of k, in fact, becomes infinite as n — « (see Sec. 3-6).

6-4 The Gaussian PDF

We consider a very important PDI" which describes a vast number of

probabilistic phenomena.
The Gaussian (or normal) PDF is defined to be

fe(@o) =

e~ (o—m)?/ 202 — S Zo S 0

1
V2ra



208

SOME FUNDAMENTAL LIMIT THEOREMS

where we have written a PDF for random variable z with parameters
m and o. The s transform of this PDI 1is obtained from.

1 o B '
T(s) = E(e*®) = —=— f g—s70g—(mo—m)*/20* g
76 = B = o [ .

1 w
= [ e—AGD dz,
x

V2w g /BT

where the expression A (zo) is given by

rﬁf_ _ 2mxq
202 202
_ 1
T 242

In the above equation, we have carried out the algébraic operation
known as “completing the square.” We may substitute this result
into the expression for f.7(s),

® 1
) = aomen [7 L
== /91 ¢

Note that the integral is equal to the total area under a Gaussian PDF
for which 7 has been replaced by the expression m — se?.  This change
displaces the PDF with regard to the z, axis bub does not change the
iotal area under the curve. Since the total area under any PDTF must
be unity, we have found the transform of a Gaussian PDF with
parameters m and o to be

sz (8) - e(szd’/ 2)—sm

Using the familiar relations

Pw = - | 5570)]

ot = {g;g f5(s) — [3‘% ff(s)]z}mo

we evaluate the expected value and the variance of the Gaussian PDF
to be

E(x) =m ot =0t

We have learned that a normal PDF is speciﬁed by two parame-

2
A(zo) = 8% + %}2 +
{[zo + (s0? — m)]* — s%* + 2mso?}

e~ (z¢+s02—m) /202 dﬁ:o

_ters, the expected value E(z) and the standard deviation o,. The

normsal PDF and its s transform are

o~ (70— E()]1?/ 2052 —wo L gg < ®

fulzo) = \/5; -

f:cT (S) — 6(82622/2)—82?(1)
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The PDF for a sum of independent Gaussian random variables is itself a
Gaussian PDF.
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A sketceh of the normal PDF, in terms of E(z) and ¢,, follows:
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Suppose that we are interested in the PDT for random variable
‘w, defined to be the sum of two independent Gaussian random variables
z and y. We use the s transforms

f=T(s) = g8t 1) —sE(x) and f,7(s) = (8%, D —sE(y)

and the relation for the transform of a PDT for the sum of independent
random variables (Sec. 3-5) to obtain

Fa7(8) = FT(S)f,7(5) = o@Dt o h=e B +EW)

We recognize this to be the transform of another Gaussian PDF.
Thus we have found that

m——
=
e

A similar property was obtained for Poisson random variables in
Sec. 4-7.

When one becomes involved in appreciable numerical work with
PDI’s of the same form but with different parameters, it is often
desirable to suppress the parameters E(z) and ¢,? of any particular
situation and work in terms of a unit (or normalized, or standardized)
random variable. A unit random variable has an expected value of
zero, and its standard deviation is equal to unity. The unit random
variable y for random variable x is obtained by subtracting E(z) from z
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and dividing this difference by o

oz — )
T

Y

and we may demonstrate the properties,
E(y) = E[x — E(x)] _E@ E@) _ 0

x

2

o = Elly — E@))2} = E {[‘E:__]_a_(ﬁ — 0]2} _ Bilz — E@)]*} _ 1

It happens that the cumulative distribution function, p.<(z0),
for a Gaussian random variable cannot be found in closed form. We
shall be working with tables of the CDF for a Gaussian random
variable, and it is for this reason that we are interested in the discussion
in the previous paragraph. We shall be concerned with the unit

normal PDTF, which is given by

1
fu(yo) = \/é—

v

e~ vo*/2 —o <y < o, By =0, o =1

We define the function ®(y,) to be the CDT for the unit normal PDF,

Yo

®(yo) = py<(yo) = f

o=

_ Julao) dap = —=

and extensive tables of ®(y,) exist.
To make use of tables of ®(y9) for a Gaussian (but unstand-
ardized) random variable x, we nced only recall the relation
x — E(x '
, 2= EQ@

Oz
and thus, for the CDT of Gaussian random variable x, we have

Zo — E(x)] — [xo — E(x)]

z Tz

Pz<(Zo) = Py< [

The argument on the right side of the above equation is equal to the
number of standard deviations o, by which ¢ excceds £(x). If values
of xp arc measured in units of standard deviations from /7(x), tables of
the CDI for the unit normal PDF may be used directly to obtain values
of the CDT p.<(x0). ‘

Since a Gaussian PDI is symmetrical about its expected value,
the CDI" may be fully deseribed by tabulating it only for values above
(or below) its expeeted value.  The following is o brief four-place table
of ®(y,), the CDI’ for a unit normal random variable:
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Yo ®(yo) Yo 2(y0) Yo (y0) Yo ®(yo)
0.00 0.5000 1.00 0.8413 2.00 0.9772 3.00 0.9987
0.10 0.5398 1.10 0.8643 2.10 0.9821 3.10 0.9990
0.20 0.5793 1.20 0.8849 2.20 0.9861 3.20 0.9993
0.30 0.6179 1.30 0.9032 2.30 0.9893 3.30 0.9995
0.40 0.6554 1.40 0.9192 2.40 0.9918 3.40 0.9997
0.50 0.6915 1.50 0.9332 2.50 0.9938 3.60 0.9998
0.60 0.7257 1.60 0.9452 2.60 0.9953
0.70 0.7580 ~ 1.70 0.9554 2.70 0.9965
0.80 0.7881 1.80 0.9641 2.80 0.9974
0.90 0.8159 1.90 0.9713 2.90 0.9981

To obtain ®(yo) for yo < 0, we note that the area under fu(yo)
is equal to unity and that the shaded areas in the following sketches
are equal

(%) £,00,)
/

> %

and we may use-the relation
®(—y0) = 1 — (yo)

We present a brief example. Suppose that we wish to determine
the probability that an experimental value of a Gaussian random
variable z falls within + ke, of its expected value, for k = 1, 2, and 3.
Thus, we wish to evaluate "

Probl|lx — E(z)] < ko] ~fork =1,2 and 3

Since & is already in units of standard deviations, we may use the ®(y,)
table directly according to the relation

Probllz — E(2)| < ko.] = ®(k) — ®(—k) = &) — [1 — &(k)]
0.682 k=1
=20(k) —1=140954 k=2
0997 k=3

Our result states, for instance, that the probability that an experi-
mental value of any Gaussian random variable x falls within an interval
of total length 4¢, which is centered on E (x) is equal to 0.954.
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6-5 Central Limit Theorems

Let random variable r be defined to be the sum of n independent
identically distributed random variables, each of which has a finite
expected value and a finite variance. It is an altogether remarkable
fact that, as n — o, the CDF p,<(ro) approaches the CDF of a Goussian .
random variable, regardless of the form of the PDF for the individual
random variables in the sum. This is one simple case of a central limat
theorem. ' .
Every central limit theorem states some particular set of con-
ditions for which the CDF for a sum of » random variables will approach
the CDF of a Gaussian random variable as n — <.

As long as it is not always true that a particular few of the
member random variables dominate the sum, the identically distributed

- (same PDF) condition is not essential for a central limit theorem to

apply to the sum of a large number of independent random variables.
The independence condition may also be relaxed, subject to certain
other restrictions which are outside the scope of this presentation.

Since many phenomena may be considered to be the result of a
large number of factors, central limit theorems are of great practical
significance, especially when the effects of these factors are either
purely additive (r = ¢+ 224+ - --) or purely multiplicative
(logr = log 1 + log 22 + - - °).

We first undertake a brief digression to indicate why we are
stating central limit theorems in terms of the CDF p,<(ro) rather than
the PDF f.(ro).

There are several ways in which the members of a sequence of
deterministic functions {g.(z¢)} = ¢:1(xo), g2(xe), . . . can “approach”
the corresponding members of a sequence of functions {h.(z,)} in the
limit as n — «. However, the simplest and most easily visualized
manner is point-by-pornt convergence; namely, if for any particular
xo and for any e > 0 we can always find an n, for which

|gn(x0) — ha(z0)| < € foralln > ng

This is the type of convergence we wish to use in our statement of the
central limit theorem.

Consider a case where random variable r is defined to be the sum
of n independent experimental values of a Bernoulli random variable
with parameter P. For any value of n we know that r will be a
binomial random variable with PMF

p(ro) = (f)Prna — Py p=0,1,2 ...,n

0
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This PMF, written as a PDF, will always include aset of n + 1 impulses
and be equal to zero between the impulses. Thus, f,() can never
approach a Gaussian PDF on a point-by-point basis. However, it is
possible for the CDT of r to approach the CDF for a Gaussian random
variable on a. point-by-point basis as n —» o, and the central limit
theorem given in the first paragraph of this section states that this is
indeed the case.

We now present a proof of the form of the central limit theorem
stated in the opening paragraph of this section.

1 Let zy, 25, . . .+, x, be independent identically distributed random
variables, each with finite expected value E(z) and finite variance o2
We define random variable r to be r = i+ zo+ - -+ + z,, and we
wish to show that the CDF P-<(ro) approaches the CDF of a Gaussian
random variable as n — o,

2 From the independence of the zs and the definition of r, we have
() = [f7(9))

3 Note that for any random variable y, defined by y = ar + b, we may
obtain f,7(s) in terms of f,7(s) from the definition of the s transform as.
follows:

fyT(s) —_ E(ewsy) —_ E’_(e-—arse-—ba) = g—sb f:oe; e-—asr“fr(ro)'dro
We may recognize the integral in the above equation to obtain

17(s) = e~tf,7(as)

We shall apply this relation to the case where y is the standardized
random variable for 7,

y=T= E() _r — nE(x) _ 1 - V1 E(z)
Or \/’77,0,, \/ﬁo, - Oy

to obtain £,7(s) from the expression for f¥(s) of step 2.

T(s) = | e@B@/ev/m xS ) "
e = | (e
So far, we have found the s transform for y, the standardized sum of n
independent identically distributed random variables,
i+ 2o+ -+ 2z, — nE(z)
Vo, :

4 The above expression for f,(s) may be written with esE@)/ev/n and

y =

f.T (—\7.8:——> each approximated suitably near to s = 0. These
n o,
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© approximations are found to be

'esE(I)/”’\/; - E(z) ( \;_) n [1’12’ (xz]z ( \j—)ﬂ
Oz n Gz n

() - 25+ A2

When we multiply and collect terms, for suitably small s (or, equiva-
lently, for suitably large n) we have

17(s) = [1 + %%]"

5 We use the relation

lim (1 + g) = e

to take the limit as n — « of the approximation for f,7(s) obtained
in step 4. This results in

lim f,7(s) = e*"?

n— o

and we have shown that the s transform of the PDT for random variable
y approaches the transform of a unit normal PDF. This does not tell
us how (or if) the PDT f,(y0) approaches a Gaussian PDT on a point-
by-point basis. But a rclation known as the continuity theorem of
transform theory may be invoked to assure us that

lim f,<(yo) = ®(yo)

n—rx

[This theorem assures us that, if lim £,,7(s) = f.7(s) and if fu7(s)

is a continuous function, then the CDT for random variable ¥, con-
verges (on a point-by-point basis) to the CDF of random variable w.
This convergence need not be defined at discontinuities of the limiting
CDF.]

6 Since y is the standardized form of r, we simply substitute into the
above result for f,<(yo) and conclude the following.

If r=2y4+ 22+ - + . and 23, 73, . . . , T are independent
identically distributed random variables each with finite expected value
E(z) and finite standard deviation o, we have

ro — L(r) E(r) = nE(x)
____] V.

lim pr<(ro) = @ [

n— o

i

oy or

This completes our proof of one central limit theorem.
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6-6 Approximations Based on the Central Limit Theorem

We continue with the notation » = z; + %2 + - - - + z,, where the
random variables ¥y, s, . . . , &, are mutually independent and identi-
cally distributed, cach with finite expected value F(r) and finite

variance o2 If cvery member of the sum happens to be a Gaussian

random variable, we know (from Sec. 6-4) that the PDFI f,(ro) will also
be Gaussian for any value of n.  Whatever the PDF for the individual
members of the sum, one central limit theorem states that, as n — oo,
we have

ro.— E(r)]

Oy

As n— «, the CDT for r approaches the CDI for that Gaussian ran-
dom variable which has the same mean and variance as r.
If we wish to use the approximation

for “‘large” but finite values of n, and the individual /s are not Gaussian
random variables, there are no simple general results regarding the
precision of the approximation.

If the individual terms in the sum are described by any of the
more common PDF’s (with finite mean and variance), f,(r) rapidly
(n = 5 or 10) approaches a Gaussian curve in the vicinity of E(r).
Depending on the value of n and the degree of symmetry expected in
fr(ro), we generally expect .(ro) to be poorly approximated by a
Gaussian curve in ranges of r, more than some number of standard
deviations distant from E(r). For instance, even if the r/s can take
on only positive experimental values, the use of an approximation
based on the central limit theorem will always result in some nonzero
probability that the experimental value of z; + z2 + ~ - + + 2, will
be negative. '

The discussion of the previous paragraph, however crude it may
be, should serve to emphasize the central property of approximations
based on the central limit theorem.

As one example of the use of an approximation based on the
central limit theorem, let random variable » be defined to be the sum
of 48 independent experimental values of random variable z, where the
PDF for z is given by

1 ifo <z <1
0 otherwise

fa: (xo) =
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We wish to determine the probability that an experimental value of r
falls in the range 22.0 < 7 < 25.0. By direct calculation we easily
obtain

E(z) = 0.5 ' ot = 1/12 -

E(r) = 48E(zx) = 24.0 0,2 = 480, = 4.0

In using the central limit theorem to approximate
Prob(22.0 < » £ 25.0)

we are approximating the true PDF f,(ro) in the range 22 <r < 25 by
the Gaussian PDF

fr(Tg) o= }__ g*‘[fo-'E(r)]’Imr,i — 1

\2r o, 24/2r

If we wish to evaluate Prob(22.0 < r < 25.0) directly from the table
for the CDF of the unit normal PDF, the range of interest for random
variable r should be measured in units of o, from E(r). We have

—(rg~—24)2/8

Prob(22.0 < r < 25.0) = Prob{—1.0s, < [r — E(r)] < 0.50,}
= 8(0.5) — ®(—1.0)
~ 3(0.5) — [1 — &(1.0)]
— 0.6915 — 1.0000 + 0.8413
= 0.5328

It happens that this is a very precise approximation. In fact,
by simple convolution (or by our method for obtaining derived distribu-
tions in sample space) one can show, for the given f-(xq), that even for
n = 3orn = 4, f.(r¢) becomes very close to a Gaussian PDF over most
of the possible range of random variable r (see Prob. 6.10). However,
a similar result for such very small n may not exist for several other
common PDF’s (see Prob. 6.11).

6-7 Using the Central Limit Theorem for the Binomial PMF

' We wish to use an approximation based on the centra)l limit theorem

to approximate the PMF for a discrete random variable. Assume we
are interested in events defined in terms of k, the number of successes
in n trials of a Bernoulli process with parameter P.  From earlier work
(Sec. 4-1) we know that

pe(ko) = (Z() Pr(l — Pyt ko =0,1,2,...,n
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‘and if @ and b are integers with b > a, there follows

b _
Probla <k <b) = z (Z)Pko(]_ — P)rko.
o

ko=a
Should this quantity be of interest, it would generally require a very

unpleasant calculation. So we might, for large », turn to the central
limit theorem, noting that

k=214 224 -

where each z; is an independent Bernoulli random variable.
If we applied the central limit theorem, subject to no additional
considerations, we would have

b —E(k)]
Ok

_sfe- E(k)] E(k) = nP L

[ Ok Uk=‘\/nP(1',~P)

We have approximated the probability that a binomial random variable
k falls in the range ¢ < k < b by the area under a normal curve over
this range. In many cases this procedure will yield excellent results.
By looking at a picture of this situation, we shall suggest one simple
improvement of the approximation.

Prob(a <k Lb) = 4)[

— Normal approximation
to the binomial PMF

;;:“:2‘;“ s _Lk

0

The bars of pi(ke) are shown to be about the same height as the
approximating normal curve. This must be the case if n is large enough
for the CDF’s of pi(ko) and the approximating normal curve to increase
by about the same amount for each unit distance along the ko axis (as
a result of the central limit theorem).. The shaded area in this figure
represents the approximation to Prob(a < k& < b) which results from
direct substitution, where we use the CDF for a normal curve whose
expected value and variance are the same as those of pi(ko).

By considering the above sketch, we might expect that a more
reasonable procedure could be suggested to take account of the discrete
nature of k. In particular, it appears more accurate to associate the
area under the normal curve between ko — 0.5 and ky + 0.5 with the
probability of the event that random variable k takes on experimental -
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value ko. This not only seems better on a term-by-term basis than
direct use of the central-limit-thcorem approximation, but we can also
show one extreme case of what may happen when this suggested
improvement is not used. Notice (from the above sketch) that, if we
have b = a + 1 [{with a and b in the vicinity of E(x)], direct use of the

CDF for the normal approximating curve will produce an approxi-

mation which is about 509, of the correct probability,
Prob(a <k < a+ 1) = pe(a) + pela + 1)

When using the central limit theorem to approximate the
binomial PMF, the adoption of our suggested improvement leads us
to write,

: b4 1 —nP a— L1 —nP
Probla <k <b) =~ & | ——Feee| — & | =L
robla <k <b) =& [\/nP(l _,p)] ® [\/nP(l - P)]

This result, a special case of the central limit theorem, is known as the
De M otvre-Laplace lvmit theorem. It can be shown to yield an improve-
ment over the case in which the +# terms are not used. These cor-
rections may be significant when a and b are close {(b — a)/ox < 1] Or
when a or b is near the peak of the approximating Gaussian PDF.

For example, suppose that we flipped a fair coin 100 times, and
let k£ equal the number of heads. If we wished to approximate
Prob(48 < k& < 51), the 44 corrections at the end of the range of k
would clearly make a significant contribution to the accuracy of the
approximation. On the other hand, for a quantity such as Prob(23 <
k < 65), the effect of the +% is negligible.

One must always question the validity of approximations; yet
it is surprising how well the DeMoivre-Laplace limit theorem applies
for even a narrow range of k [near E(k)] when n is not very large. We
shall do one such problem three ways. After obtaining these solutions,
we shall comment on some limitations of this approximation technique.

Consider a set of 16 Bernoulli trials with P = 0.5. We wish to
determine the probability that the number of successes, k, takes on an
experimental valueequal to 6,7, or8. First we do the exact calculation,

. _
Prob(6 < k < 8) = 2 (15) Ph(l — P)15*% = 0.40313

k
ke=6 0

If we carelessly make direct use of the normal approximation, we have

Prob(6 < k < 8) ~ & (-8——;—8-) I (%ﬁ) — 0.34135
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which, for reasons we have discussed, is poor indeed. Finally, if we
usc the +3 correction of the Deloivre-Laplace theorem, we find

Prob(6 < k < 8) ~ & (M) _p (filziiﬁ) = 0.49306

~

which is within 0.02¢ of the correet value. A

If P is too close cither to zero or to unity for a given n, the
resulting binomial PMT will be very asymmetrie, with its peak very
close to Iy = 0 or to kg = n and any Gaussian approximation will be
poor. A reasonable (but arbitrary) rule of thumb for determining
whether the Delloivre-Laplace approximation to the binomial P
may be employed [in the vicinity of £ (k)] is to require that

nP > 36, a1l —~P) >3,  with or = v/nP(l = P)

The better the margin by which these constraints are satisfied, the
larger the range about I(%) for which the normal approximation will
yield satisfactory results.

6-8 The Poisson Approximation to the Binomial PMF

We have noted that the DeMoivre-Laplace limit theorem will not
provide a useful approximation to the binomial PMT if either P or
I — Pis very small. When cither of these quantities is too small for
a given value of n, any Gaussian approximation to the binomial will
be unsatisfactory. The Gaussian curve will remain symmetrical about
k), even though that value may be only a fraction of a standard
deviation from the lowest or highest possible experimental value of the
hinomial random variable. ‘

If nis large and P is small such that the DeMoivre-Laplace
theorem may not be applied, we may take the limit of

ko) = (Z) Pio(l — Pyt

by letting n — « and P — 0 while always requiring nP = 4. Our
result will provide a very good term-by-term approximation for the
significant members [k, nonnegative and within a few o, of E(k)] of the
binomial PMF for large » and small P.

First, we use the relation nP = u to write

(= ko + 1) (w\o f, _ w\
ko! n 7

and, rearranging the terms, we have

pi(ko) = nn —1) - - (n—ky+ 1) *”—Lj(l _ ”>n—-ko

pelly) = M2 =D - -

) kol n
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Tinally, we take the limit as n — o to obtain

. kop—n (nP) koe—(nP)
1 . k = H ¢ =
lim pe(ko) = Ty Feo!

The above result is known, for obvious reasons, as the Poisson approvi-
mation to the binomial PMF. , )

For a binomial random variable k, we may note that, as P — 0,
the E(k)/or ratio is very nearly equal to v/nP. Tor example, if
n = 100 and P = 0.01, the expected value E(k) = nP = 1.0 is only
one standard deviation from the minimum possible experimental
value of % Under these circumstances, the normal approximation
(DeMloivre-Laplace) is poor, but the Poisson approximation is quite
accurate for the small values of ko at which we find most of the proba-
bility mass of pi(ke).

As an example, for the case n = 100 and P = 0.01, we find

ko::O k»o=1 ko=3 ko==10

Exact value of pr(ko) 0.3660 0.3697 0.0610 71078

Poisson approximation 0.3679 0.3679 0.0613 10 - 1078

DeMoivre-Laplace 0.2420 0.3850 0.0040 <2108
approximation

6-9 A Note on Other Types of Convergence

In Sec. 6-2, we defined any sequence {y.} of random variables to be

stochastically convergent (or to converge in probability) to C if, for

every ¢ > 0, the condition

lim Prob(ly. — C| > ¢ =0

n—r

is satisfied. ,

Let A, denote the event |y, — C| < e. By using the definition
of a limit, an equivalent statement of the condition for stochastic con-
vergence is that, for any ¢ > 0 and any & > 0, we can find an ny such
that

Prob(4,) >1 — 6 for all n > no

However, it does not follow from stochastic convergence that for any
e > 0 and any & > 0 we can necessarily find an no such that

Prob(An0+1An0+zA,,o+3 cot ) > 1—38

or a stochastically convergent sequence {y.}, we would con-
clude that, for all n > no, with ng suttably large:

Tt
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1 It is very probable that any particular y, is within +e of C.
2 It is not necessarily very probable that every y, is within +e of C.

A stronger foirm of convergence than stochastic convergence is
known as convergence with probabilily 1 (or convergence almost every-
where). The scquence {y.} of random variables is defined to converge

with probability 1 to C if the relation
Prob(lm y, = C) =1

n— o
is satisfied. Convergence with probability 1 implies stochastic con-.
vergence, but the converse is not true. Ifurthermore it can be shown
(by using measure theory) that convergence with probability 1 does

require that, for any e > 0 and any 8 > 0, we can find an no such that

I)I'Ob(Ay;o+]A,,o+2A"0+3 o ) > 1 —_ 5

I'or a sequence {y.} convergent to C with probability 1, we
would conclude that, for onc thing, the sequence is also stochastically
convergent to C and also that, for all n > ne, with n, suttably large:
It is very probable that any particular y, is within +e¢ of C.

It is also very probable that every y, is within +e€ of C.

A third form of convergence, mean-square convergence (or con-
vergence in the mean) of a sequence {y,} of random variables is defined
by the relation -

Iim E{(y, — )} =0

n— 0

It is simple to show that mean-square convergence implies (but is not
implied by) stochastic convergence (see Prob. 6.20). N ean-square
convergence does not imply and is not implied by convergence with
probability 1. ,

Determination of the necessary and sufficient conditions for
sequences of random variables to display various forms of convergence,
obey various laws of large numbers, and obey central limit theorems is
well beyond the scope of our discussion. We do remark, however,
that, because of the limited tools at our disposal, the law of large
numbers obtained in Sec. (-3 is unnecessarily weak.

PROBLEMS

U

601 Let x be a random variable with PDI' f.(zo) = Xe™# for zo > 0.

Use the Chebyshev inequality to find an upper bound on the quantity
Probllz — E(x)| > d]
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as a function of d. Determine also the true value of this probability as
a function of d.

6.02 In Sec. 6-3, we obtained the relation

Prob || = i B >el<
n . v Y= €| = ne
i=1 -~
where y1, y2, . . . were independent identically distributed random
variables. If y is.known to have a Bernoulli PMI with parameter P,

use this relation to find how large n must be if we require that 1/n) Z Yi
=1

be within +0.01 of P with a probability of at least 0.95. (Remember
that this is a loose bound and the resulting value of n may be unneces-
sarily large. See Prob. 6.09.)

6.03 Let z,, 22 . . . be independent experimental values of a random

sequence defined by

Yn = max (Ty,Ts, . . . ,Tn)

vergent.

6.00 Consider a Gaussian random variable x, with expected value

E(z) = m and variance o2 = (m/2)%

a Determine the probability that an experimental value of x is
negative. :

b Determine the probability that the sum of four independent cxperi-
mental values of a is negative.

¢ Two independent experimental values of x (z1,72) are obtained.
Determine the PDF and the mean and variance for:
i avy +bry i ax — bre il oy — @4 a,b>0

d Determine the probability that the product of four independent
experimental values of ¥ is negative.

6.05 A uscful bound for the arca under the tails of a unit normal PDT is
obtained from the following inequality for a > O:

© 1 1
< —a} = — —
pes(—a) L /2 /2
Use this result to obtain lower bounds on the probability that an

cxperimental value of a Gaussian random variable z is within
a to. b +20, ¢ +4o,

2 « Lo _ ..
et dyy < 2 e=x2 dzxy
a a

variable with PDF f,(x0) = p_i(zo — 0) — u-1(20 — 1). Consider the -

Determine whether or not the sequence { Y} is stochastically con- ;
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of its expected value. Compare these bounds with the true values of
. these probabilities and with the corresponding bounds obtained from
the Chebyshev inequality.

6.06 A noise signal x may be considered to be a Gaussian random variable
with an expected value of zero and a variance of o,>.  Assume that any
experimental value of x will cause an error in a digital communication
system if it is larger than 4+ A. '

a Determine the probability that any particular experimental value
of = will cause an error if: :
i 0,2 = 1073472 i 0,2 =10"142
iii 0,2 = A? iv 0.2 = 447 ‘
b For a given value of A, what is the largest ¢, may be to obtain an
error probability for any experimental value of x less than 10-3?
10-6?7

6.07 The weight of a Pernotti Parabolic Pretzel, w, is a continuous random
variable described by the probability density function

’;u(wo) .
0 wy=<1
) B wy—1 5w, <2
fo(wy) ,
3~w, 25w, =3
0 35w

0

> w,(ounces),

a Whatis the probability that 102 pretzels weigh more than 200 ounces?

b If we select 4 pretzels independently, what is the probability that
exactly 2 of the 4 will each have the property of weighing more than
2 ounces? :

¢ What is the smallest integer (the pretzels are not only inedible,
they are also unbreakable) N for which the total weight of N
pretzels will exceed 200 ounces with probability 0.990?

6.08 The energy of any individual particle in a certain system is an inde-
pendent random variable with probability density function

2¢%Eo Ey>0

Je(Io) = 0 E, < 0

The total system energy is the sum of the energies of the individual
partieles.
Numerical answers are required for parts (a), (b), (¢), and ().
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a If there are 1,600 particles in the system, determine the probability
that there are between 780 and 840 energy units in the system.

b What is the largest number of particles the system may contain if
the probability that its total energy is less than 440 units must be
at least 0.9725? '

¢ Each particle will escape from the system if its energy exceeds
(In 3)/2 units. If the system originally contained 4,800 particles,
what is the probability that at least 1,700 particles will escape?

d If there are 10 particles in the system, determine an exzact expression
for the PDI" for the total energy in the system.

e Compare the second and fourth moments of the answer to (d) with
those resulting from a central-limit-theorem approximation.

6.09 Redo Prob. 6.02, using an approximation based on the central limit
theorem rather than the Chebyshev inequality.

6.10 Determine and plot the precise PDF for 7, the sum of four independent
experimental values of random variable x, where the PDF for x is
Je(wo) = por(2g — 0) — pu_y(xg — 1). Compare the numerical values
of f.(ro) and its Gaussian approximation at r, = E(r) + Koy, for
K =01, and 2. '

IR

|
1

6.11 Let r be the sum of four independent experimental values of an
exponential random variable.. Compare the numerical values of f,(ro)
and its central limit theorem approximation at ro = F(r) + Ko, for
K =0,1, and 2.

6.12 A ccrtain town has a Saturday night movie audience of 600 who must
choose between two comparable movie theaters. Assume that the
movic-going public is composed of 300 couples, each of which inde-
pendently flips a fair coin to decide which theater to patronize.

a Using a central limit thcorem approximation, determine how many
seats each theater must have so that the probability of exactly one
theater running out of seats is less than 0.1.

b Repeat, assuming that each of the 600 customers makes an independ-
ent decision (instead of acting in pairs).

6.13 For 3,600 independent tosses of a fair coin:
a Determine a number n such that the probability is 0.5 that the
number of heads resulting will be between 1,780 and n.
b Determine the probability that the number of heads is within 1%
of its expected value.

6.14 Reyab aspirin has exactly 107 users, all of them fitfully loyal. The:
= number of tablets consumed by any particular customer on any one day

A i Bl
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is a random variable &, described by the probability mass function

A

44—k
pk(ko) = 10 . kO = O) 1; 27 3

Each customer’s Reyab consumption is independent of that of all other

customers. Reyab is sold only in 100-tablet bottles. On a day when

a customer consumes exactly ko tablets, he purchases a new 100-tablet

bottle of Reyab with probability k,/100.

a Determine the mean and variance of &, the random variable describ-
ing the Reyab consumption of any particular customer in one day.

b Determine the mean and variance of t, the random variable describing
the total number of Reyab tablets consumed in one day.

¢ Determine the probability that the total number of tablets consumed
on any day will differ by more than + 5,000 tablets from the average -
daily total consumption.

d Determine the probability that a particular customer buys a new
bottle of Reyab on a given day.

e What is the probability that a randomly selected tablet of Reyab
(it was marked at the factory) gets consumed on a day when its

- owner consumes exactly two Reyab tablets?

f The Clip Pharmacy supplies exactly 30 Reyab customers with their
entire requirements. What is the probability that this store sells
exactly four bottles of aspirin on a particular day?

6.15 A population is sampled randomly (with replacement) to estimate
S, the fraction of smokers in that population. Determine the sample
size n such that the probability that the estimate is within +0.02 of
the true value is at least 0.95. In other words, determine the smallest
value of n such that |

Prob (I number of sn;okers cpunted _ S’I < 0.02) > 0.95
6.16 Consider the following model for the weight gain of a prehistoric
neopalenantioctipus. His (or her) weight gain in pounds on any par-

ticular day was an independent discrete random variable k, with the
PMF

0.74 ko = 0.50
(ko) = { 0.25 ko = 4.00
0.01 ko = 200.0

Using this crude model, determine an approximation to the PDF for
the weight of one such animal when it expired at the ripe age of 100,000
days. _

fmlmunmummumumlumlmummlmmmumuumumlmm|muumuunmmmmnmmunmnlmummmmmmlmmmmmmmmnummmnnmmimmnnmmmrmmmmmmmmmuumnmmunmuunmmmumuu
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6.17 Consider the number of 3s which result from 600 tosses of a fair
six-sided die.
a Determine the probability that there are exactly 100 3s using a form
of Stirling’s approximation for n! which is very accurate for these
values, '

nl = /21 et

b Use the Poisson approximation to the binomial PMTF to obtain the
probability that there are exactly 100 3s.

¢ Repeat part (b), using the central limit theo.em intelligently.

d Use the Chebyshev inequality to find a lower bound on the proba-
bility that the number of 3s is between 97 and 103 inclusive, between
90 and 110 inclusive, and between 60 and 140 inclusive.

e Repeat part (d), using the central limit theorem and employing the
DeMoivre-Laplace result when it appears relevant. Compare your
answers with those obtained above, and comment.

e

W

6.18 A coin is tossed n times. Each toss is an independent Bernoulli
trial with probability of heads P. Random variable z is defined to be
the number of heads observed. For each of the following expressions,
either find the value of K which makes the statement true for all
n > 1, or state that no such value of K exists.

Example: E(x) = An* Answer: k = 1
a E(ﬁ) = Bn* b E{[x — E(x)]?} = Cn* ¢ E(z%) = Dnk
In the following part, consider only the case for large n:

d Prob (( P-—-=>1<L Fn") = 0.15

6.19 FEach performance of a particular experiment is said to generate one
“experimental value’’ of random variable z described by the probability
density function

fo0<z <1
otherwise

e = {

The experiment is performed K times, and the resulting successive

(and independent) experimental values are labeled zi, 5, . . . , k.

a Determine the probability that z» and z, are the two largest of the
K experimental values.

b Given that z; + z, > 1.00, determine the conditional probability
that the smaller of these first two experimental values is smaller than
0.75.

i hnn
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i

I

¢ Determine the numerical value of

K
K K3
lim Prob (’ - — x| < —~—:>
2 Zl 2V/3

K—w
A formal proof is not requii‘ed, but your reasoning should be fully

J

explained.

d If 7 = min (21,25, . . . ,2x) and s = max (Ty,%e, . . . ,xK), deter-
mine the joint probability density function f, ,(ro,s0) for all values of
"o and So.

6.20 Use the Chebyshev inequality to prove that stochastic convergence
is assured for any sequence of random variables which converges in the
mean-squarc sense.

6.21 A simple form of the Cauchy PDF is given by

Jo(To) = [r(1 + xo?)]? —© S 19 <

a Determine f,7(s). (You may require a table of integrals.)
b Let y be the sum of K independent samples of . Determine 1, 7(s).
¢ Would you expect lim Jy(y0) to become Gaussian? Explain.

K-y w

I

T

i

l

T
l

6.22 The number of rabbits in generation 7 is n;.  Variable n., the num-
ber of rabbits in generation 7 + 1, depends on random effects of light,
heat, water, food, and predator population, as well as on the number
n,.. The relation is

I

Pni(Gn) = {03 ;=2
05 ;=3

This states, for instance, that with probability 0.5 there will be three
times as many rabbits in generation? 4 1 as there were in generation 7.

The rabbit population in generation 1 was 2. I'ind an approxi-
mation to the PMT for the number of rabbits in generation 12. (Hint:
To use the central limit theorem, you must find an expression involving
the sum of random variables.) '

(o
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statistics

The statistician suggests probabilistic models of reality and investigates
their validity. He does so in an attempt to gain insight into the
behavior of physical systems and to facilitate better predictions and
decisions regarding these systems. A primary concern of statistics is
statistical inference, the drawing of inferences from data.

The discussions in this chapter are brief, based on simple exam-
ples, somewhat incomplete, and always at an introductory level. Our
major objectives are (1) to introduce some of the fundamental issues
and methods of statistics and (2) to indicate the nature of the transition
required as one moves from probability theory to its applications for
statistical reasoning.
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We begin with afew comments on the relation between statistics
and probability theory. After identifying some prime issues of concern
in statistical investigations, we consider common methods for the study
of these issues. These methods generally represent the viewpoint of
classical statistics. Our concluding sections serve as a brief introduc-
tion to the developing field of Bayesian (or modern) statistics.

7-1 Statistics Is Different

Probability theory is axiomatic. Fully defined probability problems
have unique and precise solutions. So far we have dealt with problems
which are wholly abstract, although they have often been based on
probabilistic models of reality.

The field of statistics is different. Statistics is concerned with
the relation of such models to actual physical systems. The methods
employed by the statistician are arbitrary ways of being reasonable in
the application of probability theory to physical situations. His
primary tools are probability theory, a mathematical sophistication,
and common sense.

To use an extreme example, there simply is no unique best or
correct way to extrapolate the gross national product five years hence
from three days of rainfall data. Infact, there is no best way to predict
the rainfall for the fourth day. But there are many ways to try.

7-2 Statistical Models and Some Related Issues

In contrast to our work in previous chapters, we are now concerned
both with models of reality and reality itself. It is important that
we keep in mind the differences between the statistician’s model (and
its implications) and the actual physical situation that is being modeled.

In the real world, we may design and perform experiments. We
may observe certain characleristics of inlterest of the cxperimental out-
comes. If we are studying the behavior of a coin of suspicious origin,
a characteristic of interest might be the number of heads observed in a
certain number of tosses. If we arc testing a vaccine, onc charac-
teristic of interest could be the observed immunity rates in a control
group and in a vaccinated group.

What is the nature of the statistician’s model? From whatever
knowledge he has of the physical mechanisms involved and from his
past experience, the statistician postulates a probabilistic model for the
system of interest. He anticipates that this model will exhibit a
probabilistic behavior in the characteristics of interest similar to that of
the physical system. The details of the model might or might not bhe
closely related to the actual nature of the physical system.

If the statistician is concerned with the coin of suspicious origin.

e
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he might suggest a model which is a Bernoulli process with probability
P for a head on any toss. For the study of the vaccine, he might
suggest a model which assigns a probability of immunity P; to each
member of the control group and assigns a probability of immunity P,
to each member of the vaccinated group.

We shall consider some of the questions which the statistician
asks about his models and learn how he employs experimental data, to
explore these questions.

1 Based on some experimental data, does a certain model seem reasonable
or at least not particularly unreasonable? This is the domain of
significance testing. 1In a significance test, the statistician speculates
on the likelihood that data similar to that actually observed would be
generated by hypothetical experiments with the model.

2 Based on some experimental data, how do we express a preference
among several postulated models? (These models might be similar
models differing only in the values of their parameters.) When one
deals with a selection among several hypothesized models, he is involved
in a matter of hypothesis testing. We shall learn that hypothesis testing
and significance testing are very closely related.

3 Given the form of a postulated model of the physical system and some
experimental data, how may the data be employed to establish the
most desirable values of the parameters of the model? This question
would arise, for example, if we considered the Bernoulli model for flips
of the suspicious coin and wished to adjust parameter P to make the
model as compatible as possible with the experimental data. This is
the domain of estimation.

4 We may be uncertain of the appropriate parameters for our model.
However, from previous experience with the physical system and from
other information, we may have convictions about a reasonable PDF
for these parameters (which are, to us, random variables). The field
of Bayesian analysis develops an efficient framework for combining
such “prior knowledge” with experimental data. Bayesian analysis
is particularly suitable for investigations which must result in decisions
among several possible future courses of action.

The remainder of this book is concerned with the four issues
introduced above. The results we shall obtain are based on subjective
applications of coneepts of probability theory.

7-3 Statistics: Sample Values and Experimental Values

In previous chapters, the phrase “experimental value” always applied
to what we might now consider to be the outcome of a hypothetical experi-
ment with a model of a physical system. Since it is important that we
be able to distinguish between consequences of a model and conse-
quences of reality, we establish two definitions.
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EXPERIMENTAL VALUE: Refers to actual data which must, of course,
be obtained by the performance of (real)
experiments with a physical system

SAMPLE VALUE: Refers to the outcome resulting from the
performance of (hypothetical) experiments
with a model of a physical system

p—————
_

These particular definitions are not universal in the literature, but they
will provide us with an explicit language.

Suppose that we perform a hypothetical experiment with our
model n times. Let random variable z be the characteristic of interest
defined on the possible experimental outcomes. We use the notation
z; to denote the random variable defined on the ¢th performance of
this hypothetical experiment. The set of random variables (21,72,

. %a) is defined to be a sample of size n of random variable z. A
sample of size n is a collection of random variables whose probabilistic
behavior is specified by our model. Hypothesizing a model is equiva-
lent to specifying a compound PDF for the members of the sample.

We shall use the word statistic to describe any function of some
random variables, g(u,p,w, . . .). We may use for the argument of a
statistic either the members of a sample or actual experimental values
of the random variables. The former case results in what is known as
a sample value of the statistic. When experimental values are used
for u,p,w, . . . , we obtain an experimental value of the statistic.
Given a specific model for consideration, we may, in principle, derive
the PDF for the sample value of any statistic from the compound
PDF for the members of the sample. If our model happens to be
correct, this PDF would also describe the experimental value of the
statistic.

Much of the field of statistics hinges on the following three steps:

_—
Snmm——
_—_—

1 Postulate a model for the physical system of interest.
2 Based on this model, select a desirable statistic for which:
The PDF for the sample value of the statistic may be calculated in
a useful form.
Experimental values of the statistic may be obtained from reality.
3 Obtain an experimental value of the statistic, and comment on the
likelihood that a similar value would result from the use of the
proposed model instead of reality.
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The operation of deriving the PDF’s and their means and vari- '
ances for useful statistics is often very complicated, but there are a few
cases of frequent interest for which some of these calculations are not
too involved. Assuming that the x;'s in our sample are always independ-
ent and identically distributed, we present some examples.

One fundamental statistic of the sample (21,2, . . . ,2.) is the
sample mean M ,, whose definition, expected value, and variance were
introduced in Sec. 6-3

=_—
_=
]
—_———
e
_—
_
=
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"—;l ; n) = z G'M,'—n
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and our proof, for the case ¢, < o, showed that M, obeyed (at least)
the weak law of large numbers. If characteristic z is in fact described
by any PDF with a finite variance, we can with high probability use
M, as a good estimate of E(x) by using a large value of n, since we know
that M, converges stochastically to E(z).

It is often difficult to determine the exact expression for fu.(M),
the PDF for the sample mean. Quite often we turn to the central
limit theorem for an approximation to this PDF. Our interests in the
PDF’s for particular statistics will become clear in later sections.

Another important statistic is S.2, the sample variance. The
definition of this particular random variable is given by

Sp? =

S

121 (x; — M,)?

where M, is the sample mean as defined earlier. We may expand the
above expression,

S,.2=%ix.-2~%M,,ix,-+M,.2=%Enx.-z—an

i= i=1 i=
This is a more useful form of S,? for the calculation of its expectation
1 n
E(S.Y = F (21 2*) = B(M.?)

The expectation in the first term is the expected value of a sum and
may be simplified by
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E (2 a:,-2) =E@l+xl+ - + 20 = nkE(z?)
i=1
The calculation of E(M,?) requires a few intermediate steps,

E(M.?) = E [(% 2 xiﬂ .y (7%5 z x,-2> +E (7%2 y Z m,-)

i=1 1=1;=1
1€

_ (%) (nE@? + n(n — DE@)])

In the last term of the above expression, we have used the fact that, for
! % j, 2 and z; are independent random variables. Returning to our
expression for E(S,?), the expected value of the sample variance, we

have
L) - L EEy - (1 - 1) [E@)

n

_ (1 - %) (E@) — (B@]} =

E(8:%)

n—1
n

2

G

Thus, we see that for samples of a large size, the expected value of the
sample variance is very close to the variance of random variable .
The poor agreement between E(S,?) and o.* for small n is most reasona-
ble when one considers the definition of the sample variance for a
sample of size 1.

We shall not investigate the variance of the sample variance.
However, the reader should realize that a result obtainable from the
previous equation, namely,

lim E(S.?) = 0.’

n—

does not necessarily mean, in itself, that an experimental value of S,
for large n is with high probability a good estimate of ;2. We would
need to establish that S,? at least obeys a weak law of large numbers
before we could have confidence in an experimental value of S.? (for
large n) as a good estimator of .. For instance, E (S,2) = o, forlarge
n does not even require that the variance of S,? be finite.

7-4 Significance Testing

Assume that, as a result of preliminary modeling efforts, we have
proposed a model for a physical system and we are able to deter-
mine the PDI" for the sample value of g, the statistic we have selected.
In significance testing, we work in the event space for statistic ¢, using
this PDT, which would also hold for experimental values of ¢ ¢f our
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model were correct. We wish to evaluate the hypothesis that our
model is correct.

In the event space for ¢ we define an event W, known as the

improbable event. We may select for our improbable event any particu-
lar event of probability «, where « is known as the level of significance of
the test. After event W has been selected, we obtain an experimental
value of statistic ¢. Depending on whether or not the experimental
value of ¢ falls within the improbable event W, we reach one of two
conclusions as a result of the significance test. These conclusions are
Rejection of the hypothesis. The experimental value ¢ fell within the
improbable event W. If our hypothesized model were correct, our
observed experimental value of the statistic would be an improbable
result. Since we did in fact obtain such an experimental value, we
believe it to be unlikely that our hypothesis is correct.
Acceptance of the hypothests. The experimental value of ¢ fell in W’.
If our hypothesis were true, the observed experimental value of the
statistic would not be an improbable event. Since we did in fact
obtain such an experimental value, the significance test has not provided
us with any particular reason to doubt the hypothesis.

We discuss some examples and further details, deferring general
comments until we are more familiar with significance testing.

Suppose that we are studying a coin-flipping process to test the
hypothesis that the process is a Bernoulli process composed of fair
(P = $) trials. Eventually, we shall observe 10,000 flips, and we have
selected as our statistic k£ the number of heads in 10,000 flips. Using
the central limit theorem, we may, for our purposes, approximate the
sample value of & as a continuous random variable with a Gaussian
PDF as shown below:

E(k)=10,000 P = 5000
o= V10,000 P(1-P) =50

]
L]
}
)
t
]
1
[}
!
|
1 1 !

4900 5000 5100 ko

Thus we have the conditional PDF for statistic k, given our hypothesis
is correct. If we set a, the probability of the “improbable” event at
0.05, many events could serve as the improbable event W. Several
such choices for W are shown below in an event space for k, with .
P(W) indicated by the area under the PDF fi(ko).
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: k> 5083

F(W,)=005~«

Event Wz: 1 -5000! > 98
Prob [(5000—&)>98] -0.025—-;!

kg

5000 5083

Prob [(k=5000)>>98) = 0.025 = %

- :}k
4902 5000 5098 ¢
E W k- >4
vent W, 5000 —P(W,)~005 =
Dk,

4996 5004

The heavy line appearing on the ko axis in each of the above sketches
represents one possible selection of an improbable event at the 0.05
level of significance.

That part of the cvent space [or a statistic which is ineluded in
the improbable event ¥V is called the critical range of the statistic.
If the experimental value of the statistic falls into the critical region,
the hypothesis is “rejected”; otherwise it is “accepted.” Note that the
level of significance of the test is actually equal to the conditional
probability that a hypethesis will be rejected, given that it is correct.

A reasonable choice of the improbable event must depend on the
actual problem at hand. In a significance test, one i3, in effect, lesting
his hypolhesis against all other hypothesss, with no particular allernatives tn
mind. 1f the hypothesis being tested is not correct, some other hypoth-
esis- (stated or unstated) is correct. The critical region is placed
where we believe other hypotheses are more likely to place the experi-
mental value of the statistic than is the particular hypothesis under
test. This may be viewed as “setting a trap” for outcomes due to
other hypotheses, and it often results in a decision to make the accept-
ance region W' as small as possible. There can be no escape from the
fact that this type of statistical rcasoning is necessarily an arbitrary
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and subjective procedure, but it is a procedure that most people would
consider superior to guessing,

Let’s return to the example of the coin-tossing process and assume
that we have agreed to set «, the level of significance (or the condi-
tional probability of the improbable event, given that the model is
correct) equal to 0.05. If we have no general feelings about possible
aiternative hypotheses, we would expect to trap most other hypotheses
most often by making our acceptance region, the complement of the
eritical region, as small as possible.  For this purpose, we would select
W, in the above sketch as our choice for the improbable event W,

If we had suspicions that the most likely alternative hypotheses
were of the form P greater than 0.5,”” we would want the critical region
to cover values of our statistic most favored by the alternative hypoth-
eses. We would therefore select W, of the three improbable events
shown above. Mlost often, however, significanee testing refers to test-
ing one hypothesis with no others in mind, and the acceptance region is
generally made as small as possible for a given level of significance.

The choice of the level of significance is rather arbitrary. There
are g few popular conventional values of «, and these include 0.03, 0.02,
and 0.01. The smaller the level of significance, the less likely we are
to reject our hypothesis if it is true and the more likely we are to
accept our hypothesis if it is false. In . most cases, one would expect
the choice of the level of significance to depend on the relative costs
of the two possible types of errors which may result from the test,
false acceptance of the hypothesis and false rejection of the hypothesis.

Consider one additional example of the specification of a signifi-
cance test. Suppose that our moedel for characteristic z of a certain
process is that z is a random variable described by a Gaussian PDF
withe; = 1. We have

1
fz(ID) = ’\/2_-

e (T2 —m Ky K ®

53

and we do not know the value of r, the expected value of z. Ten inde-
pendent experimental values of characteristic z have been obtained,
and we wish to test the hypothesis that parameter » is equal to zero.

Using z; as the notation for the :th experimental value of z, we
arbitrarily elect to use the statistic

y=xz+xa+ * F zpo

since we know (from the properties of sums of independent Gaussian
random variables) that the PDT for the sample value of ¥ is

fu(yﬂ) =

e-"flp'o—IOJ')’J’(i'IO} — S Yo S «©

)
V2r /10
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In a significance test we work with the conditional PDT" for our sta-
tistic, given that our hypothesis is true. Ior this example, we have

fulyo) = —\/-—2-;1—\73——(—) vl ~o Syp < ®

Assume that we have decided to test at the 0.05 level of signifi-
cance and that, with no particular properties of the possible alternative
hypotheses in mind, we choose to make the acceptance region for the
significance test as small as possible. This leads to a rejection region
of the form |y| > A. The following sketch applies,

fy (%)

Area = 0.025

~-A 0 +A

and A is determined by

A —
Prob(y > A) = 0.025 = 1 — q»( \/T(io)
A

& (———) = 0.975 A =~ 6.2 from table in Sec. 6-4

A/10

Thus, at the 0.05 level, we shall reject our hypothesis that E(z) = 0 if
it happens that the magnitude of the sum of the 10 experimental values
of x is greater than 6.2.

We conclude this section with several brief comments on signifi-
cance testing: )
The use of different statistics, based on samples of the same size and
the same experimental values, may result in different conclusions from
the significance test, even if the acceptance regions for both statistics
are made as small as possible (see Prob. 7.06).
In our examples, it happened that the only parameter in the PDI’s
for the statistics was the one whose value was specified by the hypoth-
esis. In the above example, if ¢,® were not specified and we wished to
make no assumptions about it, we would have had to try to find a
statistic whose PDF depended on E(z) but not on o;

- e

rT I .'Il P L et e o ik




PARAMETRIC AND NONPARAMETRIC HYPOTHESES 239

3 Even if the outcome of a significance test results in acceptance of the
hypothesis, there are probably many other more accurate (and less
accurate) hypotheses which would also be accepted as the result of
similar significance tests upon them.

4 Because of the imprecise statement of the alternative hypotheses for
a significance test, there is little we can say in general about the rela-
tive desirability of several possible statistics based on samples of the
same size. One desires a statistic which, in its event space, discrima-
nates as sharply as possible between his hypothesis and other hypoth-
eses. In almost all situations, increasing the size of the sample will
contribute to this discrimination.

5 The formulation of a significance test does not allow us to determine
the a priori probability that a significance test will result in an incorrect
conclusion. Even if we can agree to accept an a priori probability
P(H,) that the hypothesis H, is true (before we undertake the test),
we are still unable to evaluate the probability of an incorrect outcome
of the significance test. Consider the following sequential event space
picture for any significance test:

/ Accept H ® "Correct acceptance”
\ Reject H, ® "Faise rejection”

7 % Accept H,, ® "False acceptance"
1\ Reject H, ® "Correct rejection”

The lack of specific alternatives to H,o prevents us from calculating a
priori probabilities for the bottom two event points, even if we accept
a value (or range of values) for P(H,). We have no way to estimate 8,
the conditional probability of acceptance of Hy given H, is incorrect.

6 One value of significance testing is that it often leads one to discard
particularly poor hypotheses. In most cases, statistics based on large
enough samples are excellent for this purpose, and this is achieved
with a rather small number of assumptions about the situation under
study.

7-5 Parametric and Nonparametric Hypotheses

; Two examples of significance tests were considered in the previous
section. In both cases, the PDF for the statistic resulting from the
model contained a parameter. In the first example, the parameter
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was P, the probability of success for a Bernoulli process. In the second
example, the parameter of the PDF for the statistic was », the expected
value of a Gaussian random variable. The significance tests were per-
formed on hypotheses which specified values for these parameters.

If, in effect, we assume the given form of a model and test hypoth-
eses which specify values for parameters of the model, we say that we
are testing parametric hypotheses. = The hypotheses in both examples
were parametric hypotheses.

Nonparanetric hypotheses are of a broader nature, often with
regard to the general form of a model or the form of the resulting PDI
for the characteristic of interest. The following are some typical non-
parametric hypotheses:

Characteristic « is normally distributed.

Random variables x and y have identical marginal PDI"s, that is,
fz(w) = f,(u) for all values of u.

Random variables z and y have unequal expected values.

The variance of random variable z is greater than the variance of
random variable y.

In principle, significance testing for parametric and nonparamet-
ric hypotheses follows exactly the same procedure. In practice, the
determination of useful statistics for nonparametric tests is often a very
difficult task. To be useful, the PDI’s for such statistics must not
depend on unknown quantities. IFurthermore, one strives to make as
few additional assumptions as possible before testing nonparametric
hypotheses. Several nonparametric methods of great practical value,
however, may be found in most elementary statistics texts.

7-6 Hypothesis Testing

The term significance test normally refers to the evaluation of a
hypothesis Hy in the absence of any useful information about alter-
native hypotheses. An evaluation of H, in a situation where the alter-
native hypotheses H,, H,, . . . are specified isknown as a hypothests
test.

In this section we discuss the situation where it is known that
there are only two possible parametric hypotheses Ho(Q = Qo) and
H(Q = @,). We are using @ to denote the parameter of interest.

To perform a hypothesis test, we select one of the hypotheses,
H, (called the null hypothesis), and subject it to a significance test
based on some statistic g. If the experimental value of statistic g falls
into the critical (or rejection) region W, defined (as in Sec. 7-4) by

Prob(gin W | Hy) = Prob(gin W | Q = Q) = «
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we shall “reject” H, and “accept” H,. Otherwise we shall accept H,
and reject H,. In order to discuss the choice of the ‘“best” possible
critical region W for a given statistic in the presence of a specific alter-
native hypothesis H, consider the two possible errors which may result
from the outcome of a hypothesis test.

Suppose that H, were true. If this were s0, the only possible
error would be to reject Hin favor of H,. The conditional probability
of this type of error (called an error of type 1, or false rejection) given
H, is true is

Prob(reject H, | @ = Qo) = Prob(gin W|Q = Q) = «

Suppose that H, is false and H, is true. Then the only type of
error we could make would be to accept H, and reject H,. The con-
ditional probability of this type of error (called an error of type 11, or
Jalse acceptance) given H, is true is

Prob(accept Ho | @ = Q) = Prob(q not in W Q@ =@Q) =8

It is important to realize that a« and 8 are conditional proba-
bilities which apply in different conditional event spaces. Further-
more, for significance testing (in Sec. 7-4) we did not know enough
about the alternative hypotheses to be able to evaluate 8. When we
are concerned with a hypothesis test, this is no longer the case.

Let’s return to the example of 10,000 coin tosses and a Bernoulli
model of the process. Assume that we consider only the two alternative
hypotheses Ho(P = 0.5) and H (P = 0.6). These hypotheses lead to
two alternative conditional PDJ’s for k, the number of heads. We have

Conditional PDF
for k if I{o is true

Conditional PDF
for & if Hx is true

| {

>k
5000 6000 —7"%

In this case, for any given a (the conditional probability of false rejec-
tion) we desire to select a critical region which will minimize 8 (the
conditional probability of false acceptance). It should be clear that,
for this example, the most desirable critical region W for a given o
will be a continuous range of k on the right. For a given value of «,
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we may now identify & and 8 as areas under the conditional PDF’s for
k, as shown below:

Area = a = conditional probability
of false rejection of Ho' given
H is true

J en ’
Critical region W for

= 3 = conditional probabilit Lo
Area =3 = conditional b y rejection of H,

of false acceptance of H, given
H o is false

In practice, the selection of a pair of values « and 8 would usually
depend on the relative costs of the two possible types of errors and
some a priori estimate of the probability that Ho is true (see Prob. 7.10).

Consider a sequential event space for the performance of 2
hypothesis test upon Ho with one specific alternative hypothesis Hi:

y Accept H, e "True acceptance of H"
H, is true and

B0~ H, is false
@ Reject H,, e "False rejection of H"

& 6/ Accept Hy @ "False acceptance of Hy'"
'35/ H, is true and

H,, is false
0 % Reject M, ® "True rejection of H,’

If we are willing to assign an o priori probability P(H o) to the
validity of Ho, we may then state that the probability (to us) that this
hypothesis test will result in an incorrect conclusion is equal to

«P(H,) + B0 — P(Hy))

Even if we are uncomfortable with any step which involves the assump-
tion of P(H,), we may still use the fact that

0 < P(Hy <1
and the previous expression to obtain the bounds
min (e,8) < Prob(incorrect conclusion) < max (e,8)

We now comment on the selection of the statistic ¢. T'or any
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hypothesis test, a desirable statistic would be one which provides good
discrimination between Hy and H,. For one thing, we would like the
ratio

Sarrr(go | Ho)
far(go ] Hy)

to be as large as possible in the acceptance region W’ and to be as
small as possible in the rejection region W, This would mean that, for
any experimental value of statistic ¢, we would be relatively unlikely
to accept the wrong hypothesis.

We might decide that the best statistic, ¢, is one which (for a
given sample size of a given observable characteristic) provides the
minimum g for any given «. Even when such a best statistic does
exist, however, the derivation of the form of this best statistic and its
conditional PDI’s may be very difficult.

7-7 Estimation

Assume that we have developed the form of a model for a physical
process and that we wish to determine the most desirable values for
some parameters of this model. The general theory of using experi-
mental data to estimate such parameters is known as the theory of
estimation.

When we perform a hypothesis test with a rich set of alternatives,
the validity of several suggested forms of a model may be under ques-
tion. I‘or our discussion of estimation, we shall take the viewpoint
that the general form of our model is not to be questioned. We wish
here only to estimate certain parameters of the process, given that the
form of the model is correct. Since stating the form of the model is
equivalent to stating the form of the PDI" for characteristic = of the
process, determining the parameters of the model is similar to adjusting
the parameters of the PDF to best accommodate the experimental data.

Let Q. (x1,x2, . . . ,x.) be a statistic whose sample values are a
function of a sample of size n and whose experimental values are a
function of n independent experimental values of random variable z.
Let Q be a parameter of our model or of its resulting PDF for random
variable . We shall be interested in those statistics @, whose experi-
mental values happen to be good estimates of parameter . Such
statistics are known as estimators.

Some examples of useful estimators follow. We might use the
average value of n experimental values of z, given by

i Qn=%(x1+xg+'”+xn)=M,,
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as an estimate of the parameter E(z). We have already encountered
this statistic several times. [Although it is, alas, known as the sample
mean (M,), we must realize that, like any other statistic, it has both
sample and experimental values. A similar comment applies to our
next example of an estimator.] Another example of a statistic which
may serve as an estimator is that of the use of the sample variance,
given by

1 n
Q= ), (= Moyt = 52

to estimate the variance of the PDF for random variable z. For a
final example, we might use the maximum of n experimental values of
x, given by

Q. = max (21,22, . . . ,%s)

to estimate the largest possible experimental value of random variable z.

Often we are able to suggest many reasonable estimators for a
particular parameter ¢. Suppose, for instance, that it is known that
f=(o) is symmetric about E(z), that is,

[E(x) + a] = f{E(x) — a] for all a

and we wish to estimate £(x) using some estimator @.(z1,zs, . . . ,Za).
We might use the estimator

1 n
in - ﬁ Z Zi

i=1

or the estimator

max (z1,Zs, . . . ,Zn) — min (1,%3, . . . ,Zn)
Qﬂ2 = 2

or we could list the z; in increasing order by defining
y: = 7th smallest member of (1,72, . . . ,25)
and use for our estimator of E(x) the statistic

Yn+1)/2 n odd
lxr(ynlz + ?/(n+2)/z) n even

Qns =

Any of these three estimators might turn out to be the most desirable,
depending on what else is known about the form of f.(z¢) and also
depending, of course, on our criterion for desirability.

In the following section, we introduce some of the properties
relevant to the selection and evaluation of useful estimators.
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7-8 Some Properties of Desirable Estimators

A sequence of estimates Q,, @, . . . of parameter Q is called consistent
if it converges stochastically to Qasn — «. That is, Q, is a consistent,
estimator of Q if

lim Prob(|Q, — Q| > ¢ =0 foranye> 0

In Chap. 6, we proved that, given that o,? is finite, the sample mean
M, is stochastically convergent to E(z). Thus, the sample mean is a
consistent estimator of E(x). If an estimator is known to be consistent,
we would become confident of the accuracy of estimates based on very
large samples. However, consistency is a limit property and may not
be relevant for small samples.

A sequence of estimates Q,, Q,, . . . of parameter Q is called
unbiased if the expected value of @, is equal to Q for all values

n=12 ...
That is, Q. is an unbiased estimate for @ if
E@Q,) = Q forn=1,2,...

We noted (Sec. 7-3) that the sample mean M, is an unbiased estimator
for E(z). We also noted that, for the expected value of the sample
variance, we have

n—1 2

E(8.?) = or
and thus the sample variance is not an unbiased estimator of 7,2. How-
ever, it is true that

lim E(S,%) = 4,2

n—>»

Any such estimator Q,, which obeys

n— o
is said to be an asymptotically unbiased estimator of Q. If Q,is an
unbiased (or asymptotically unbiased) estimator of Q, this property
alone does not assure us of a good estimate when 7 is very large. We
should also need some evidence that, as n grows, the PDF for Q,
becomes adequately concentrated near parameter Q.

The relative efficiency of two unbiased estimators is simply the
ratio of their variances. We would expect that, the smaller the vari-
ance of an unbiased estimator Q,, the more likely it is that an experi-
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mental value of Q, will give an accurate estimate of parameter Q. We
would say the most effictent unbiased estimator for Q is the unbiased
estimator with the minimum variance.

We now discuss the concept of a sufficient estimator. Consider
the n-dimensional sample space for the values zy, X, - . ., Zn. In
general, when we go from a point in this space to the corresponding
value of the estimator Q.(x1,xs, . - - ,&x), one of two things must hap-
pen. Given that our model is correct, either Q. contains all the infor-
mation in the experimental outcome (zy,%2, . . - ,T) relevant to the
estimation of parameter @, or it does not. [or example, it is true for
some estimation problems (and not for some others) that

n
Qn = z z;

i=1

contains all the information relevant to the estimation of Q which may
be found in (z;,z2 . . . ,¥.). The reason we are interested in this
matter is that we would expect to make the best use of experimental
data by using estimators which take advantage of all relevant informa-
tion in the data. Such estimators are known as sufficient estimators.
The formal definition of sufficiency does not follow in a simple form
from this intuitive discussion.

To state the mathematical definition of a sufficient estimator,
we shall use the notation

T,= Ty T2 " Ty representing an n-dimensional ran.dom
variable
oy = T T " 7 Tng, representing any particular valueof =

Our model provides us with a PDF for z, in terms of a parameter ¢

which we wish to estimate. This PDT for (z , may be written as
fﬁ_’(&) = g(&,Q) where g is a function only of 2o and Q

If we are given the experimental value of estimator Q., this is at least
partial information about x, and we could hope to use it to calculate

the resulting conditional PDF for x,,

foJIQn(&:O_, I Qn) = h(&7Qan)
where & is a function only of | 2o, Q, and Q.. If and only if the PDI" h

does not depend on paramcter Q after the value of Q. is given, we
define Q, to be a sufficient estimator for parameter Q.

A few comments may help to explain the apparent distance
between our simple intuitive notion of a sufficient statistic and the

e ——

e ——
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formal definition in the above paragraph. We are estimating @ because
we do not know its value. Let us accept for a moment the notion that
Q is (to us) a random variable and that our knowledge about it is given
by some a priori PDT. When we say that a sufficient estimator @,
will contain all the information about € which is to be found in

(£1,zs, . . . ,x,), the implication is that the conditional PDF for Q,
given Q,, will be identical to the conditional PDI for @, given the values
(®r,22, . . . ,xa.). Becouse classical statistics does not provide a frame-

work for viewing our uncertainties about unknown constants in terms
of such PDI’s, the above definition has to be worked around to be in
terms of other PDIVs. . Instead of stating that @, tells us everything
about @ which might be found in (xy,xs, . . . ,Z.), our formal definition
states that Q. tells us everything about (z,,z,, . . . ,z,) that we could
find out by knowing Q.

In this section we have discussed the concepts of consistency,
bias, relative efficiency, and sufficiency of estimators. We should also
note that actual estimates are normally accompanied by confidence
limits. The statistician specifies a quantity é for which, given that
his model is correct, the probability that the ‘‘random interval” @, +
will fall such that it happens to include the true value of parameter @
is equal to some value such as 0.95 or 0.98. Note that it is the location
of the interval centered about the experimental value of the estimator,
and not the true value of parameter @, which is considered to be the
random phenomenon when one states confidence limits. We shall
not explore the actual calculation of confidence limits in this text.
Although there are a few special (simple) cases, the general problem is
of an advanced nature.

7-9  Maximume-likelihood Estimation

There are several ways to obtain a desirable estimate for @, an
unknown parameter of a proposed statistical model. One method of
estimation will be introduced in this section. A rather different
approach will be indicated in our discussion of Bayesian analysis.

To use the method of maximum-likelthood estimation, we first
obtain an experimental value for some sample (23,22, . . . ,2.). We
then determine which of all possible values of parameter @ maximizes
the a priori probability of the observed experimental value of the
sample (or of some statistic of the sample). Quantity @*, that possible
value of @ which maximizes this a priori probability, is known as the
maximum-likelihood estimator for parameter Q.

The a priori probability of the observed experimental outcome
is calculated under the assumption that the model is correct. Before
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expanding on the above definition (which is somewhat incomplete) and
commenting upon the method, we consider a simple example.

Suppose that we are considering a Bernoulli process as the model
for a series of coin flips and that we wish to estimate parameter P,
the probability of heads (or success), by the method of maximum-
likelihood. Our experiment will be the performance of n flips of the
coin and our sample (zy,Zs, . - . ,%.) Tepresents the exact sequence
of resulting Bernoulli random variables.

The a priori probability of any particular sequence of experi-
mental outcomes which contains exactly k& heads out of a total of n
flips is given by

Pl — P k=0,1,...,n

To find P*, the maximum-likelihood estimator for P, we use elementary
calculus to determine which value of P, in the range 0 < P <1, maxi-
mizes the above a priori probability for any experimental value of k.
Differentiating with respect to P, setting the derivative equal to zero,
and checking that we are in fact maximizing the above expression, we
finally obtain

pr=F

n
which is the maximum-likelihood estimator for parameter P if we
observe exactly k heads during the n trials.

In our earlier discussion of the Bernoulli law of large numbers
(Sec. 6-3) we established that this particular maximum-likelihood esti-
mator satisfies the definition of a consistent estimator. By performing
the calculation

o Ky 1 P _
E(P*) ‘"E(ﬁ)"ﬁE(k) = "ﬁ""P
we find that this estimator is also unbiased.

Note also that, for this example, maximum-likelihood estimation
based on either of two different statistics will result in the same expres-
sion for P*. We may use an n-dimensional statistic (the sample itself)
which is a finest-grain description of the experimental outcome or we
may use the alternative statistic k, the number of heads observed.
(It happens that k/n is a sufficient estimator for parameter P of a
Bernoulli process.)

We now make a necessary expansion of our original definition of
maximum-likelihood estimation. If the model under consideration
results in a continuous PDF for the statistic of interest, the probability
associated with any particular experimental value of the statistic is

pons
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zero. For this case, let us, for an n-dimensional statistic, view the
problem in an n-dimensional event space whose coordinates represent
the n components of the statistic. Our procedure will be to determine
that possible value of @ which maximizes the a priori probability of
the event represented by an n-dimensional incremental cube, centered
about the point in the event space which represents the observed experi-
mental value of the statistic.

The procedure in the preceding paragraph is entirely similar to
the procedure used earlier for maximum-likelihood estimation when the
statistic is described by a PMTF. Tor the continuous case, we work with
incremental events centered about the event point representing the
observed experimental outcome. The result can be restated in a simple
manner. If the statistic employed is described by a continuous PDF,
we maximize the appropriate PDF evaluated at, rather than the proba-
bility of, the observed experimental outcome.

As an example, suppose that our model for an interarrival proc-
ess is that the process is oisson. This assumption models the first-
order interarrival times as independent random variables, each with
PDF

fo(®a) = Ner e >0

In order to estimate A, we shall consider a sample (»,s,t,u,v) composed
of five independent values of random variable . Our statistic is the
sample itself. The compound PDT for this statistic is given by

St o(T0,80,80,%0,00)
B ( AeMroNe=Mang Mg MuaNe 0 if 7, 8o, Lo, Uo, Vo > 0

0 otherwise
| NemMioterttotusteo) if 74, So, to, %o, ¥o 2> 0
0 otherwise

Maximization of this PDI with respect to A for any particular experi-
mental outcome (rg,80,lo,u0,00) leads to the maximum-likelihood
estimator

5

T o F 80 F fo + uo + vo

which seems reasonable, since this result states that the maximum-
likelihood estimator of the average arrival rate happens to be equal to
the experimental value of the average arrival rate. [We used the
(r,8,¢,u,v) notation instead of (z,,xs, . . . ,r,) to enable us to write out
the compound PDF for the sample in our more usual notation.}
Problem 7.15 assists the reader to show that A* is a consistent

x*
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estimator which is biased but asymptotically unbiased. It also hap-
pens that A* (the number of interarrival times divided by their sum)
1s a sufficient estimator for parameter A.

In general, maximum-likelihood estimators can be shown to have
a surprising number of useful properties, both with regard to theoretical
matters and with regard to the simplicity of practical application of the
method. Tor situations involving very large samples, there are few
people who disagree with the reasoning which gives rise to this arbitrary
but most useful estimation technique.

However, serious problems do arise if one attempts to use this
estimation technique for decision problems involving small samples or
if one attempts to establish that maximum likelihood is a truly funda-
mental technique involving fewer assumptions than other methods of
estimation.

Suppose that we have to make a large wager based on the true
value of P in the above coin example. There is time to flip the coin
only five times, and we observe four heads. Very few people would be
willing to use the maximum-likelihood estimate for P, 4, as their esti-
mator for parameter P if there were large stakes involved in the accuracy
of their estimate. Since maximum likelihood depends on a simple
maximization of an unweighted PDT', there seems to be an uncomfortable
implication that all possible values of parameter P were equally likely
before the experiment was performed. We shall return to this matter
in our discussion of Bayesian analysis.

7-10 Bayesian Analysis

A Bayesian believes that any quantity whose value he does not know
is (to him) a random variable. He believes that it is possible, at any
time, to express his state of knowledge about such a random variable
in the form of a PDF. As additional experimental evidence becomes
available, Bayes’ theorem is used to combine this evidence with the
previous PDT in order to obtain a new a posteriori PDF representing
his updated state of knowledge. The PDF expressing the analyst’s
state of knowledge serves as the quantitative basis for any decisions
he is required to make.

Consider the Bayesian analysis of Q, an unknown parameter of a
postulated probabilistic model of a physical system. We assume
that the outcomes of experiments with the system may be described by
the resulting experimental values of continuous random variable z, the
characteristic of interest.

Based on past experience and all other available information, the
Bayesian approach begins with the specification of a PDF fo(Q,), the
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analyst’s a priori PDF for the value of parameter . As before, the
model specifies the PDT for the sample value of characteristic z, given
the value of parameter Q. Since we are now regarding @ as another
random variable, the PDF for the sample value of z with parameter Q
is to be written as the conditional PDF,

F1e(@o | Qo) = conditional PDT for the sample value of characteristic
Z, given that the value of parameter Q is equal to @,

Each time an experimental value of characteristic z is obtained,
the continuous form of Bayes’ theorem

fea@0Q0) | fuole]| Q0fo@)  _
foue(@ ] 2) = - = 7@
" B [ e | Q0je(@n) d@y O

is used to obtain the a posteriori PDF f4(Q,), describing the analyst’s
new state of knowledge about the value of parameter Q. This PDF
7o(Qo) serves as the basis for any present decisions and also as the ¢
priort PDF for any future experimentation with the physical system.
The Bayesian analyst utilizes his state-of-knowledge PDTF to
resolve issues such as:
Given a function C(Q,Q*), which represents the penalty associated with
estimating Q¢, the true value of parameter @, by an estimate Q*, deter-
mine that estimator Q* which minimizes the expected value of C(Q¢,Q*).
(For example, see Prob. 2.05.)
Given the function C(Q4,Q™), which represents the cost of imperfect
estimation, and given another function which represents, as a function
of n, the cost of n repeated experiments on the physical system, specify
the experimental test program which will minimize the expected value
of the total cost of experimentation and estimation.

As one example of Bayesian analysis, assume that a Bernoulli
model has been accepted for a coin-flipping process and that we wish to
investigate parameter P, the probability of success (heads) for this
model. We shall discuss only a few aspects of this problem. One
should keep in mind that there is probably a cost associated with each
flip of the coin and that our general objective is to combine our prior
convictions about the value of P with some experimental evidence to
obtain a suitably accurate and cconomical estimate P*,

The Bayesian analyst begins by stating his entire assumptive
structure in the form of his a priort PDF fp(P,). Although this is
necessarily an inexact and somewhat arbitrary specification, no esti-
mation procedure, classical or Bayesian, can avoid this (or an equiva-
lent) step. We continue with the cxample, deferring a more general
discussion to Sec. 7-12.
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Four of many possible choices for fp(Po) are shown below:

fp(P o) fp(Po)
pofF (D PDF (2)
| N !
0 0.5 10 E, 0 0.5 1.0 R
A8 fo(Fy)
AN AN
1.0
POF @ POF (&)
1 N x - N
0 0.5 1.0 2 0 025 05075 1.0 F

A priori PDF @ could represent the prior convictions of one
who believes, “Almost all coins are fair or very nearly fair, and I don’t
see anything special about this coin.” If it is believed that the coin is
probably biased, but the direction of the bias is unknown, PDF @
might serve as fp(Po). There might be a person who claims, “I don’t
know anything about parameter P, and the least biased approach is
represented by PDF ®.” Finally, PDF (D is the a priori state of
knowledge for a person who is certain that the value of P is equal to
0.75. In fact, since PDT @ allocates all its probability to this single
possible value of P, there is nothing to be learned from experimentation.
For PDF (9), the a posteriori PDT will be identical to the a priori PDF,
no matter what experimental outcomes may be obtained.

Because the design of complete test programs is too involved for
our introductory discussion, assume that some external considerations
have dictated that the coin is to be flipped exactly No times. We
wish to see how the experimental results (exactly Ko heads in N tosses)
are used to update the original a priori PDF f p(Po).

The Bernoulli model of the process leads us to the relation

pr (Ko | Po) = (%Z) PoEo(1 — Po)NeXe Koe=0,1,2,...,No

where we are using a PMF because of the discrete nature of K, the
characteristic of interest. The equation for using the experimental
outcome to update the a priori PDF fp(Py) to obtain the a posteriori
PDF fp(Po) is thus, from substitution into the continuous form of
Bayes’ theorem, found to be,

S S
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() Poret — poresgecpy

f;’(PO) = fP|K(P0 [ KO) = . N
fpo=o( °> PoFo(1 — Po)¥e~Kef p(Po) d Py

K,

and we shall continue our consideration of this relation in the following
section.

In general, we would expect that, the narrower the a priori PDF
f»(Po), the more the experimental evidence required to obtain an a
posteriori PDI" which is appreciably different from the a priori PDF.
For very large amounts of experimental data, we would expect the
effect of this evidence to dominate all but the most unreasonable a
priori PDF’s, with the a posteriori PDT fp(P,) becoming heavily con-
centrated near the true value of parameter P.

7-11 Complementary PDF’s for Bayesian Analysis

For the Bayesian analysis of certain parameters of common proba-
bilistic processes, such as the situation in the example of Sec. 7-10, some
convenient and efficient procedures have been developed.

The general calculation for an a posteriori PDF is unpleasant,
and although it may be performed for any a priori PDF, it is unlikely
to yield results in a useful form. To simplify his computational burden,
the Bayesian often takes advantage of the obviously imprecise specifi-
cation of his a priori state of knowledge. In particular, he elects that,
whenever it is possible, he will select the a priori PDI" from a family
of PDI”’s which has the following three properties:

1 The family should be rich enough to allow him to come reasonably
close to a statement of his subjective state of knowledge.

2 Individual members of the family should be determined by specifying
the value of a few parameters. It would not be realistic to pretend
that the a priori PDF represents very precise information.

3 The family should make the above updating calculation as simple as
possible. In particular, if one member of the family is used as the
a priori PDF, then, for any possible experimental outcome, the result-
ing a posteriori PDF should simply be another member of the family.
One should be able to carry out the updating calculation by merely
using the experimental results to modify the parameters of the a priori
PDF to obtain the a posteriori PDF.

The third item in the above list is clearly a big order. We shall
not investigate the existence and derivation of such families here.
However, when families of PDF’s with this property do exist for the
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estimation of parameters of probabilistic processes, such PDF’s are
said to be complementary (or conjugate) PDI’s for the process being
studied. A demonstration will be presented for the example of the
previous section.

Consider the befa PDY for random variable P with parameters
ko and mg. It is convenient to write this PDT as ®p(Pq| ko, m0),

defined by
0<P <1

(BP(PO ‘ ]Co, no) = C(k(),no)Pok“—‘(l - Po)"u-"l‘-l ke > 0
noe = ko

where C(ko,no) is simply the normalization constant
1 -
Cleone) = [ [p,_o P (1 = Poret dP |
and several members of this family of PDI’s are shown below:

B, (B, lkgo)

/I\

n0=-22
ky=11
3.0}
2.0 =8
ng= o
kg = 3 k=5
n,= 2
koil
1.0
{ | — N P
0 0.2 0.4 0.6 08 1.0 770

An individual member of this family may be specified by sclect-
ing values for its mean und varianee rather than by scleeting constants
ko and no directly.  Although techniques have been developed to allow
far more structured PDIF’s, the Bayesian often finds that these two
parameters (1) and o 2 allow for an adequate expression of his prior
beliefs about the unknown parameter P of a Bernoulli model.

Dircet substitution into the relation for fp(Py), the o posteriort

——

——

CC

7-1
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PDF for our example, establishes that if the Bayesian starts out with
the & priori PDI

Fp(Po) = ®p(Po | ko, no)

and then observes cxactly Ko successes in Ny Bernoulli trials, the
resulting a posteriori PDI is

T5(Po) = frx(Po | Ko) = ®p(Po| ko + Ko, no + No)

Thus, for the estimation of parameter P for a Bernoulli model, use of
a beta PDI for fp(Py) allows the a posteriori PDF to be determined by
merely using the experimental values K, and N to modify the parame-
ters of the a priori PDT.  Using the above sketch, we see, for instance,
that, if [p(P,) were the beta PDF with ko = 3 and n, = 6, an experi-
mental outcome of two successes in two trials would lead to the
a posteriori beta PDI with ky = 5 and ny = 8.

It is often the case, as it is for our example, that the determina-
tion of parameters of the a priori PDI" can be interpreted as assuming
a certain ‘‘equivalent past experience.” Tor instance, if the cost
structure is such that we shall choose our best estimate of parameter
P to be the expectation of the a posteriori PDF, the resulting estimate
of parameter P, which we call P*, turns out to be

Ko+ ko

*___._.q———.——-
P No+no

This same result could have been obtained by the method of maximum-
likelihood estimation, had we agreed to combine a bias of ko successes
in ng hypothetical trials with the actual experimental data.

Iinally, we remark that the use of the beta family for estimating
parameter P of a Bernoulli process has several other advantages. It
renders quite simple the otherwise most awkward calculations for what
is known as preposterior analysis. This term refers to an exploration
of the nature of the a posteriori PDI" and its consequences before the
tests are performed. It is this feature which allows one to optimize a
test program and design effective experiments without becoming
bogged down in hopelessly involved detailed calculations.

7-12 Some Comments on Bayesian Analysis and Classical Statistics

There is a large literature, both mathematical and philosophical, deal-
g with the relationship between classical statistics and Bayesian
analysis.  Inorder to indicate some of the considerations in a relatively
brief manner, some imprecise gencralizations necessarily appear in the
following discussion.

The Bayesian approach represents a significant departure from
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the more conservative classical techniques of statistical analysis.
Classical techniques are often particularly appropriate for purely
scientific investigations and for matters involving large samples.
Classical procedures attempt to require the least severe possible
assumptive structure on the part of the analyst. Bayesian analysis
involves a more specific assumptive structure and is often described as
being decision-oriented. Some of the most productive applications of
the Bayesian approach are found in situations where prior convictions
and a relatively small amount of experimentation must be combined
in a rational manner to make decisions among alternative future courses
of action.

There is appreciable controversy about the degree of the differ-
ence between classical and Bayesian statistics. The Bayesian states
his entire assumptive structure in his a priori PDF; his methods require
no further arbitrary steps once this PDF is specified. It is true that
he is often willing to state a rather sharp a priori PDF which heavily
weights his prior convictions. But the Bayesian also points out that
all statistical procedures of any type involve similar (although possibly
weaker) statements of prior convictions. The assumptive structures
of classical statistics are less visible, being somewhat submerged in
established statistical tests and the choice of statistics.

Any two Bayesians would begin their analyses of the same
problem with somewhat different a priori PDF’s. If their work led
to conflicting terminal decisions, their different assumptions are
apparent in their a priori PDF’s and they have a clear common ground
for further discussions. The common ground between two different
classical procedures which result in conflicting advice tends to be less
apparent.

Objection is frequently made to the arbitrary nature of the
a priori PDF used by the Bayesian. One frequently hears that this
provides an arbitrary bias to what might otherwise be a scientific
investigation. The Bayesian replies that all tests involve a form of
bias and that he prefers that his bias be rational. For instance, in
considering the method of maximum likelihood for the estimation of
parameter P of a Bernoulli process, we noted the implication that all
possible values of P were equally likely before the experiments.
Otherwise, the method of maximum likelihood would maximize a
weighted form of that function of P which represents the a priori proba-
bility of the observed experimental outcome.

Continuing this line of thought, the Bayesian contends that, for
anybody who has ever seen a coin, how could any bias be less rational
than that of a priori PDI" (3 in the example of Sec. 7-10? Finally, he
would note that there is nothing fundamental in starting out with a
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uniform PDF over the possible values of P as a manifestation of
“minimum bias.” Parameter P is but one arbitrary way to charac-
terize the process; other parameters might be, for example,
U=3 V=P 4Ph(P+)
and professing that all possible values of one of these parameters be
equally likely would lead to different results from those obtained by
assuming the uniform PDF over all possible values of parameter P,
The Bayesian believes that, since it is impossible to avoid bias, one can
do no better than to assume a rational rather than naive form of bias.
We should remark in closing that, because we considered a par-
ticularly simple estimation problem, we had at our disposal highly
developed Bayesian procedures. For multivariate problems or for
tests of nonparametric hypotheses, useful Bayesian formulations do
not necessarily exist.

v

ROBLEMS

7.01 Random variable M,, the sample mean, is defined to be the average
value of » independent experimental values of random variable z.
Determine the exact PDF (or PMF) for M » and its expected value and
variance if

ArzoF—le=2

af;(xo)=m k=1,2,3,...;$020
1 .
b 2(T = __e‘(zG_S)’/aZ — 00 S X _<_ 0
Jo(@0) 4 /2 ’
Zog—h
C p,(xo) = /‘xoj’ Ty = O, 1, 2, 0

d p.(zo) = P(1 — P)=o1 =123 ...

7.02 Our model for a process states that z is a random variable described

L

by the PDF
_ 41 fr<azy<r4+1
Ja(0) = {O otherwise
and we do not know the value of r. For the following questions,

assume that the form of our model is correct.
= a We may use the average value of 48 independent experimental values
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o
<

of random variable z to estimate the value of » from the relation
rt+t
M, ~ E@) = f Zofulzo) dzg = + + 3

What is the probability that our estimate of » obtained in this way
will be within #0.01 of the true value? Within +0.05 of the true
value?

b We may use the largest of our 48 experimental values as our estimate
of the quantity r + 1, thus obtaining another estimate of the value of
parameter ». What is the probability that our estimate of r obtained
this way is within (40,—0.02) of the true wvalue? Within
(+0,—0.10) of the true value?

7.03 a Use methods similar to those of See. 7-3 to derive o reasonably
simple expression for the variance of the sample variance.
b Does the sequence of sample variances (S.2,S;?, . . .) for a Gaussian
random variable obey the weak law of large numbers? Explain.

7.08 There are 240 students in a literature elass (‘‘Proust, Joyce, Kafka,
and Mickey Spillane’). Our model states that z, the numerical grade
for any individual student, is an independent Gaussian random variable
with a standard deviation equal to 10 4/2. Assuming that our model
1s correct, we wish to perform a significance test on the hypothesis that
E(x) is equal to 60.

Determine the highest and lowest class averages which will
result in the acceptance of this hypothesis:
a At the 0.02 level of significance
b At the 0.50 level of significance

7.05 We have accepted a Bernoulli model for a certain physical process
involving a series of discrete trials. We wish to perform a significance
test on the hypothesis that P, the probability of success on any trial,
is equal to 0.50. Determine the rejection region for tests at the 0.05
level of significance if we select as our statistic
a Random variable », the number of trials up to and including the

900th success
b Random variable s, the number of successes achieved in a total of
1,800 tnals

The expected number of coin flips for each of these significance
tests is equal. Discuss the relative merits of these tests. Consider
the two ratios o,/E(r) and o,/E(s). Is the statistic with the smaller
standard-deviation to expected-value ratio neccssarily the better
statistic?

g e
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7.06 Random variable x is known to be described by the PDF

£ = {ZII if0 < 20 < 4
0 otherwise

but we do not know the value of parameter A. Consider the following
statistics, each of which is based on a set of five independent experi-
mental values (z1,25, . . . ,x;) of random variable z:

0.2(xy + 22+ - -+ + 1y)
§ = max (T2, . . . ,xs)
t = 0.5(x: + z2)

7

We wish to test the hypothesis A — 2.0 at the 0.5 level of significance,
(A significance test using statistic r, for example, 1s referred to as 7,.)
Without doing too much work, can you suggest possible values

of the data {z(,2s, . . . ,z5) which would result in:

a Acceptance only on T, (and rejection on T, and T)? Acceptance
only on 7,? Aceeptance only on T,?

b Rejection only on T, (and acceptance on 7T, and 7,)? Rejection
only on 7,7 Rejection only on 7,?

¢ Acceptance on ali three tests? Rejection on all three tests?

If the hypothesis is accepted on all three tests, does that mean
it has passed an equivalent single significance test at the 1 — (0.5)?
level of significance? :

7.07  Al, the bookie, plans to place a bet on the number of the round in
which Bo might knock out Ci in their coming (second) fight. Al
assumes only the following details for his model of the fight:

1 Ci can survive exactly 50 solid hits. The 51st solid hit (if there is
one) finishes Ci.

2 The times between solid hits by Bo are independent random variables
with the PDF

Si(te) = Ae th 20
3 Each round is three minutes.

Al hypothesizes that A = g4 (hits per second). Given the
result of the previous fight (Ci won), at what significance level can Al
accept his hypothesis Ho(A = 3%)? In the first fight Bo failed to come
out for round 7—Ci lasted at least six rounds. Discuss any additional
assumptions you make,
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7.08 We are sure that the individual grades in a class are normally dis-
tributed about a mean of 60.0 and have standard deviation ¢ equal to
either 5.0 or 8.0. Consider a hypothesis test of the null hypothesis
Ho(e = 5.0) with a statistic which is the experimental value of a single
grade.

a Determine the acceptance region for H, if we wish to set the condi-
tional probability of false rejection (the level of significance) at 0.10.

b IFor the above level of significance and critical region, determine the
conditional probability of acceptance of Hy, given ¢ = 8.0.

¢ How does increasing the number of experimental values averaged in
the statistic contribute to your confidence in the outcome of this
hypothesis test?

d Suggest some appropriate statistics for a hypothesis test which is
intended to discriminate between Ho(e = 5.0) and H,(c = 8.0).

e If we use H, as a model for the grades, what probability dces it allot
to grades less than 0 or greater than 100?

T

[

g S

7.09 A random variable x is known to be characterized by either a Gaussian
PDI with E(z) = 20 and ¢, = 4 or by a Gaussian PDI" with £(z) = 25
ando, = 5. Consider the null hypothesis Ho[E(z) = 20,0, = 4]. We
wish to test H, at the 0.05 level of significance. Our statistic is to be
the sum of three experimental values of random variable z.

a Determine the conditional probability of false acceptance of H,.

b Determine the conditional probability of false rejection of H,.

¢ Determine an upper bound on the probability that we shall arrive at
an incorrect conclusion from this hypothesis test.

d If we agree that one may assign an a priori probability of 0.6 to the
event that H, is true, determine the probabilities that this hypothesis
test will result in:

i False acceptance of H,
ii False rejection of H,
iii An incorrect conclusion

7.10 A random variable z is known to be the sum of k independent
identically distributed exponential random variables, each with an
expected value equal to (kA\)~!. We have only two hypotheses for the
value of parameter k; these are Ho(k = 64) and H,(k = 400). Before
we obtain any experimental data, our a priori guess is that these two
hypotheses are equally likely.

The statistic for our hypothesis test is to be the sum of four
independent experimental values of xz. We estimate that false accept-
ance of H, will cost us $100, false rejection of H, will cost us $200, and
any correct outcome of the test is worth $500 to us.

A A s
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Determine approximately the rejection region for Hy which
maximizes the expected value of the outcome of this hypothesis test.

7.11 A Bernoulli process satisfies either Ho(P = 0.5) or Hi(P = 0.6).
Using the number of successes observed in n trials as our statistic, we
wish to perform a hypothesis test in which a, the conditional probability )
of false rejection of Hy, is equal to 0.05. What is the smallest value of
n for which this is the case if B, the conditional probability of false
acceptance of Hoy, must also be no greater than 0.05?

7.12 A hypothesis test based on the statistic
it T+ - 4oz,

n

M. =

is to be used to choose between two hypotheses
Hy[E(z) = 0, 0, = 2] H\[E(z) =1, o, = 4]

for the PDF of random variable 2 which is known to be Gaussian.

a Make a sketch of the possible points (o,8) in an «,8 plane for the
casesn =l and» = 4. (« and 3 are, respectively, the conditional
probabilities of false rejection and false acceptance.)

b Sketch the ratio of the two conditional PDI"s for random variable
M. (given H,, given H,) as a function of M., for the casesn = 1 and
n = 4. Discuss the properties of a desirable statistic that might be
exhibited on such a plot.
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7.13 Expanding on the statement of Prob. 7.06, consider the statistic

Sn = max (Ty,2s, . . . ,T,)

as an estimator of parameter 4.

a Is this estimator biased? Is it asymptotically biased?

b Is this estimator consistent?

¢ Carefully determine the maximum-likelihood estimator for 4, based
only on the experimental value of the statistic Sn.

7.14  Suppose that we flip a coin until we observe the Ith head. Let n be
the number of trials up to and including the /th head. Determine the
maximum-likelihood estimator for P, the probability of heads.
Another experiment would involve flipping the coin n (a predetermined
number) times and letting the random variable be I, the number of
heads in the n trials. Determine the maximum-likelihood estimator
for P for the latter experiment. Discuss your results.

o



1\
(o]

2 AN INTRODUCTION TO STATISTICS

7.15 Weish to estimate X for a Poisson process. If we let (zy, 22, - - - 1Tn)
be independent experimental values of n first-order interarrival times,
we find (Sec. 7-9) that A}, the maximum-likelihood estimator for A, is
given by

= (g )
i=1

a Show that Z(\¥) = aN\/(n — 1).

b Determine the exact value of the variance of random variable \¥ as
a function of n and X

¢ Is \* a biased estimator for A? Is it asymptotically biased?

d Is A* a consistent estimator for N?

e Based on what we know about A},
unbiased consistent estimator for N?

Another type of maximum-likelihood estimation for the parame-
ter \ of a Poisson process appears in the following problem.

can you suggest a desirable

7.16 Assume that it is known that occurrences of a particular event con-
stitute a Poisson process in time. We wish to investigate the parame-
ter \, the average number of arrivals per minute.

a In a predetermined period of T minutes, exactly n arrivals are
observed. Derive the maximum-likelihood estimator A* for \ based
on this data.

b In 10,000 minutes 40,400 arrivals are observed. At what significance
level would the hypothesis A = 4 be accepted?

¢ Prove that the maximum-likelihood estimator derived in (a) is an
unbiased estimator for \.

d Determine the variance of \*.

e Is \* a consistent estimator for A?

7.17 The volumes of gasoline sold in a month at each of nine gasoline
stations may be considered independent random variables with the PDF

fo(ve) =

== E@)H 20,2 —0 Ky <+

1
/21 0,
z a Assuming thate, = 1, find E*, the maximum-likelihood estimator for
E(v) when we are given only V, the total gasoline sales for all nine sta-
tions, for a particular month.

b Without making any assumptions about o,, determine o¥ and E*, the
maximum-likelihood -estimators for o, and E(@).

¢ Is the value of E* in (b) an unbiased estimator for E(v)?
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% 7.18 Consider the problem of estimating the parameter P (the probability
E of heads) for a particular coin. To begin, we agree to assume the
g following a priori probability mass function for P:

0.1 Py, =04
pp(Po) = { 0.8 Py = 0.5
0.1 Py, = 0.6

gn——=—mnn

We are now told that the coin was flipped n times. The first
flip resulted in heads, and the remaining n — 1 flips resulted in tails.
Determine the a posteriori PMI for P as a function of n for
n > 2. Prepare neat sketches of this function forn = 2 and forn = 5.

7.19 Given a coin from a particular source, we decide that parameter P
(the probability of heads) for a toss of this coin is (to us) a random
variable with probability density function

_ | K(1 — Pg)tP,® ifo0< P, <1
Je(Pg) = 0 otherwise

We proceed to flip the coin 10 times and note an experimental outcome
of six heads and four tails. Determine, within a normalizing constant,
the resulting a posteriori PDI" for random variable P.

7.20 Consider a Bayesian estimation of A\, the unknown average arrival
rate for a Poisson process. Our state of knowledge about \ leads us to
describe it as a random variable with the PDIF

akkok-— le—-ako

fr(ho) = =T A 20

where k is a positive integer.

a If we observe the process for a predetermined interval of T units of
time and observe exactly N arrivals, determine the g posteriori PDF
for random variable . Speculate on the general behavior of this
PDF for very large values of T.

b Determine the expected value of the a priori and a posteriori PDI’s,
for \. Comment on your results.

¢ Before the experiment is performed, we are required to give an esti-
mate Ag for the true valueof \.  Weshall be paid 100 — 500(A¢ — \)?
dollars as a result of our guess. Determine the value of A¢ which
maximizes the expected value of the guess.
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This appendix presents several suggestions for further reading, includ-
ing a few detailed references. Only a few works, all of relatively gen-
eral interest, are listed. Unless stated otherwise, the books below are
at a level which should be accessible to the reader of this text. No
attempt has been made to indicate the extensive literature pertaining
to particular fields of application.

References are listed by author and date, followed by a brief
description. Complete titles are tabulated at the end of this appendix.
For brevity, the present volume is referred to as FAPT in the
annotations,
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1 Some Relevant Philosophy and the History of Probability Theory

pavip (1962) Engaging history of some of the earliest developments
in probability theory. Attention is also given to the colorful per-
sonalities involved.

KYBURG AND SMOKLER (1963) Essays by Borel, de Finetti, Koopman,
Ramsey, Savage, and Venn on a matter of significance in applied
probability theory, the topic of subjective probability.

LAPLACE (1825) Interesting discussions of philosophical issues related
to probability theory and its applications to real world issues.

ropHUNTER (1865) The classic reference for the early history of
probability theory.

9 Introductory Probability Theory and Its Applications

rELLER (1957) Thorough development of the discrete case with a vast
supply of interesting topics and applications. Contains a large body
of fundamental material on combinatorial analysis and the use of
transforms in the study of discrete renewal processes which i1s not
included in I'APT.

risz (1963) Large, scholarly, and relatively complete text treating
probability theory and classical mathematical statistics. Tightly
written. A very desirable reference work.

GNEDENKO (1962) Respected text with much coverage common to
FAPT, but at a more advanced mathematical level. Includes a brief
introduction to mathematical statistics.

KoLMOGOROV (1933) A short, original, and definitive work which
established the axiomatic foundation of modern mathematical proba-
bility theory. Every student of applied probability theory will profit
from spending at least several hours with this exceptional document.
Although many sections are presented at an advanced level, the reader
will rapidly achieve some understanding of the nature of those topics
which are required for a rigorous theoretical foundation but neglected
in a volume such as FAPT. As one significant example, he will learn
that our third axiom of probability theory (known formally as the
axiom of finite additivity) must be replaced by another axiom (specifying
countable additivity) in order to deal properly with probability in con-
tinuous sample spaces.
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LOEVE (1955) Significantly more advanced than Gnedenko, this is a
mathematical exposition of probability theory. Limited concern with
applications and physical interpretation.

papouLls (1965) An effective, compact presentation of applied proba-
bility theory, followed by a detailed investigation of random processes
with emphasis on communication theory. Especially recommended
for electrical engineers.

PARZEN (1960) Mlore formal, appreciably more detailed presentation
at a mathematical level slightly above FAPT. J\lore concern with

" mathematical rather than physical interpretation. A lucid, valuable
reference work.

PFEIFFER (1965) A more formal development at about the same level
as FAPT. With care, patience, and illustration the author introduces
matters of integration, measure, ete., not mentioned in FAPT. A
recommended complement to FAPT for readers without training in
theoretical mathematics who desire a somewhat more rigorous founda-
tion. Contains an annotated bibliography at the end of each chapter.

PITT (1963) A concise statement of introductory mathematical proba-
bility theory, for readers who are up to it. Essentially self-contained,
but the information density is very great.

3 Random Processes

cox (1962) Compact, readable monograph on the theory of renewal
processes with applications.

cox and MILLER (1965) General text on the theory of random processes
with applications.

cox and smritH (1961) Compact, readable monograph which intro-
duces some aspects of elementary queuing problems.

pAVENPORT and koot (1958) Mlodern classic on the application of
random process theory to communication problems.

poos (1953) Very advanced text on the theory of random processes
for readers with adequate mathematical prerequisites. (Such people
are unlikely to encounter IFAPT.)

Fi1sz (1963) Cited above. Contains a proof of the ergodic theorem
for discrete-state discrete-transition Markov processes stated in Chap. 5
of FAPT.
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HOWARD (1960). An entirely clear, brief introduction to the use of
Markov models for decision making in practical situations with
economic consequences.

HOWARD (in preparation) Detailed investigation of Markov models
and their applications in systems theory.

LEE (1960) Lucid introductory text on communication applications
of random process theory. '

MORSE (1958) Clear exposition of Markov model applications in
queuing theory aspects of a variety of practical operational situations.

papouLls (1965) Cited above.

PARZEN (1962) Relatively gentle introduction to random process
theory with a wide range of representative examples.

4 Classical and Modern Statistics

CHERNOFF and mosgs (1959) An elementary, vivid introduction to
decision theory.

CRAMER (1946) A thorough, mathematically advanced text on proba-
bility and mathematical statistics.

F1sz (1963) Cited above.

FRASER (1958) Clear presentation of elementary classical statistical
theory and its applications.

FREEMAN (1963) The last half of this book is a particularly logical,
readable presentation of statistical theory at a level somewhat more
advanced than Fraser. Contains many references and an annotated
bibliography of texts in related fields.

MooDp and GRAYBILL (1963) One of the most popular and successful
basic treatments of the concepts and methods of classical statistics.

PRATT, RAIFFA, and SCHLAIFER (1965) I‘rom elementary probability
theory through some frontiers of modern statistical decision theory
with emphasis on problems with economic consequences.

rAIFFA and sCHLAIFER (1961) An advanced, somewhat terse text on
modern Bayesian analysis. Lacks the interpretative material and
detailed explanatory examples found in the preceding reference.

SAVAGE (1954) An inquiry into the underlying concepts of statistical
theory. Does not require advanced mathematics.

wiLLIAMs (1954) A gentle, animated introduction to game theory—
the study of decision making in competitive, probabilistic situations.
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5 Complete Titles of Above References

CHERNOFF, H., and L. mosks: ‘‘Elementary Decision Theory,” John
Wiley & Sons, Inc., New York, 1959. ’

COX, D. R.: “Renewal Theory,” John Wiley & Sons, Inc., New York, 1962.
, and H. D. MILLER: “The Theory of Stochastic Processes,” John
Wiley & Sons, Inc., New York, 1965.

, and W. L. sMITH: “‘Queues,” John Wiley & Sons, Inc., New
York, 1961.

CRAMER, H.: “Mathematical Methods of Statistics,” Princeton University
Press, Princeton, N.J., 1946.

DAVENPORT, W. B., JR., and W. L. rooT: “Random Signals and Noise,”
MecGraw-Hill Book Company, New York, 1958.

DAVID, F. N.: “Games, Gods, and Gambling,” Hafner Publishing Com-
pany, Inc., New York, 1962.

DOOB, J. L.: “Stochastic Processes,” John Wiley & Sons, Inc., New York,
1953.

FELLER, W.: “An Introduction to Probability Theory and Its Applica-
tions,” vol. 1, 2d ed., John Wiley & Sons, Inc., New York, 1957.

F182, M.: “Probability Theory and Mathematical Statistics,” John Wiley
& Sons, Inc., New York, 1963.

FRASER, D. A. s.: “Statistics: An Introduction,” John Wiley & Sons, Inc.,
New York, 1958.

FREEMAN, H.: “Introduction to Statistical Inference,” Addison-Wesley
Publishing Company, Inc., Reading, Mass., 1963.
GNEDENXO, B. V.: “Theory of Probability,” Chelsea, New York, 1962.

HOWARD, R. A.: “Dynamic Programming and Markov Processes,” The
M.I.T. Press, Cambridge, Mass., 1960.

: (in preparation), John Wiley & Sons, Inc., New York.
KOLMOGOROV, A. N.: “Foundations of the Theory of Probability” (Second
English Edition), Chelsea, New York, 1956.

KYBURG, H. E., JR., and H. E. SMOKLER: “Studies in Subjective Proba-
bility,” John Wiley & Sons, Inc., New York, 1964.

LAPLACE, A Philosophical Essay on Probabilities, 1825 (English transla-
tion), Dover Publications, Inc., New York, 1951.

LEE, Y. W.: “Statistical Theory of Communication,” John Wiley & Sons,
Inc., New York, 1960.

LOEVE, M.: “‘Probability Theory,” D. Van Nostrand Company, Inec.,
Princeton, N.J., 1963.

MOOD, A. M., and F. A. GRAYBILL: “Introduction to the Theory of Statis-
tics,”” McGraw-Hill Book Company, New York, 1963.
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MORSE, P. M.: ‘‘Queues, Inventories, and Maintenance,” John Wiley &
Sons, Inc., New York, 1958, | |

PAPOULIS, A.: “‘Probability, Random Variables, and Stochastic Processes,”
McGraw-Hill Book Company, New York, 1965.

PARZEN, E.: “Modern Probability Theory and Its Applications,” John
Wiley & Sons, Inc., New York, 1960.

: “Stochastic Processes,”’” Holden-Day, San Francisco, 1962.
PFEIFFER, P. E.: “Concepts of Probability Theory,” McGraw-Hill Book
Company, New York, 1965.

PITT, H. R.: ‘‘Integration, Measure, and Probability,” Hafner Publishing
Company, Inc., New York, 1963.

PRATT, J. W., H. RAIFFA, and R. SCHLAIFER: “Introduction to Statistical
Decision Theory” (preliminary edition), McGraw-Hill Book Company,
New York, 1965.

RAIFFA, H., and R. SCHLAIFER: ‘“‘Applied Statistical Decision Theory,”
Harvard Business School, Division of Research, Boston, 1961.
SAVAGE, L. J.: “The Foundations of Statistics,”” John Wiley & Sons,
Inc., New York, 1954.

TODHUNTER, I.: “A History of a M athematical Theory of Probability from
the Time of Pascal to that of Laplace’”’ 1865, Chelsea, New York, 1949.
WILLIAMS, J. D.: “The Compleat Strategyst, Being a Primer on the Theory
of Games of Strategy,” McGraw-Hill Book Company, New York, 1954.
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common

PDF's,

PMF’s,

and

their

| means,
variances,

and

transforms

L

The most common elementary PDF’s and PMEF's are listed below.
Only those transforms which may be expressed in relatively simple
forms are included.

In each entry involving a single random variable, the random
. variable is denoted by x. For compound PDI’s and PME’s, the
random variables are denoted by two or more of the symbols u, v, w, x,
and y. Symbols k, m, and n are used exclusively for nonnegative
integer parameters. Unless there is a special reason for using other
symbols, all parameters are denoted by the symbols @, b, and c.

The nomenclature used for PDI’s and PMFs is not universal.
Several of the entries below are, of course, special cases or generaliza-
tions of other entries.



272  APPENDIX TWO

Bernoulli PMF

1 — P Ty = 0
pz(xo) = P To = 1

0 otherwise
0<P<Kl1
E(z) =P o.? = P(1 — P)
p.T(z) =1 — P + 2P

Beta PDF
_ fe(ab)zee (A — Zo)¥! 0<z <1

fel@o) = 0 otherwise
a>0 b>0

(a+b

— !

o@d) = TG = D

E@) = 75

Binomial PMF

ab

gt =
“ (@a+d*a+b+ 1)

n
%(1 — P)n =012, ...
pu(z) = {()P (A =Pr=  2=0L2...;n
0

0<P<I1
E(z) = nP 02

otherwise

n=1213, ...

= nP(1 — P)

p.T(2) = (1 — P + 2P)"

Bivariate-normal PDF

exp (

o e R |

fx.y(xoyyO) =

—o L gy < ©
a, > 0

oz oy
RS GF G;E(w})
2wo .0y \/1—-———_;2
—w < Yo < ©
o, >0 —1<p<1

fz'.u(shsﬂ = E(ev7e~w) = exp [—s:1E(x) — s2:E(y)

+ 3(s1%0.% + 2p81820.0, + 8220, 2)]
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Cauchy PDF
1 a
fx(xo)'—;_raz_*_(xo_b)z —w<x0<w
a>0 —o <bh < ®

E(z)=1b gyl =

[The above value of E(z) is a common definition. Although E(z) = b
seems intuitive from the symmetry of f.(z,), note that

[ wofe(ao) day

has no unique value for the Cauchy PDF'}

f,T(S) — e—bc—a isf

Chi-square PDF

1
Sz = {[(7_2_" _ 1) !]' Q-nl2g (AID—lg=za/2 g0 > ()
0

otherwise
=123, ...
E(z) =n a.? = 2n

J7(s) = (1 + 25)

Erlang PDF

anxon—— le—-azo .
fz(zo) = { n DT zo > 0

0 otherwise
a>0 n=123, ...
E(z) = na? 0.2 = na?

L:T(s) = a*(s + a)™"

Exponential PDF

| aemm x>0
felo) = 0 otherwise

a>0
E(x) = a™! ol = a?

£:7(6) = als + @)
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Gamma PDF
xoae——za/b
fz(0) = ( alpet! zo > 0
1) otherwise

a> —1 b>0
E@) = (a + 1)b o2 = (a + 1)b?
LT = QA+ bs)—~?

Geometric PMF
_ P = Py~ zo=1,23,...
P(z0) = 1 ¢ otherwise
0<P<«l

E@z) = P! o= (11— P)P?
p.T(z) = zP[1 — z(1 — P)I™!

Hypergeometric PMF

Pz(20) = {(Z)(kf%)/(m:n) 2o=0,12 ...,k

0 otherwise
m=1223 ... n=123, ... k=1,2,3...,0m+mn)
mk . mnk(m + n — k)

E(x)=m+n T mFnim+n—1)

Laplace PDF
a
fz(xo) == -2-e“4[’-'o—5| —0 <z < ©
a>0 — o <bh < ®

E@ =b o =2?

£.7(s) = a%e*(a? — s?)~1

Log-normal PDF
exp { —[n (o — a) — b]2/202} .
>a
fz(-"?o) = { ‘\/27I' 0'(.’130 — a) °
0 otherwise

B VT B —

IS ———

P —————




PDF’S, PMF’S; THEIR MEANS, VARIANCES, AND TRANSFORMS

>0 - <ag< w —w <bhb < ©

E(]I) =a + eb+°'5"z (712 = ezb+vz(eaz . 1)

Maxwell PDF

fu(zo) = V2/r Azl gy > 0
? 0 otherwise

a>0

E(x) = V8/ra! a.2=(3—8/ma?

Multinomial PMF '
In. ey %o « « « 7 Yo
Pu,v, ..., y(Uoyvo, . . . ,Yo) = n'f:;!vf; . y:;v
u=0,1,...,n vo=0,1,...,n Y%o=0,1,...,n
U t+vo+ - Fyo=n
Putpot+ - Fp=1 0<DyPy...,p<l1
E() =np.  LE(v) = np, " E(y) = np,

o, = npu(l - pu) o,t = npv(l - p")

Normal PDF
e [zo— E(2)]% 20,2
fz(xo)=—ﬁ-7;;— -0 gy < @©
0. >0 —wo < E(x) < =

17(s) = e E@+2)

Pascal PMF

xo_l n(]- Zg—n .
Pz(xo)={(n-—1)P(l—P) nm=nn+la+2 ...
0

otherwise
O0<P<LI1 n=123 ...

E(x) = nP! .2 =n(l — P)P?
p"(2) = (2P)"[1 — 2(1 — P)]™"

Poisson PMF

a*e™?

pz(xO) = xo!

x0=0,1,2,. .

o, = np,(1 — py)
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a>0
E(x) =a 0.l =a
piT(e) = e

Rayleigh PDF

alpge w2 2o > 0
() = ;
f(zo) 0 otherwise

a>0
E(x) = Va/2 ' o= (2 ~r/2a?

Uniform PDF

1
f:($0)= {b-———-_a a<zo<b
0 otherwise

- La<bhb<w
E(z) = (a + b)/2 ;2= (b — a)¥/12
J(8) = (e — e)(s(b ~ a)]

Weibull PDF

fuzo) = [ abz ez o> 0

0 otherwise
a>0 b>0
1 1/5
E(x) = (E) I'(l + 679

ok = (é)l (L + 2571) — [T(1 + 6-1)]3)

Flc) = ﬂ)u x‘“‘é" dz
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Acceptance of a hypothesis, 235 Axioms, of algebra of events, 3

Additivity, 266 of probability measure, 11
Algebra of events, 1
axioms, 3
Approximations, based on central limit
theorem, 215-216
DeMoivre-Laplace, 218

Poisson approximation to binomial
PMF, 219 complementary PDF’s, 253

Bayes’ theorem, 25
continuous form of, 251
use in Bayesian analysis, 251, 253

Bayesian analysis, 231, 250
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Bayesian analysis, preposterior analysis,
255
Bernoulli law of large numbers, 207
Bernoulli probability mass function, 124
Bernoulli process, 124
definition and summary of results, 129
example, 130
interarrival times, 126
Bernoulli trials, 124
Beta probability density function, 254, 272
Binomial probability mass function, 125,
272
approximations, central limit theorem,
216
DeMoivre-Laplace, 218
Poisson, 219
Birth-and-death process, continuous-tran-
sition, 184
discrete-transition, 174
Bivariate normal probability density func-
tion, 272

Cauchy probability density function, 93,
273
applicability of central limit theorem (?),
227
Causality and association, 27
Center of mass of probability mass func-
tion, 54
Central limit theorems, 212
approximations based upon, 215-216
for binomial PMF, 216
outline of derivation, 213
related to Cauchy PDF (?), 227
Central moments of random variables, 54
table of second central moments for com-
mon PDF’s and PMF’s, 271
Chapman-Kolmogorov equation, 166
Characteristics of interest, statistical, 230
Chebyshev inequality, 204
Chi-square probability density function,
273
Coding for a noisy channel, 85-86

Collectively exhaustive events, 4
Combinations, 29
Combinatorial analysis, 27
Common probability mass and density
functions, table, 271
Complementary probability density func-
tions, 253
Complements of events, 2
Compound probability ‘density functions,
69
Compound probability mass functions, 46
Conditional expectation, 53
Conditional independence of events, 18
example, 23
Conditional independence of random vari-
ables, 51
example, 59
Conditional moments of random variables,
53
Conditional probability, 13
definition, 14
sample-space interpretation, 13
Conditional probability density function,
72
Conditional probability mass function, 48
Confidence limits, 247
Consistent estimation, 245
Continuity theorem, 214
Continuous random variable, 44, 64
table of common PDF’s, 271
Convergence, for deterministic sequence,
205
in the mean, 221
mean-square, 221
point-by-point, 212
with probability one, 221
stochastic, 205, 220
Convergence almost everywhere, 221
Convolution, 103
discrete, 120
graphical, 104
of two impulses, 106
Correlation coefficiert, 94
Countable additivity, 266
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Counting in event spaces, 27
Covariance, 94
Critical region of a statistic, 236
Cumulative distribution function, 66
table for unit normal random variable,
211

DeMoivre-Laplace limit theorem, 218
Dependent trials, 164

(See also Markov processes)
Derived probability density functions, 74
Discrete convolution, 120
Discrete random variable, 44

probability mass function, 44
Discrete-state process, series of dependent

trials, 164
(See also Markov processes)

Enumeration in event space, 27
Equality of events, 3
Ergodic theorem, 170
reference, 267
Erlang probability density function, 138,
273
Errors of type I and type II, 237, 241
Estimation, 231, 243
consistent, 245
maximum-likelihood, 247
relative efficiency, 245
sufficient, 246
unbiased, 245
Event space, 8
use for counting, enumeration, 27
Events, 2
algebra of, 1
collectively exhaustive, 4
complement, 2
conditional independence, 18
for continuous sample spaces, 65
equality, 3
independence, 17
intersection, 2

INDEX 279

Events, mutual independence, 18
mutually exclusive, 4
union, 2
Venn diagram, 3
Existence of transforms, 117
Expectation, 53, 74
conditional, 53 ,
equivalent definitions, 87
for sum of random variables, 56, 108
table of expected values for common
PDF’s and PMF’s, 271
Experimental value, of random variable, 42
of statistic, 232
Experiments, 1, 5
models of, 5
Exponential holding times, 181
Exponential probability density function,
90, 138, 273 :
Exponential transform (see Transforms)

False acceptance of a hypothesis, 237, 241

False rejection of a hypothesis, 237, 241

Finite additivity, 266

Functions of random variables, 52
derived probability density functions, 74
expectation, 53

Further reading, 265

Gamma probability density function, 274

Gaussian probability density function (see
Normal probability density function)

Geometric holding times, 178

Geometric probability mass function, 83,
127, 274

Grandmother’s Fudge Nut Butter Cookies,
155

Hypergeometric probability mass function,
274

Hypotheses, parametric and nonparamet-

ric, 239
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Hypothesis, null, 240

Hypothesis testing, 231, 240
probability of incorrect conclusion, 242
sequentia! event space for, 242

Improbable event in statistics, 235
Impulse function, 63
convolution of two impulses, 106
at limits of integrals, 65
warning, 70
Independence of events, 17
conditional, 18
mutual, 18
sample-space interpretation, 19
Independence of random variables, 51
conditional, 51
linear, 56, 108
mutual, 51
statistical, 52
Independent trials, 124, 134
Inequality, Chebyshev, 204
Inference, statistical, 229
Interarrival times, for Bernoulli process,
126 _
for Poisson proceés, 137
for renewal process, 148
Intersection of events, 2
Inverse transforms, 98, 100
examples, 115, 133

Joint probability density function (see
Compound probability density func-
tions)

Joint prqb&bility mass function, 46

K-combinations, 29
K-permutations, 28

Laplace probability density function, 274
Law of large numbers, 206
Bernoulli, 207

Level of significance, 235
Limit theorems, 203
central, 212
DeMoivre-Laplace, 218
Poisson approximation to binomisal, 219
some speculations, 108
weak law of large numbers, 206
Linear independence of random variables,
56, 108
Little Volcano Bottle Capper, 159
Log-normal probability density function,
274

Marginal probability density function, 70
Marginal probability mass function, 47
conditional, 52
Markov proéesses, 163
birth-and-death process, continuous-
transition, 184
discrete-transition, 174
Chapman-Kolmogorov equation, 166
condition for discrete-state processes,
164
continuous-transition process, 180
describing ‘equations, .continuous-transi-
tion process, 182
discrete-transition process, 173
discrete-transition process, 164
ergodic theorem, 170
examples, of continuous-transition
process, 185
of discrete-transition process, 175
exponential holding times, 181
geometric holding times, 178
initial conditions, 167
k-trial transition probabilities, 165
simple method of calculation, 166
limiting-state probabilities, continuous-
transition process, 183
discrete-transition process, 167, 173
periodic state, 169
recurrent state, 168, 182
single chain, 169, 182
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Markov processes, state classification,
167, 169, 181
state description of a system, 164
transient state, 168, 181
transition characterization for continu-
ous-transition process; 180
transition probabilities for discrete-tran-
sition process, 165
Maximume-likelihood estimation, 247, 256
Maxwell probability density function, 275
Mean (see Expectation)
Mean-square convergence, 221
Mesan-square error, 94
Mellin transform, 120
Mixed probability density function, 67
Models, of experiments, 5, 6
statistical, 230
Moments of random variables, 54, 74
central, 54
conditional, 53
from transforms, 100
Multinomisal probability mass function,
275
Mutual independence, of events, 18
of random variables, 51
Mutually exclusive events, 4

Negative binomial probability mass func-
tion, 153
Neopalenantioctipus (prehistoric), 225
Nonparametric hypothesis, 239
Normal approximations to other probabil-
ity functions (see Central limit theo-
rems)
Normal probability density function, 93,
95, 207, 275
bounds for area under tails, 222
sums of independent normal random
variables, 209
Normalized covariance, 94
Normalized random variable, 213
Nowhere to Fungleton Bus, 144
Null hypothesis, 240

INDEX 281

Parametric hypothesis, 239
Pascal probability mass function, 128, 275
PDF (see Probability density function)
Periodic state, 169
Permutations, 27
Physical causality and association, 27
PMF (see Probability mass function)
Point-by-point convergence, 212
Poisson approximation to binomial prob-
ability mass function, 219
Poisson probability mass function, 84, 136,
140, 275-276
sums of independent Poisson random
variables, 139
Poisson process, 133
additional properties, 139
definition and summary of results, 140
examples, 142
independent random erasures, 140
interarrival times, 137
Preposterior analysis, 255
Probability, axioms, 11
conditional, 13
relative-frequency interpretation, 207
Probability density function (PDF), 64
complementary, 253
compound, 69
conditional, 72
definition, 65
derived for a function of random vari-
ables, 74
expectation, 74
marginal, 70
mixed, 67
as s PMF, 69, 99
table of common PDF’s, 271
Probability mass function (PMF), center
of mass, 54
compound, 46
conditional, 48
conditional marginal, 52
definition, 45
expectation, 53
marginal, 47
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Probability mass function (PMF), as a
PDF, 69, 99
table of common PMF’s, 271
Probability measure, 1, 10
Probability trees, 16

Queues, 188

Random incidence, 149
Random variable, 41
central moments, 54
conditional expectation, 53
conditional independence, 51
continuous, 44, 64
cumulative distribution function, 66
definition, 42
discrete, 44
expectation, 53, 74
experimental value, 42
functions of, 52
independence, 51, 74
linear independence, 56
moments, 54, 100
probability density function, 64
[See also Probability density function
(PDF)}
probability mass funection, 44
[See also Probability mass function
(PMF)]
standard deviation, 55
statistical independence, 52
sums of, 56
(See also Sums of independent random
variables)
variance, 54, 101
Rayleigh probability density function, 276
Recurrent state, 168
Rejection of hypothesis, 235
Relative efficiency of estimators, 245
Relative-frequency interpretation of prob-
ability, 207

Relative likelihood, 10

Renewal process, 148
conditional waiting times, 148
random incidence, 149

Run, 42

s transform (see Transforms)
Sample of size n, 232
Sample mean, 206, 233
Sample space, 1, 5, 6
examples, 8
sequential, 7, 16
Sample value of statistic, 232
Sample variance, 233
as estimator of population variance, 234
Sequential event space, for hypothesis
test, 242
for significance test, 239
Sequential sample space, 7, 16
examples of use, 21
Significance testing, 231, 234
Single chain, 169
Sludge River, 196
Standard deviation, 55
Standardized random variable, 213
State description, 164
State-of-knowledge probability density
function, 250
Statistic, 232
acceptance region, 236
critical or rejection region, 236
experimental value, 232
sample value, 232
Statistical independence of random vari-
ables, 52
Statistical inference, 229
Statistical models, 230
Statistics, 229
Step function, 64
Stochastic convergence, 205, 220
Subjective probability, 266
Sufficiency of estimators, 246
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Sums of independent random variables,
103, 107
many, 108, 212
normal, 209
Poisson, 139
random number of, 109
Sums of random variables, 56

Tables, common PDF’s, PMF’s, and their
expected values, variances, and trans-
forms, 271

cumulative probability distribution
function for unit normal random
variable, 211
Trans-Australian Highway, 142
Transforms, continuity theorem, 214
existence, 117
exponential transform (s transform), 98
expressions for moments and variance,
101
inverse transforms, 98, 100
examples, 115, 133
Meilin, 120
moment generating properties, 100
s transform (exponential transform), 98
for sum of independent random vari-
ables, 106
for sum of random number of independ-
ent random variasbles, 109
table of transforms of common PDF’s
and PMF'S, 271
z transform, 99
Transient state, 168

INDEX 283

Trees, 7
probability, 16

Unbiased estimator, 245

Uniform probability density function, 276

Union of events, 2

Unit impulse function (see Impulse func-
tion) ‘

Unit normal probability density function,
210

cumulative table, 211
Unit step function, 64
Universal event, 2, 6

Variance, 54
of common PDF’s and PMF’s, 271
of sum of linearly independent random
variables, 108
of sum of random number of independ-
ent identically distributed random
variables, 111
in terms of transforms, 101
Venn diagram, 3

Waiting lines, 188
Weak law of large numbers, 206
Weibull probability density function, 276

z transforms (see Transforms)








